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Abstract

The Probabilistic Traveling Salesman Problem (PTSP) is a TB problem in which
each customer requires a visit only with a given probabilityindependently of the
others. The goal is to nd an a priori tour of minimal expectedlength over all
customers, with the strategy of visiting a random subset ofustomers in the same
order as they appear in the a priori tour. The PTSP is NP-hardand only very small
instances may be solved by exact methods. Here, we concetgran the design of
algorithms (heuristics) for nding good suboptimal solutons to the problem.

Given the analogies between the TSP and the PTSP, it is reasanle to ex-
pect that, like in the TSP, a good heuristic for the problem iscomposed by two
components. The rst component is a solution construction lgorithm, which nds
an initial solution. The second component is a local searchgarithm, which tries
to improve as much as possible the starting solution. A goodehristic algorithm
usually integrates these two components, and repeats thegsence construction-
improvement of a solution several times, untill a good solidn or some other termi-
nation criterion is not satis ed.

In this thesis we propose new (for the PTSP) computational ggoaches for both
solution construction and local search algorithms. As farsahe solution construction
algorithm is concerned, we investigate the potentialitiesf the ant colony optimiza-
tion metaheuristic for the PTSP, which is a new approach forhis type problem.
This choice is motivated by the observation that, for the TSPwhen adding to ant
colony optimization algorithms local search procedureshé quality of the results
obtained was close to that obtainable by other state-of-thart methods. Also for
the PTSP, it is reasonable to expect good performance of anblony optimization
algorithms with local search. As far as local search is comoed, we show that the
current algorithms in the literature, 2-p-opt and 1-shift, are inadequate. This re-
sults pose the question whether a new fast local search operdor the PTSP can
be derived. One possibility to design fast local search is tese an approximation
of the objective function, which is faster to be computed thathe exact one. Two
types of approximations are proposed and analyzed in this dkis.

Part of the research developed in this thesis has been pubksl, or is about to
be published, in the following papers:
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Chapter 1

Introduction

1.1 Vehicle routing problems involving uncertainty

In typical distribution systems, vehicles provide delivey, customer pick-up, or repair
and maintenance services to customers that are geographigalispersed in a given
area. In most applications, a common objective is to nd a seof routes for the
vehicles which satis es a variety of constraints and so as tminimize the total eet
operating cost. The problem of minimizing total cost has trditionally been called
the vehicle routing problem (VRP).

The deterministic VRP is well known in the operations reseah literature (see
[9, 11, 19, 21, 5, 31] for reviews). By "deterministic', we rae routing problems in
which the number of customers, their locations, the size oheéir demands, and all
other elements de ning the problems are known with certaint before the routes,
or solutions, are designed. One can identify, however, a ptecally endless variety
of problems in which one or more of these parameters are rantdwvariables, that
is, subject to uncertainty in accordance to some probabilit distribution. VRPs
involving uncertainty, are more appropriate models for thenany real-world prob-
lems in which randomness is not only present, but a major coerm. This type of
VRPs belong to the wider class of probabilistic combinataai optimization problems
(PCOPSs, according to the terminology used in [4]).

In VRPs involving uncertainty one nds that, after solving a given instance re-
alization involving certain values of the random variablesit becomes necessary to
repeatedly solve many other instance realizations of thersa problem, correspond-
ing to di erent values of the random variables. These othemistance realizations are
therefore variations of the instance solved originally. Yethey may be su ciently
di erent from one another to necessitate a reconsideratioof the entire problem on
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part of the analyst. The most obvious approach to deal with tis type of problems
is the re-optimization strategy. It consists in attempting to optimally solve (or rear-
optimally with a good heuristic) every potential instance ©the original problem.
This approach, however, has several disadvantages. For eyde, if the combina-
torial optimization is NP-hard (like in the case of VRPs), o might have to solve
exponentially many instances of a hard problem. Moreovem imany applications
it is necessary to nd a solution to each instance realizatroquickly, but one might
not have the required computing or other resources for doirgp.

Rather than reoptimizing every potential instance realizéon, a completely dif-
ferent strategy consists in nding ana priori solution to the original problem, to be
updated in a simple and fast way after each instance realizah is known.

All the intermediate strategies between a priori and re-omiization are called
mixed optimization strategies. These strategies allow for arlbirily sophisticated
and possibly computationally demanding modi cations of oe or more a priori so-
lutions.

The above discussion of optimization strategies is generah the sense that it
applies to any PCOP. In the following, we focus on the partidar problem which
has been the subject of our research.

1.2 Definition of the Probabilistic Traveling Sales-
man Problem

Consider a completely connected grap® = (V;E) whereV = fi =1;2;::;;ng is
the set of vertices, representing a set of customers, akd= f g; g is the set of edges
joining each couple of customersj . To each edges; is associated a cost; , which
represents the travel distance between customersand j. A tour is a sequence of
customers which starts and ends at one customer, and visith #he other customers
exactly once. The traveling salesman problem (TSP) consssin nding a tour of
minimal length.

Consider now a problem related to the TSP, but where customeare stochastic.
(TSP with stochastic customers, or TSPSC): suppose that éacustomeri requires
a visit only with probability p;, independently of the others. IfS denotes a set
of customers that require a visit, then every random subseé® V has a certain
probability to happen. One can see the TSP with stochastic stomers as a set of
TSP problems, one for each random s&, each one having a certain probability of
being the actual set of customers to be visited. The goal is tod, for each random
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problem: TSPSC

strategy:  a-priori, skipping re-optimization

optimization o Nearest

algorithm: Ant Local Search Integer ~ Space Neighbour
Colony L-shaped Filling
Optimization method  Curve

Figure 1.1: Logical tree representing the relation among argbabilistic combina-
torial optimization problem (root), solution strategies (rst level) and optimization
algorithms (second level). The traveling salesman problemith stochastic cus-
tomers (TSPSC) may be attacked with three types of strategse a priori, mixed
and re-optimization strategy. The TSPSC, if attacked with the a priori strategy
is called probabilistic traveling salesman problem (PTSR)which is the subject of
this research. Optimization algorithms should be designeatcording to the chosen
solution strategy.

subsetS V, a traveling salesman tour over the customers i in such a way as
to minimize the expected tour length over all random subsetS V.

The TSP with stochastic customers models a delivery contexthere a set of
customers has to be visited on a regular (e.g., daily) basisyt all customers do not
always require a visit. In general, every day only a subset ofistomers requires a
visit, and the composition of this subset is only known the sae day as the required
deliveries. Therefore, every day there is a di erent travelg salesman problem to
solve, over the subset of customers requiring a visit on thaay. The objective, in
this context, is to minimize the average distance traveledver many days of service.

As we have seen in section 1.1, given a PCOP, di erent stratieg may be used to
solve the problem. The de nition and choice of a strategy israimportant step in the
solution process of the problem, since it in uences the dgsi of speci c optimiza-
tion algorithms. Figure 1.1 schematically shows di erent ernative possibilities to
address the TSPSC. In this research, we focus on the a priodlgion strategy for
the TSPSC. The problem, when solved by an a priori strategysiknown as prob-
abilistic traveling salesman problem (PTSP, see Figure 1).1The a priori strategy
consists in the de nition of an a priori solution and of an upating method, which,
for the PTSP, are the following. The a priori solution is de red as a tour visiting
the complete setV of n customers. A very simple updating method modi es the a
priori tour in order to have a particular tour for each subsetof customersS V:
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for every subset of customers, visit thenin the same order as they appear in the a
priori tour, skipping the customers that do not belong to thesubset. The strategy
related to this method is also called the “skipping strategy The objective of the
PTSP is nding an a priori tour of minimum expected length uncer the skipping
strategy. The concept of a priori solution, and the updatingf the a priori solution
when only a subset of customers require a visit, is exempldein Figure 1.2, for a
PTSP instance with 10 customers.

The PTSP approach models a delivery context where re-optizing vehicle routes
from scratch every day is unfeasible. In this context the dekry man would follow
a standard route (i.e., an a priori tour), leaving out custorars that on that day do
not require a visit. The standard route of least expected lgth corresponds to the
optimal PTSP solution.

1.2.1 Notation and objective function

Let us consider an instance of the PTSP. We have a completelprmected graph
whose nodes form a se¥ = fi = 1;2;:::;ng of customers. Each customer has a
probability p; of requiring a visit, independently of the others. A solutia for this
instance is an a priori tour over all nodes inV, to which is associated the expected
length objective function

X
EIL()I= PSL( ) (1.1)

SV

In the above expressions is a subset of the set of node¥, L( ) is the distance
required to visit the subset of customers (in the same order as they appear in the
a priori tour), and p(S) is the probability for the subset of customersS to require a
visit: v Y
p(S)= p 1 p): (1.2)
i2S i2v. S
The evaluation of expression (1.1) for the objective funain requires a sum over a
number of terms which is exponential im. Jaillet [24, 25] showed that the evaluation
of the PTSP objective function (eqg.(1.1)) can be done i©(n?). In fact, let us
consider (without loss of generality) an a priori tour = (1;2;:::;n); then its
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Figure 1.2: Graphical examples of a PTSP instance and two agpi solutions.
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expected length is

XX 1
E[L()]= di pip 1 p)+
i=1 j=i+1 k=i+1
X X1 % 1
di pip; 1 p) QO p): (1.9

i=1 j=1 k=i+l 1=1

This expression is derived by looking at the probability foeach arc of the complete

graph to be used, that is, when the a priori tour is adapted bykspping a set of

customers which do not require a visit (see, for instance, dtire 1.2). For instance,

an arc (;j ) is actually used only when customers and j do require a visit , while

cust&mersi +1;i+2;:::;) do not require a visit. This event occurs with probability
i1 ;

PiB  k=iva (I pe) (Whenj  n).

1.3 Brief literature review

The PTPS was introduced in Jaillet's PhD thesis [24]. This pyblem is an NP-hard
[4, 1], and instances only up to 50 customers have been soltedoptimality [27].
This is why a lot of e ort has been done in the literature in degning heuristic algo-
rithms for nding good suboptimal solutions for the PTSP. Heuristics using a nearest
neighbor criterion or savings criterion were implementedna tested by zquel [26]
and by Rossi-Gavioli [30]. Later, Bertsimas-Jaillet-Odan4] and Bertsimas-Howell
[3] have further investigated some of the properties of theTSP and have proposed
some heuristics for the PTSP. These include tour construcin heuristics (space |-
ing curves and radial sort), and tour improvement heuristis (probabilistic 2-opt
edge interchange local search and probabilistic 1-shiftdal search). Most of the
heuristics proposed are an adaptation of a TSP heuristic tdhé PTSP, or even the
TSP heuristic itself, which in some cases gives good PTSP wains. Recently,
Branke-Guntsch [10] have applied ant colony optimizationlgorithms to the PTSP,
extending the results of this research thesis and using an@pximated objective
function to speed up the computation.

1.4 Outline of the thesis

Given the analogies between the TSP and the PTSP, it is reasalnle to expect that,
like in the TSP, a good heuristic for the problem is composedyliwo components.

6



1.4. Outline of the thesis

The rst component is a solution construction algorithm, whch nds an initial
solution. The second component is a local search algorithmhich tries to improve as
much as possible the starting solution. A good heuristic abgithm usually integrates
these two components, and repeats the sequence constructimprovement of a
solution several times, until a good solution or some otheetmination criterion is not
satis ed. In this thesis we propose new (for the PTSP) compational approaches
for both solution construction and local search algorithms

The thesis is organized as follows. In section 2 we address #tudy of a solution
construction algorithm for the PTSP, in particular, we investigate the potentialities
of ant colony optimization (ACO) algorithms for the PTSP. This choice is motivated
by the observation that, for the TSP, when adding to ACO algdthms local search
procedures based on 3-opt [28], the quality of the resultstalned [20, 17] was close to
that obtainable by other state-of-the-art methods. Given he analogies between the
TSP and the PTSP, it is reasonable to expect good performanog ACO algorithms
with local search also on the PTSP. In section 3 we address tissue of local search
for the PTSP, by showing that the current algorithms in the lterature, 2-p-opt and
1-shift [4, 3], are inadequate. This results pose the questi whether a new fast
local search operator for the PTSP can be derived. One pogktlp to design fast
local search is to use an approximation of the objective fution, which is faster to
be computed than the exact one. Two types of approximationsr& proposed and
analyzed in section 4. The three appendices of this thesisntain additional details
about the local search algorithms we addressed in section 3.



Chapter 2

Solution construction algorithms
for the PTSP

This chapter explores the possibility of using the Ant Coloyp Optimization meta-
heuristic (ACO) for solving the PTSP. For the TSP, when addiig to ACO algorithms
local search procedures based on 3-opt [28], the quality bétresults obtained [20, 17]
was close to that obtainable by other state-of-the-art methds. Given the analogies
between the TSP and the PTSP, it is reasonable to expect gooceformance of
ACO algorithms with local search also on the PTSP.

Section 2.1 introduces the ACO meta-heuristic as solutiomadmework for opti-
mization problems in general. The second section (sectiorp describes the par-
ticular implementations of ACO we chose for solving the PTSRhat is, ACS and
PACS. The last section reports the experimental analysis &CS and pACS, and
comparisons with other solution construction algorithmsn the PTPS literature.

2.1 The ACO metaheuristic

ACO is a metaheuristic approach proposed by Dorigo [13] andtér by Dorigo et
al.[18]. A complete description and review of ACO applicatns may be found in
[15, 16, 14]. Here, we follow the description of ACO given id4].

The inspiring source of ACO is the foraging behavior of reahés. This behavior,
described by Deneubourg et al in [12], enables them to nd shest paths between
food sources and their nest. While walking from food sourcés the nest and
vice versa, ants deposit a substance callgtheromone on the ground. When they
decide about a direction to go they choose, with higher probdity, paths marked by
strong pheromone concentrations. This basic behavior isdlbasis for a cooperative

8



2.1. The ACO metaheuristic

procedure ACO metaheuristic for combinatorial optimization problems
while (termination condition not met) do
schedule_activities
ants_activity()
pheromone_evaporation()
daemon_actions()
end schedule_activities
end while
end ACO metaheuristic

Figure 2.1: High level pseudocode for the ACO metaheuristic

interaction which leads to the emergence of shortest pathdn fact, if a path is
shorter than the others, an ant that luckily nds it will walk through satisfying it
in a shorter time than the time required by the other ants on loger paths. This
implies that the shorter path may be marked by pheromone eael than other paths,
and it is therefore preferred, in probability, by other ants

In order for a problem to be solvable by ACO, it must be modeleith the following
way. Given a graphG = (C;L; W), a feasible solution is a path on this graph,
satisfying a set of constraints. The optimal solution is a mnimum cost path (for
minimization problems) overG. The graph G = (C;L; W) and the constraints
are de ned as follows: C = fc;;6;:::¢,g is a nite set of possiblecomponents,
L = flgqic;Gg 2 Cga nite set of possibleconnections among the elements o€,
W a set of weights associated either to the components or to the connectionsL
or both, and ( C;L; )is a nite set of constraints assigned over the elements &
and L ( indicates that the constraints can change over time). For exnple, in the
TSP C is the set of customersl. is the set of edges connecting the customeld, the
length of the edges in_, and the constraints impose that in any feasible solution
each customer appears once and only once. A feasible pathro@is solution
and a minimum cost path is an optimal solution and it is indiceed by ; f( ) is
the cost of solution , and f( ) is the cost of the optimal solution. In the TSP
for example, a solution is an Hamiltonian circuit and the shortest feasible
Hamiltonian circuit.

In ACO algorithms a colony of arti cial ants iteratively and stochastically con-
structs solutions for the problem de ned byG and using arti cial pheromone
trails and heuristic information. Most ACO algorithms for cmmbinatorial optimiza-
tion problems follow the algorithmic scheme given in Fig. 2.

During the procedureants_activities() each antk starts with a partial solution
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k(1) consisting of one of the components i€, and adds components to «(h) till a
complete feasible solution is built, where h is the step counter. Components to be
added to (h) are stochastically chosen in an appropriately de ned nelidgporhood of
the last component added to «(h). The ants stochastic choice is made by applying
a stochastic local decision policy that makes use of localfanmation available at
the visited components. Once an ant has built a solution, or lile the solution
is being built, the ant evaluates the (partial) solution andadds pheromone on the
components and/or connections it used. Pheromone is addedsuch a way to give
information about the quality of the (partial) solution. This pheromone information
will direct the search of the ants in the following iteratiors.

Besides ants' activity, an ACO algorithm includes apheromone_evaporation()
and an optionaldaemon_action() procedure. Pheromone evaporation is the process
by which the pheromone trail automatically decreases oveinte. Evaporation allows
the exploration of new solutions, and should avoid early ceargence of the ACO
algorithm to a poor solution. \Deamon" actions can be used tanplement central-
ized actions which cannot be performed by single ants. Exateg are the activation
of a local optimization procedure, or the collection of glal information that can be
used to decide whether it is useful or not to deposit additiaal pheromone to bias the
search process from a non-local perspective. For instantee deamon can observe
the path found by each ant in the colony and choose to deposittea pheromone on
the edges used by the ant that made the shortest path. In mospalications to com-
binatorial optimization problems the ant_activity(), pheromone_evaporation() and
deamon_actions() procedures are scheduled sequentially. Nevertheless, tubhed-
ule_activity construct of the ACO metaheuristic (Fig.2.1) leaves the désion on
how these three procedures must be synchronized to the user.

2.2 Solving the PTSP by the ACO metaheuristics

We apply to the PTSP the Ant Colony System (ACS) [20, 17], a paicular ACO
algorithm which was successfully applied to the TSP. We alsmnsider a modi cation
of ACS which explicitly takes into account the PTSP objectie function (we call
this algorithm probabilistic ACS, that is, pACS). Another ACO approach to the
PTSP has been recently proposed by Branke et al. [10], whera approximate
objective function and the use of a new heuristic guidanceh®me seem to give
promising results. In the following, we describe how ACS angdACS construct a
solution (procedureant_activity() of Fig.2.1) and how they update pheromone trails
(procedure pheromone_evaporation() and deamon_action() of Fig.2.1).

10



2.2. Solving the PTSP by the ACO metaheuristics

2.2.1 Solution construction in ACS and pACS

A feasible solution for ann-city PTSP is an a priori tour which visits all customers.
Initially m ants are positioned on their starting cities chosen accordj to some
initialization rule (e.g., randomly). Then, the solution @nstruction phase starts
(procedureant_activity() in Fig.2.1). Each ant progressively builds a tour by choos-
ing the next customer to move to on the basis of two types of iofmation, the
pheromone and the heuristic information . To each arc joining two customers
I;j it is associated a varying quantity of pheromone;, and the heuristic value
j = 1=d;, which is the inverse of the distance betweenandj. When an antk is
on city i, the next city is chosen as follows.

With probability o, a city j that maximizes j  is chosen in the setl(i)
of the cities not yet visited by antk. Here, is a parameter which determines
the in uence of the heuristic information.

With probability 1 o, a city j is chosen randomly with a probability given
by 8

i) 2 k(i)

pe(isi) = 2.1)

otherwise.

This decision rule has a double function: with probabilityq, the decision rule ex-
ploits the knowledge available about the problem, that is,he heuristic knowledge
about distances between cities and the learned knowledge mm#ized in the form

of pheromone trails, while with probability 1 ¢ it operates a biased exploration.
Tuning @ allows to modulate the degree of exploration and to choose &ther to

concentrate the activity of the system on the best solutionso far or to explore the
search space.

2.2.2 Pheromone trails update in ACS and pACS

Pheromone trails are updated in two stages, the rst is part bthe ant_activity(),
while the second is part of thedeamon_actions() (Fig.2.1). In the rst stage of
pheromone update, each ant, after it has chosen the next citp move to, applies
the following local update rule:

ij @ ) g+ 0 (2.2)

where , 0 < 1 is a parameter, and o is the same as the initial value of
pheromone trails. The e ect of the local updating rule is to rake less desirable an

11



2.2. Solving the PTSP by the ACO metaheuristics

arc which has already been chosen by an ant, so that the ex@tion of di erent
tours is favored during one iteration of the algorithm.

The second stage of pheromone update occurs when all ants énagrminated
their tour. Pheromone is only modi ed on those arcs belonginto the best tour
since the beginning of the trial (best-so-far tour), by thedllowing global updating
rule

i @) gt i ; (2.3)

where
i = ObjectiveFung, g, (2.4)
with 0 < 1 being the pheromone decay parameter, arfdbjectiveF unGeg; IS

the value of the objective function of the best-so-far tourThis pheromone updating
rule is a \deamon" action, since ants do not have the knowleégabout the best-so-
far tour. ACS and pACS only di er by the use of this \deamon™ adion. In fact, in
ACS the objective function is the a priori tour length, whilein pACS the objective
function is the PTSP expected length of the a priori tour. In he next section we
discuss in more detail the di erences between ACS and pACS.

2.2.3 Discussion of dilerences between ACS and pACS

Di erences between ACS and pACS are due to the fact that the tav algorithms
exploit di erent objective functions in the pheromone updéng phase. The global
updating rule of equations (2.3) and (2.4) implies two di eences in the way ACS
and pACS explore the search space. The rst and most importauwli erence is the
set of arcs on which pheromone is globally increased, whighin general di erent
in ACS and pACS. In fact, the "best tour' in eq. (2.4) is relatre to the objective
function. Therefore in ACS the search will be biased towarche shortest tour, while
in pACS it will be biased toward the tour of minimum expectedéngth. The second
di erence between ACS and pACS is in the quantity ; by which pheromone is
increased on the selected arcs. This aspect is less impottdran the rst, because
ACO in general is more sensitive to the di erence of pheromenamong arcs than
to its absolute value.

The length of an a priori tour (ACS objective function) may beconsidered as
an O(n) approximation to the O(n?) expected length (pACS objective function).
In general, the worse the approximation, the worse will be thsolution quality of
ACS versus pACS. The quality of the approximation depends ahe set of customer
probabilities p;. In the homogeneous PTSP, where customer probability jsfor all
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customers, it is easy to see the relation between the two obfee functions. For a
given a priori tour L we have

X 2
L ELI=@ pL P @ p'L" (2.5)

r=1

which implies
O(qg L) (2.6)

for (1 p)= q! 0. Therefore the higher the probability, the better is the a pori
tour length L as an approximation for the expected tour lengtiE[L ].

In the heterogeneous PTSP, it is not easy to see the relatioretwveen the two
objective functions, since each arc of the a priori tour is multiplied by a di erent
probabilistic weight (see eq.(1.3)), and a term withL cannot be isolated in the
expression ofE[L ], as in the homogeneous case.

ACS and pACS also di er in time complexity. In both algorithms one iteration
(i.e., one cycle through thavhile condition of Fig. 2.1) isO(n?) [18], but the constant
of proportionality is bigger in pACS than in ACS. To see this ne should consider
the procedureUpdateTrail of Fig. 2.1, where the best-so-far tour must be evaluated
in order to choose the arcs on which pheromone is to be update@ihe evaluation
of the best-so-far tour require€O(n) time in ACS and O(n?) time in pACS. ACS is
thus faster and always performs more iterations than pACS fa xed CPU time.

2.3 EXxperimental tests

2.3.1 Homogeneous PTSP Instances

Homogeneous PTSP instances were generated starting fromPr #istances and as-
signing to each customer a probabilityp of requiring a visit. TSP instances were
taken from two benchmarks. The rstis the TSPLIB [32], from vhich we considered
instances with a number of customers between 50 and 200. Thezend benchmark
is a group of instances where customers are randomly disuwiled on the square
[0; 10°]. Both uniform and clustered distributions where consided in this case, and
the number of cities varied between 50 and 350. For generaimandom instances
we used the Instance Generator Code of thd' @IMACS Implementation Challenge
at http://research.att.com/dsj/chtsp/download.html.

13
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2.3.2 Computational environment and ACS parameters

Experiments were run on a Pentium Xeon, 1GB of RAM, 1.7 GHz pressor. In
order to asses the relative performance of ACS versus pACSli@pendently from the
details of the settings, the two algorithms were run with thesame parameters. We
chose the same settings which yielded good performance imliea studies with ACS
onthe TSP [17: m =10, =2, © =0:98, = =0:1and g =1=n Obj),
wheren is the number of customers and®bj is the value of the objective function
evaluated with the nearest neighbor heuristic [17].

The stopping criterion used in both algorithms is CPU time inseconds, chosen
according to the relationstoptime = k n?, with k = 0:01. This value ofk lets
ACS perform at least 17 10° iterations on problems with up to 100 customers, and
at least 15 1C° iterations on problems with more than 100 customers. For dac
instance of the PTSP, we ran 5 independent runs of the algoiins.

2.3.3 Comparison between pACS and ACS

For each TSP instance tested, nine experiments were done yiag the value of the
customer probability p from 0:1 to 0:9 with a 0:1 interval. Fig. 2.2 summarizes
results obtained on 21 symmetric PTSP instances, one thirdf the instances were
taken from the TSPLIB, the others were random instances (hibf them uniform

and half clustered). The gure shows the relative performase of pACS versus ACS,
averaged over the tested instances. A typical result for argjle instance is reported
in Fig. 2.3.

As it was reasonable to expect, for small enough probabil pACS outperforms
ACS. In all problems we tested though, there is a range of prabilities [po; 1] for
which ACS outperforms pACS. The critical probability pg at which this happens
depends on the problem.

The reason why pACS does not always perform better than ACS dear if we
consider two aspects: the complexity (speed) of ACS versu8@S, and the goodness
of the PTSP objective function approximation asp approaches 1. Wherp is near
to 1, a good solution to the TSP is also a good solution to the FSP; therefore,
ACS, which performs more iterations than pACS, has a bettethance to nd a good
solution.
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Figure 2.2: Relative performance of pACS versus ACS for themogeneous PTSP.
The vertical axis represents E[L (pACS)] E[L (ACS)])=E[L (pACS)]. On the

horizontal axis there is the customer probabilityp. Each point of the graph is
an average over 21 symmetriE, homogeneous PTSP instancesroEbars represent
average deviation, dened as ., jx; <x> j=n, with n = 21. Note that for

p = 1 ACS outperforms pACS, since for a xed CPU stopping time AG makes
more iterations.
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Figure 2.3: Relative performance of pACS versus ACS for thel#.tsp instance
of the TSPLIB. Error bars represent the average deviation ofhe result over 5
independent runs of the algorithms.
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2.3.4 Comparison between pACS and other tour construc-
tion heuristics

We compared pACS with two simple tour construction heurists, the radial sort
and the random best heuristic. The random best heuristic gemates random tours
and selects the one with the shortest expected length. Randdoest and pACS were
run on the same machine (a Pentium Xeon, 1GB of RAM, 1.7 GHz pcessor) for
the same CPU time gtoptime = k n? CPU seconds, withk = 0:01). For pACS
we chose the same settings which yielded good performancesarlier studies with
ACS onthe TSP [17m =10, =2, ©=0:98, = =0:1and o=1=n Obj),
wheren is the number of customers andbj is the value of the objective function
evaluated with the nearest neighbor heuristic [17]. For ehexperiment, we run 5
independent trials of pACS.

Radial sort builds a tour by sorting customers by angle withespect to the “center
of mass' of the customer spatial distribution. The "centerfanass' coordinates have
been computed here by averaging over the customers coordesw The a priori
tour which radial sort builds does not depend on the customgarobabilities, and a
unique tour is thus used as a priori tour for all probabilitis of the PTSP. Even if very
simple, this heuristic is interesting for the PTSP, becausef the conjecture [3] that
the tour generated by radial sort is near optimal for small cstomer probabilities.
Moreover, the combination of radial sort and the 1-shift loal search have shown
to be the best combination of tour construction and tour impovement heuristics
in [3]. A disadvantage of radial sort is that it is only appli@able to those PTSP
instances where the coordinates of customers are known. lengral, this is not the
case for asymmetric PTSP instances, where the arc weights yrtaave, for instance,
the meaning of travel times.

The average relative performance of pACS with respect to rad sort and random
best heuristics is shown in Fig. 2.4. The rst observation ighat pACS always
performs better than radial sort and random best, for each pbability and for
each type of instance, while random best is always very poooth with respect to
PACS and to radial sort. Secondly, radial sort and pACS are edyalent for small
probabilities (prob = 0.1). This results supports the conjeture of near-optimality
of radial sorted tours for small probability, and it is interesting that this also applies
to non uniform instances, such as TSPLIB and random clustedt@nstances.
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Figure 2.4: Relative performance of pACS with respect to réal sort and random
best heuristics. On the horizontal axis there is the custome probability. Each
point is an average oper 21 symmetric PTSP instances. Erroats represent average
deviation, dened as [, jx; <¢ j=n, with n =21,

2.3.5 Absolute performance

For the PTSP instances we tested, the optimal solution is ndtnown. Therefore, an
absolute performance evaluation of a PTSP heuristic can gnbe done against some
lower bound of the optimal PTSP solution, when this is availale and tight enough.
A lower bound to the optimal solution would give us an upper band to the error
performed by the pACS heuristic with respect to the PTSP opthum. In fact, if
LB is the lower bound andE[L c}is the optimal solution value, then by de nition
we have

EIL ¢ LB: (2.7)

If the solution value of pACS isE[L ], then the following inequality holds for the

relative error
E[L] E[L 4 E[L] LB

E[L LB
In the following we apply two di erent techniques for evaluding a lower bound to
the optimal PTSP solution (and thus for evaluating the absalte performance of
pACS). In the rst case a theoretical lower bound is used wtal in the second case
the lower bound is estimated by using Monte Carlo sampling.

(2.8)
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Figure 2.5: Upper bound of relative percent error of pACS fds TSPLIB instances.
Note that, for decreasing customers probability, the uppebound to the relative
error becomes bigger at least partially because the lower @ to the optimum
becomes less tight.

Theoretical lower bound to the PTSP optimum.

For the homogeneous PTSP and for instances where the optimahgth Ltsp of the
corresponding TSP is known, it is possible to use the follomg lower bound to the
optimal expected length, as was proved in [3]

LB = pLrsp(l (1 P" 9): (2.9)

If we put this lower bound into the right side of equation (2.8, we obtain an upper
bound of the relative error of pACS. Fig. 2.5 shows the absd&i performance of
PACS, evaluated with this method, for a few TSPLIB instances From the gure

we see that, for example, pACS nds a solution within 15% of # optimum for a
homogeneous PTSP with customers probability 0.9. This tediue for evaluating
the absolute performance of a PTSP heuristic is rigorous, bias the limitation

that the lower bound for small probabilities is not tight, sothat it produces big
overestimates of the error. The following technique is morexible and gives better
estimates of the error, even if, as we will see, it also has sefimitations.
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Estimated a posteriori optimum.

The expected tour length under re optimization is de ned ashe average of the
lengths of the optimal TSP solution to each subset of custorrs and it is also called
a posteriori optimum, since it is the value obtained by solvig a TSP problem once
the set of customers requiring a visit on a certain day is knaw The a posteriori
optimum is a lower bound on the optimal PTSP solution, becawsthe length induced
by the PTSP a priori tour on a subset of customers cannot be siier than the
optimal TSP solutions for that subset of customers.

The exact evaluation of the a posteriori optimum is impractal, because it re-
quires the solution of 2 instances of the TSP to optimality. The technique proposed
in [3], consists in making two approximations. First, only aandom sample of the
2" subsets of customers is selected, by means of a strati ed MerCarlo sampling
(see [3] for a detailed description). Second, each randonmgde of customersS is
solved to near optimality as a TSP by choosing the best ¢§j= random tours (
is a parameter) and applying to it the 3-opt local search.

This technique can be applied easily only to small instancgsay, up to 100 cus-
tomers). Otherwise, care must be taken in order to avoid ovew when generating
the stratied samples from a set of 2 subsets of customers. We report average
results for 10 random uniform and clustered instances in Ei@2.6. In our tests we
used = 0:5 and about 400 samples. From the gure we see that pACS is with
8% of the optimum when applied to uniform random instances, hile it is within
14% of the optimum if the instances are clustered.

2.3.6 Conclusions

In this chapter we investigated the potentialities of pACS,a particular ACO al-
gorithm, for the homogeneous PTSP. We showed that the pACS garithm is a
promising tour construction heuristic for the PTSP. We compred pACS with other
tour construction heuristics and we provided an estimatiorof the absolute error
with respect to the optimal PTSP solution for some instancesWe also compared
PACS to ACS, and we showed that for customers probability cé® to 1, the ACS
heuristic is a better alternative than pACS.

In this chapter the ACO metaheuristic was applied without adcal search for im-
proving the a priori tour. The study of an e cient local search for the PTSP, which
should greatly improve the solution quality of pACS and of ay tour construction
heuristic in general, is an important issue, and it is analyd in chapter 3.
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Figure 2.6: Relative percent error with respect to the estiated a posteriori optimum
for random uniform instances (U50) and for random clustereithistances (C50) of 50
customers. Each point is an average over 10 random instances
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Chapter 3

The i1ssue of local search for the
PTSP

In order for a metaheuristic to achieve state-of-the art rests in an optimization
problem, the local search or solution improvement part of # algorithm is very
important.

In the literature there has been one major attempt to apply T8-inspired local
search algorithms to the homogeneous PTSP: the 2-p-opt andshift algorithms
introduced by Bertsimas [1, 3], who proposed for these twogalrithms fast evaluation
operators, which compute the cost evaluations of the entingeighborhood of a tour
in O(n?) time. Unfortunately, derivations for these expressions e not given in [3],
and it has since come to our attention that they do not corredy calculate the change
in expected tour length. This fact has two consequences. &y results published
in several papers, which used the 2-p-opt and 1-shift locatach, should be re-
examined because they may be wrong. Second, it poses the jarsvhether a new
fast local search operator for the PTSP can be derived. In faaising the O(n?)
full evaluation of the objective function for the cost of a mee gives anO(n#) local
search algorithm (since the neighborhood size of 1-shift é&u2-p-opt is O(n?)), so
any improvement on this would be most useful.

This chapter is organized as follows. In section 3.1 we daber some basic con-
cepts about local search algorithms in general. Section Jilghlights the di culties
to be dealt with when trying to apply TSP-inspired local seath algorithms to the
PTSP. In section 3.3 we describe the 2-p-opt move and give tlielta evaluation
expressions proposed in [3], followed by a proof of their mtectness. Section 3.4
follows a similar course but with respect to the 1-shift opator. While our focus
here is on the expressions published in [3], we note that th&peessions given in
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3.1. Local search algorithms

Bertsimas' PhD thesis [1] are also incorrect and given witlub derivation. Since

the 2-p-opt expression given in [1] di ers slightly from thain [3], we include a sep-
arate appendix (appendix A) to address this expression. Twiurther appendices
(appendix B and C) present a full calculation of the cost of lwal search moves for
a simple PTSP tour, when the 2-p-opt [3] and 1-shift operatsrare applied, re-
spectively. The calculations demonstrate, concretely, éhdi erent results obtained

using Bertsimas' delta expressions, compared with the fudlvaluation. These calcu-
lations were generated by a computer program written in C whh is also available
at http://www.idsia.ch/  leol/.

3.1 Local search algorithms

Local search is one of the most e ective heuristics in many einatorial optimiza-
tion problems [29], and it is based on a very simple method:iat and error. Local
search algorithms repeatedly perform simple modi cationsf a solution (moves),
accepting a move only when the cost of the move is negative. Mdormally, given
an instance f; c) of an optimization problem, whereF is the set of feasible solutions
and c is the cost mapping, we choose a neighborhood

N:F1 2F (3.1)
which is searched at point 2 F for improvements by the procedure

any s 2 N (t) with ¢(s) <c(t); if such ans exists

improve(t) = )
P ® \no", otherwise.

(3.2)
The general local search procedure is shown in Fig.3.1. Werstat some initial
feasible solutiont 2 F and use the procedurdamprove(t) to search for a better
solution in its neighborhood. So long as an improved soluhicexists, we adopt it
and repeat the neighborhood search from the new solution; am we reach a local
optimum we stop. A local optimum is a solutiont 2 F such thatc(t ) c(t), for
all neighbor solutionst 2 N(t ).

To apply the local search approach to a problem, one should keaa number of
choices. First, one should obtain an initial feasible solign. Sometimes the initial
solution is obtained by using some heuristic algorithm, orven a random choice
could be useful. Next, one should choose a ‘good' neighbartidor the problem
at hand, and a method for searching it. This choice is usuallguided by intuition.
In general, there is a trade-o between large and small neigbrhoods. A larger
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3.2. TSP-inspired local search algorithms

procedure local search
t:= some initial starting solution in F
while (improve(t) 6 'no') do
t := improve(t)
end while
end local search

Figure 3.1: High level pseudo-code for the local search.

neighborhood might provide better local optima, but will t&ke more time to search.
Is it better to generate fewer “stronger' local optima or m& "weaker' ones? There
is no general rule to answer this question. Another aspectlaged to this trade-o is
wether to search the all neighborhood for the best neighbof the current solution
(best improvement local search), or to be happy with the rstimproving solution
(rst improvement local search), like in the local search sched in Fig.3.1.

More aspects related to the implementation of a good localaeh and applica-
tions to a diversity of problems may be found in [29]. In the ftowing, we focus
on the main di culties to be overcome when designing a localearch for the PTSP
problem.

3.2 TSP-inspired local search algorithms

Because of the analogy between the TSP and the PTSP, it may see@easonable to
apply TSP local search algorithms to the PTSP. Neverthelesa local search that is
e cient for the TSP may be ine cient when applied to the PTSP. In this section, we
will analyze some possible advantages and disadvantagespplying TSP-inspired
local search algorithms to the PTSP.

The run time e ciency of a local search depends, among many deors, on three
aspects:

the time to evaluate a neighbor solution in order to check if it is an improving
one,

the time to find an improving solution (or to verify that none exists),
the time to perform the change from the present to the new improving solution.
The last point only depends on the dimension of the neighbaolbd and the second

point only depends on the data structure representing a sdlan, which are same

23



3.3. The 2-p-opt

for the TSP and for the PTSP. In fact, an a priori solution to the PTSP may also
represent a solution to the corresponding TSP, that is, to th problem obtained only
by considering the distance matrix of the PTSP and disregandg the customers
probabilities (see the de nition of the PTSP in sectionl). Therefore, if a TSP local
search perform these two operations e ciently, the same igte for the PTSP.

The critical point is the rst one, that is, the time to evaluate a neighbor solution.
In fact, in successful TSP local searches this process tygllg requires (1) time,
while in the PTSP it is not trivial to nd such an e cient evalu ation, due to the
fact that the PTSP objective function is much more complex thn the TSP one.
Let us reconsider the form of the objective function for the dmogeneous PTSP.

Given an a priori tour = (1); (2);::; (n), its expected length (that is, the
objective function), is computed inO(n?) by the following expression [24]:

Xn 1
EIL()]= PP P d( (); G+ ) (3.3)
j=1 r=1
Throughout the thesis we use the convention that8i 2 f1;2;::;;ng and 8r 2
f1,2;::5n 19,

. _ (i r)ymodn); ifi ré60andifi rén
(i n= (n); otherwise: (3.4)
We recall that the meaning of equation (3.3) is as follows. Iaach term of the sum
the distance between the}th city (j)andthe ( + r)th city (j +r)is weighted by
the probability that the two nodes require a visit (%) while ther 1 nodes between
them do not require a visit (1 p)" 1). In other words, each arc ((j); (j + r))is
weighted by a probability coe cient p>(1 p)" L.

The 2-p-opt and 1-shift algorithms introduced by Bertsimagl, 3], use fast eval-
uation operators, which compute the cost evaluations of thentire neighborhood of
a tour in O(n?) time. Unfortunately, as we will show in the next sections, ey do

not correctly calculate the change in expected tour length.

3.3 The 2-p-opt

The 2-p-opt local search was introduced by Bertsimas in [1hd later published by
this journal in an article by Bertsimas and Howell [3]. In thgé chapter we refer to [3].
Given an a priori tour , its 2-p-opt neighborhood is the set of tours obtained by
reversing a section of (that is, a set of consecutive nodes) and adjusting the arcs
adjacent to the reversed section, as for example in Figure23.
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Figure 3.2: Tour =1;2;::;00+1;:5; 000 (left)y and tour ==1;2; 50 1

1;::50;) + 15 n (right) obtained from by reversing the section i(i + 1;:::;]),
with n=10,i=3, ) =7.

3.3.1 Expressions proposed in [3] for the cost of a 2-p-opt

move
Consider, without loss of generality, a tour =1;2;::;i;i +1;:::; ;5 n and a tour
~=1;2:500 Lo +1; 0 n obtained by reversing a sectionifi +1; ;) of

. Let E;; denote the change in the expected lengtB[L(™)] EI[L( )]. In the
following we reproduce verbatim the expressions given in] [fdr the computation of

Eij. Letj =i+ k. Given the two dimensional matrices of partial resultsA and
B:
X1 X1
A= (1 p" d@i+r) and Bix = @ p)" *d@i ri); 1 k n 1, 1
r=k r=k
(3.5)

Ei; is computed by means of the following recursive equationsetting q=1 p,
for k =1,

Ei;i +1 = p3[q 1Ai;2 (Bi;l Bi;n 1) (Ai+1;1 Ai+1;n 1)+ q 1Bi+1;2]; (3-6)
and fork 2,

Eiy = Einy +P@% DA +(d 1)(Biz Bin «)
Hd DAL A )+ (9% 1)Bjkw
+Ho ko DAL A +H(d " 1D)Bin ke
H " DA e (A F DB Bl

The 2-p-opt local search proposed proceeds in two phases.eThst phase consists
of computing E;;., for every value ofi, and at the same time accumulating the

(3.7)

25

n,



3.3. The 2-p-opt

n=10 2
OA@
3=i
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O 5= i+k, k=2
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Figure 3.3: Tour~, with ~(i) = i+2, ~(i+1) = i+1, ~(i+2)= i,and ~(i+3) = i+3.
The dashed line represents arcs ¢ 1;i +3) and (i +3;i + 1).

two matrices of partial resultsA and B. Note that since the computation of E;; .
only involves two rows ofA and B, one can proceed to the next pair of nodes without
recomputing each entire matrix. Each time a negative E;;.; is encountered, one
immediately switches the two nodes involved. Then calculations of phase one
require O(n) time apiece, orO(n?) time in all. At the end of this phase, an a priori
tour is reached for which every E;;.; is positive, and the matricesA and B are
complete and correct for that tour. The second phase of thedal search consists of
computing E;; recursively by means of equation (3.7). Since eachE;; in phase
two is computed in O(1) time, this phase, and thus the entire 2-p-opt checking
sequence, is performed i@®(n?).

Note that this procedure would be much faster than using theufl evaluation
function (equation (3.3)) for the cost of each 2-p-opt moveln fact, the full eval-
uation would require O(n?) time for the cost calculation of each move, an®(n?)
time for the entire 2-p-opt checking sequence (since the gbeborhood size of 2-p-opt
is O(n?)). Unfortunately, as we show in the following section, the elta evaluation
expressed by equation (3.7) is not correct.

3.3.2 Incorrectness of the proposed 2-p-opt recursive equa-
tion from [3]

Theorem 1 Given an instance of the homogeneous PTSP, an a priori tour =
(L;2; 00+ 1500+ k;nn), and an a priori tour ~=(1;2;:50 Li+ kji+k
1,00+ k+1;:5n), then E[L(T)] E[L( )] 6  Ejj«x fork 2.
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The proof is by example. Letk = 2, then, according to (3.7)

Eiiv2a = Eiryiez +PPl(Q 2 DAs+(F 1)(Bix Bin 2)
+(# D)(Ai2a Az 2)+(9 2 1Bz
+Ho" 2 1Az Ai)t (" 1)Biy 1
+( q2 : 1)Ai+2 n 1 + ( qn 2 1)(Bi+2 1 Bi+2 ;2)]:

We show that in this expression there are arcs with an incorce probability coe -
cient. Consider for instance arci(+1;i + 3) and arc (i +3;i +1). We examine the
probability coe cients of these arcs, as computed by the ragsive equation (3.8).
The terms inside square brackets of equation (3.8) only taketo account arcs join-
ing respectivelyi and i + 2 with other nodes. Therefore, the arcsi(+1;i + 3) and
(i+3;i+1) are only computed in the rst term of equation (3.8):

(3.8)

Ei+1;i+2 = pg[q lAi+1;2 (Bi+l;1 Bi+1;n l) (Ai+2;1 Ai+2;n 1)+q 1Bi+2;2]: (39)

In the above exp|'§ssion, arci+1;i+ 3) is computed by the term corresponding to
r=2of A= (1 p) di+1;i+1+r), and arc (i +3;i+1) is computed
by the term corresponding tor = n 2 of Bj+1.1 = P:ll(l p)" di+1 r;i+1).
From this observation and from equation (3.9), we see that ar(i + 1;i + 3) is
computed as follows:
p3
1 p

and arc ( + 3;i +1) is computed as follows:

(1 pd(i+1;i+3)= pd(i+1;i+3); (3.10)

PP p)" 3d(i +3;i+1): (3.11)

Now we consider the objective function (3.3), and we write # probability co-
e cients that arcs (i +1;i +3) and (i +3;i +1) must have in E[L( )] and in
E[L(7)]. When the a priori touris ,arc (i +1;i+3)=( (i+1); (i+3))and
it has a probability coe cient of p?(1 p), that is, the probability that (i + 1)
and (i +3) require a visit while the single node (i +2) between them does not
require a visit. The same coe cient is valid when the a prioritour is =, because
(i+1;i+3)=("(i+1);~(i +3)), and there is only one node (i +2)) between
(i +1) and (i +3). Figure 3.3 may be of help in visualizing this. Similarly
arc (i +3;i + 1) has probability coe cient p’(1 p)" 3 bothin and in ~ (since
i+3= "(i+1 (n 2)). Therefore arc { +1;i + 3) is computed as follows in

E[L(T)] EL()L
P’ p) P pldi+1;i+3)=0; (3.12)
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3.4. The 1-shift

n=10 ' 2 n=10 ! 2
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lk@ 3 3=i
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8 l({) * 8 ‘
KQ /VO 5 @ /VO 5
7 \@Q 7=j=i+Kk, \QQ
6 k=4 6
Figure 3.4: Tour =1;2;:500 +1;::50 w50 (leftyand tour ==1;2;:50 10+
1;i+2;:00;) +1;::n (right) obtained from by moving nodei to position j and
shifting backwards one space the nodes- 1;:::;j, with n=10,i=3, ] =7.

in contrast with (3.10), and the arc (+3;i+1) is computed as follows inE[L(7)]
ELLC)L:
P p"° PP p" Cldi+3;i+1)=0; (3.13)

in contrast with (3.11). [1

Appendix B presents the step-by-step evaluation of a 2-p-bpove, rst using the
full evaluation of the objective function (3.3), and secondsing Bertsimas' proposed
expression (3.7).

Note: a proof of the incorrectness of the 2-p-opt expressi@ppearing in [1] is
given in appendix A.

3.4 The 1-shift

The 1-shift local search was introduced by Bertsimas in [1jd later published by
this journal in an article by Bertsimas and Howell [3]. Giveran a priori tour , its
1-shift neighborhood is the set of tours obtained by moving modei to position j of
the tour, with the intervening nodes being shifted backwarsl one space accordingly,
as for example in Figure 3.4.

3.4.1 Expressions proposed in [3] for the cost of a 1-shift

move
Consider, without loss of generality, a tour =1;2;:::;i;1 +1;:::;); 5 n and a tour
T=1;2nn0 Li+15i+2;500;0) +1; 0 n obtained from by moving nodei to

position j and shifting backwards one space the nodes 1;:::;j. Let Eﬂ denote

28



3.4. The 1-shift

the change in the expected lengtiE[L ()] EI[L( )]. In the following we reproduce
verbatim the expressions given in [3] for the computation of E,OJ .

Let j = i + k. Note that, for k = 1, the tour ~ obtained by 1-shift is the same
as the one obtained by 2-p-opt. Therefore, fok = 1, E,OI 1 = Eiixa and the
computation is done according to (3.6). Fok 2, the proposed expression is:

Ei(;)i = Eic;)j 1 tPa g ® NAua +(d o )(Bir Bin k)

+( q 1)(Aj; 1 Aj;n k) + ( q ! 1)Bj;k +1

Hd g DA Ag)+H (g gD MBin km

+H1 d YA k(1 9(Bya Bl

(3.14)

whereA and B are the same matrices of partial results considered for thegg2opt and
de ned by (3.5). This algorithm follows the same lines as th&-p-opt algorithm: all
phase one computations, including the accumulation of matesA and B, proceed
in the same way. The second phase of the local search considtsomputing Eﬂ
recursively by means of equation (3.14). Like 2-p-opt, siaeach Eﬂ in phase two
is computed inO(1) time, this phase, and thus the entire 1-shift checking s@ence,
is performed in O(n?). Similarly to the 2-p-opt, note that this procedure would
be much faster than using full evaluation function (equatio (3.3)) for the cost of
each 1-shift move. In fact, the full evaluation would requi O(n?) time for the cost
calculation of each move, and(n%) time for the entire 1-shift checking sequence
(since the neighborhood size of 1-shift ©(n?)). Unfortunately, as we show in the
following section, the delta evaluation expressed by equan (3.14) is not correct.

3.4.2 Incorrectness of the proposed 1-shift recursive expres-
sion

Theorem 2 Given an instance of the homogeneous PTSP, an a priori tour =

(3;2 5051+ 100+ kn), and an a priori tour ~ = (1;2;:50 L+ 10+

2, i+ kii + k+1;:un), then E[L(T)] E[L( )6 ESJ., fork 2

The proof is by example. Letk = 2, then, according to (3.14)

Ei(;)i +2 = Ei(;)i a tPIa? g HAiz+(F 9P(Bir Bin 2)

+(q 1)(Ais2n Az 2)+ (gt 1)Bings
+(q" 2 q 1)(Ai;l Ai;2)+(q2 " oq ")Bin 1
+(1 q 1)Ai+2;n 1 + (1 q)(Bi+2;1 Bi+2;2)]:

We show that in this expression there are arcs with an incorce probability co-

e cient. Consider for instance arc ;i + 1) and arc (i + 1;i). We examine the

(3.15)
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3.4. The 1-shift

>

4 =i+1

O, 5=i+k, k=2
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Figure 3.5: Tour ~, with ~(i) = i+1, 7(i+1)= i+2,and ~(i +2) = i. The dashed
line represents arcsi(i +1) and (i +1;i).

probability coe cients of these arcs, as computed by the ragsive equation (3.15).
The rst term of (3.15) is EZ,, and it is equal to (3.6). By an inspection of
the terms A and B in equation (3.6) it is not dicult to see that arcs (i;i + 1)

and (i +1;i) are not computed by EJ,;. Arc (i;i +1) is computed by the term
(" 2 o YH(A.1 A;») of equation (3.15), that is,

PP p" % @ p" Hdi+1); (3.16)

and arc ( +1;i) is computed by the term @ " ¢ ")B;, 1 of equation (3.15),
that is,
PP
a p)d(| +1;i0): (3.17)

Now we consider the objective function (3.3), and we write @ probability coef-
cients that arcs (i;i +1) and (i +1;i) must have inE[L( )] and in E[L(7)]. When
the a priori touris , arc (i;i +1)=( (i); (i +1)) and it has a probability coe -
cient of p?, that is, the probability that (i) and (i +1) require a visit. When the
a prioritouris —,we have ;i +1)=( (i +2); (1) =(~( (n 2));~(i)), which
leads to the probability coe cient p?(1 p)" 2 (see Figure 3.5). The dierence of
the probability coe cients of (i;i +1)in ~and leads to

PP P" 3 (i +1); (3.18)

which is di erent from (3.16). Let us now focus on arci(+ 1;i). When the a priori
touris ,arc(i+21;i)=( (i (n 1)); (i) and it has a probability coe cient
of p?(@  p)" 2. When the a priori tour is ~, we have (+1;i) = ( ~(i); ~(i +2))
(see Figure 3.5), and the probability coe cient isp?(1 p). The dierence of the
probability coe cients of (i +1;i)in “and leads to:

PPl p (@ p" A +1;0); (3.19)
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3.4. The 1-shift

which is di erent from (3.17). [1

Appendix C presents the step-by-step evaluation of a 1-shihove, rst using the
full evaluation of the objective function (3.3), and secondsing Bertsimas' proposed
expression (3.14).
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Chapter 4

Approximations of the objective
function

As we have seen, the objective function of the PTSP is compuianally expensive,
since it needs to consider all thé©(n?) edges joining couples of customers. For this
reason, it is worth investigating the design of fast approriations of the objective
function, to be used in optimization algorithms for speedim up, and thus possibly
improving, the optimization process.

In this chapter we present and analyze two types of objectivieinction approxi-
mations. The rst approximation (section 4.1) is based on tb observation that, for
a given a priori solution, some edges have a very small proliéip of being actually
travelled, and therefore they may be neglected. We call thigpe of approximation
“depth-approximation’ (this naming convention will becone clear in the remainder
of this chapter). The second type of approximation (sectiod.2) is based on the
observation that the objective function computes the expéed value of a quantity,
and therefore it may be estimated by a sampling technique. Weall this second
type of approximation ‘sampling-approximation’. In secthn 4.3 we experimentally
analyze the accuracy of the two types of approximations undeli erent conditions.

4.1 Depth-approximation

We say that and edges; has a depth 2 [0;n 2] with respect to a given a priori
tour if there are exactly cities on the tour between andj. A high depth for an
edge implies a small probability for the edge to be actuallygst of a realized tour,
since this would mean that a large number of consecutive customers do not require
a visit. Therefore, edges with higher depth should impact$s on the objective value

32



4.1. Depth-approximation

of an a priori tour. Let us now be more precise.

Given an a priori tour , and depth values =0;1;::;;n 2, the edges of the
PTSP instance under consideration may be grouped in set§’, each set containing
edges of the same depth. Note that the edge séet’) contains a number of subtours
(that is, tours which visit a subset of the customers) equalat gcdq, + 1) ®. For
instance, the set © contains exactly the edges of the a priori tour. In general,
however, it may be the case that the subtours formed in such aaw can never be
realized under the a priori strategy. As an example of edge piéion according to
the depth, Fig. 4.1 shows, from left to right, an a priori tour (which coincides with
the set of edges @), ® and @ for a PTSP with 8 customers. Note that @
contains two subtours which could be actually realized undehe a priori strategy,
but @ contains one single tour that visits all customers, and thefore cannot be
realized under the a priori strategy (since, if all customerare to be visited, then
they are visited according to the a priori tour ).

Given the partition of edges according to their depth = 0;1;2;::;;n 2, the
PTSP objective function may be written as a sum of terms of imeasing depth:

" #
X2 X Y
EIL()]= dgy g+ +y PP+ +ny @ P+rw) (4.1)

=0 J =1 k=1

where = ( (1); (2);::; (n)) is the a priori tour. In the special class of PTSP
instances whergy; = p for all customersi 2 V (the homogeneous PTSP), equation
(4.1) may be written as

XZ

ELL()I= L(O)pQ p) (4.2)

=0

whereL( () i [ dG; (i +1+ 1)). The L( O))'s have the combinatorial inter-
pretation of being the sum of lengths of the collection subtos in ().

It is now easy to see how the probability of an edge of depthto be used decreases
with . In the homogeneous PTSP (equation 4.2) this probability ig?(1 p) , and
in the heterogeneous PTSP (equation 4.1) it also involves aquuct over + 2
probability coe cients. Therefore, the probability of an edge of depth to be
used (and therefore the weight of such and edge in the objeativalue) decreases
exponentially with . The idea, in the depth-approximation, is to stop the evaluigon

1The term “gcd' stays for “greatest common divisor'.

33



4.2. Sampling-approximation

w@%ﬁ%

1 2
)\() )\()

Figure 4.1: Edges grouped in sets according to their depth The picture shows
the sets with () with = 0;1;2. Note that (0) corresponds to the set of edges
forming the a priori tour.

of the objective function after a xed depth has been reached/Ne de ne

" #
X X Y
E[L()]= dgy ger+y P @P+r+ny (1 P ) (4.3)
r=0 j=1 k=1
and for the homogeneous PTSP this simpli es to
X 2
EL()N= L@ p": (4.4)

r=0

The time complexity of the depth-approximation isO( n ), therefore, the smallest
the , the fastest is the computation of the depth-approximatiomespect to theO(n?)
exact objective function. Nevertheless, the smallest the the bigger is the di erence,
or error, between approximated and exact computation. The ain question here is
how the quality of the depth-approximation degrades by deeasing the depth of the
computation, and for di erent types of PTSP instances. Thids discussed in section
4.3.

4.2 Sampling-approximation

Here, we propose an approximation to the PTSP objective fuhon which is based
on the observation that the objective function computes anxpected value of a
random quantity, and therefore it may be estimated by a sampig technique. More
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4.2. Sampling-approximation

precisely, given an a priori tour , the objective function may be written as (see also
section 1) X

E[LC)I=  p(SL( j): (4.5)

SV
In the above expressionS is a subset of the set of customeié, L( ,) is the length
of the tour , pruned in such a way as to only visit the customers i, skipping the
others, andp(S) is the probability for the subset of customersS to require a visit:
Y Y
p(S)= p 1 p): (4.6)

i2s i2v S

The objective function, as expressed by equation 4.5, conips the expected value
of the tour , over all possible random subsets of customers.

The idea, in sampling-approximation, is toestimate the exact expected value
4.5 through sampling, in the following way. The lengthL( ) is a discrete random
variable, taking the valueL( j;) with probability p(S). Let S, i 2 1;3;::;;N be
subsets of the originaln customers sampled with probabilityp(S;). If each subset
S; is sampled independently of the others, the Central Limit TRorem implies that

1 X

N LCi) ELON (4.7)
i=1

for N big enough.

The time complexity of the sampling-approximation isSO(Nn), therefore, the
smallest the sample sizBl, the fastest is the computation of the sampling-approximabn
respect to theO(n?) exact objective function. Nevertheless, the smallest thd, the
bigger is the di erence, or error, between approximated aneixact computation. The
main question here is how the quality of the sampling-appraxation degrades by
decreasing the number of samples, and for di erent types ofTiBP instances.

There are two ways of evaluating the quality of sampling-appximation. One
is theoretical, by exploiting the theorems of statistics abut the precision and con-
dence intervals of an estimator. The problem, with this, isthat it may give pes-
simistic indications of the estimation accuracy. In fact,n order to exploit theorems
of statistics, one should be able to approximate the probdlty distribution of the
length L( ;;) by a normal distribution. This is true, in general, for a nunber of
sampleN at least equal to 30 (this is an empirical rule which usually @plies to
distributions that are not too asymmetric). In our case, we ray be lucky, and have
a good approximation already for smalleN, but by using theoretical investigations
we would not know this.
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4.3. Analysis of depth- and sampling-approximation techniques

The other way for evaluating the quality of sampling-approknation is experi-
mental, like in the case of depth-approximation. We can usehis option because
we may know the exact value of the objective function. This &iation is di erent
from that of the natural sciences where the exact value beirggtimated, in general,
is not known. The experimental analysis of sampling-approration accuracy is
performed in section 4.3.

4.3 Analysis of depth- and sampling-approximation
techniques

In the literature the use of the depth-approximation has bee rst suggested by Jail-
let [24], without performing experiments. The only applicaon of depth-approximation
we are aware of is a recent paper [10], where the approximatiss used in the Ant
Colony Optimization framework with promising results. Theidea of sampling as
been applied in [2] for computing a lower bound on the optim®&TSP value, but it
has never been used for approximating the objective functio

In the cited literature there is no analysis of the tradeo béwveen depth and
quality of the depth-approximation. We feel that, before umg any approximation
of the objective function inside an optimization algorithm it is useful to know as
much as possible about the quality of the approximation.

A number of questions may be asked about the quality of the apgximation.
The main questions we would like to answer are the following:

1. suppose that, in an optimization algorithm, we want to hag an objective
function approximated by percent error; how big should be then the depth
() (or number of samples N()) of our depth-approximation (or sampling-
approximation)?

2. is () (or N{()) also dependent on the particular PTSP instance and a prori
tour?

We try to answer these questions by experimental investigan. PTSP instances
were generated starting from TSP instances (from the TSPLIBenchmark [32]) and
assigning to each customera probability p; of requiring a visit. We have tested both
homogeneous and heterogeneous PTSP instances. In homogesd TSP instances,
we setp, = p for all customers, withp varying from 0.1 to 0.9. We realized hetero-
geneous PTSP instances by generating customers probal# randomly, according
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4.3. Analysis of depth- and sampling-approximation techniques

3 T T T T
beta(0.5,0.5,x)

beta(1,1,x)

beta(1.5,3,x) ===r=rmem

beta(3,1.5,x)

Figure 4.2: Probability distributions used for generatingandom customers proba-
bilities.

to the probability distribution  (a; b), which is de ned as follows

(a+Db
(a)(b

with p 2 [0; 1]. By choosing the parametera and bof the distribution, one can set
the average customer probabilityp and the variance , around the average value:

(b = PP p° Y (4.8)

o a
P = 2501 (4.9)
ab

» = T BAarbeD (4.10)

In order to model di erent con gurations of customers probailities, we generated
customers probabilities according to the distributions (0:5;05), (1;1), (1.5;3),
and (3;15), whose shapes are as shown in Figure 4.2, and whose averag
deviation, computed according to 4.9 and 4.10, are as in Tab#.1.

Type of convergence Figure 4.3 shows how depth- and sampling-approximation
converge to the exact objective value, by increasing, respieely, the depth and
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4.3. Analysis of depth- and sampling-approximation techniques

p p
(0:5;05) | 0.5 ] 0.13
(1;1) 0.5 | 0.08

(1:5;3) | 0.33]0.04
(3;15) |0.67|0.04

Table 4.1: Average customers probabilityp and standard deviation of customers
probability , implied by di erent choices of the distribution parameters.

the number of samples in the computation. Figure 4.3 is relae to one particu-
lar instance of the homogeneous PTSP, but the following olysations are valid in
general.

Both depth- and sampling-approximation may be good alreadfpr small values
of the depth and number of samples, but depth-approximatiortonverges earlier
than sampling-approximation. Another di erence between e two approximation
techniques is that sampling-approximation may overestimia the exact objective
value, while depth-approximation is always less than or eqlito the exact objective
value. Moreover, the quality of sampling-approximation it random quantity, and it
may happen that a bigger number of samples does not imply a lvet approximation
(even if, asymptotically, convergence to the exact objes® value would be reached).

Dependence of approximation quality upon customers probabilities Given
a certain set of customers (that is, a TSP instance) we are erested to see if the
guality of approximation is a ected by di erent con gurati ons of customers prob-
abilities. Due to the nature of the approximations, it is regonable to expect that
depth-approximation is quite sensitive to the probabilites of customers requiring a
visit, while sampling-approximation may be less a ected. &h hypothesis are con-
rmed in the case of homogeneous PTSP, where the depth-apghmation quality de-
grades for instances with small customers probability, wle sampling-approximation
maintain a good quality over all range of probabilities. Trs is shown in Figure 4.4.
In case of heterogeneous PTSP instances, both depth- and gdimg-approximation
are sensitive to the customers probabilities, as shown indtire 4.5. In particular,
the probability con guration which always has the worst appoximation quality is
the one which follows the distribution (1:5;3). Note that (1:5;3) corresponds to
a probability con guration where a high proportion of custaners have a low proba-
bility of requiring a visit (see average customers probaltiy and standard deviation
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Figure 4.3: Depth- and sampling-approximation of the objeiwe function as a func-
tion of, respectively, depth and number of samples. The gar refers to a homo-
geneous PTSP instance with probability ¥ and 532 customers, whose coordinates
are from the att532.tsp instance of the TSPLIB. The objectig function has been
computed on a randomly generated a priori solution. For a dép and number of
samples equal to 10, which is very small, as compared to themiber of customers,
the approximation, in this case, is already very good.
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Figure 4.4: Absolute value of the error performed by the dept and sampling-
approximation as a function of the customers probability,n the homogeneous PTSP,
and for a 1577-customers TSP instance of the TSPLIB. The olgjive function has
been computed on a randomly generated a priori solution. Therror is expressed

6=N=10

homogeneous PTSP, fl1577.tsp
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as a percentage respect to the exact objective value.
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>
2
X

>
2
5

w
2
>

w
3
B

—@— sampling-approximation

N
2
R

—aA— depth-approximation

absolute error
N
o
B

1.5% A

0.5% 4

0.0% . ; . A
beta(1.5; 3) beta(1; 1) beta(0.5; 0.5) beta(3; 1.5)
probability distribution

Figure 4.5: Absolute value of the error performed by the dept and sampling-
approximation for di erent customers demands probabilitycon gurations (hetero-
geneous PTSP) for a 1577-customers TSP instance of the TSBLIThe error is
expressed as a percentage respect to the exact objectiveueal

of (1:5; 3) respect to other distributions in Table 4.1). Consideng both the homo-
geneous and the heterogeneous PTSP, we may argue that, fopitheapproximation,
a high proportion of customers with low probability of requiing a visit decreases
the approximation quality (for a xed depth).

Dependence of approximation quality upon TSP instances Given a certain
depth or number of samples for the approximation, and given eertain customers
probability con guration, we are interested to see if the gality of approximation is
a ected by di erent sets of customers (that is, TSP instancs). The quality of depth-
approximation is not much sensitive to the the number of cusimers, as it appears
from Figures 4.6, which compares depth-approximation qugl for ten instances
derived from the TSPLIB, with a number of customers rangingrbm 51 to 1577.
Among the instances of Figure 4.6, the error of depth-approration is quite small,
always under 2.5%.
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depth-approximation, 6 = 10

2.5% +

2.0% +

Mbeta(3; 1.5)
Obeta(1;1)

W beta(0.5; 0.5)
Bbeta(1.5; 3)
Op=0.3

1.5% -

relative error

1.0% -

0.5% 1

Figure 4.6: Error performed by the depth-approximation fodi erent instances from
the TSPLIB, with customers probabilities generated accoidg to probability laws
(heterogeneous PTSP) and for the homogeneous PTSP with casters probability
p=0:3.
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sampling-approximation, N = 10

12% 4

M beta(3; 1.5)
Dbeta(1; 1)
Wbeta(1.5; 3)
B beta(0.5; 0.5)
Op=0.3

absolute relative error

Figure 4.7: Error performed by the sampling-approximatiorfor di erent instances
from the TSPLIB, with customers probabilities generated amrding to  proba-
bility laws (heterogeneous PTSP), and for the homogeneousBP with customers
probability p=0:3.

The situation, with sampling-approximation, is di erent, as shown in Figure 4.7.
One counterintuitive feature is that, in many cases, an ingince with more customers
is better approximated than an instance with less customer$-or example, compare
eil76.tsp with 1577.tsp in Figures 4.7. For heterogeneou8TSPs, di erently from
depth-approximation, we cannot say whether there is a distribution which is worse
or better than others, and the worst error, for 10 samples, mpaange from around
12% to around 2%. In the homogeneous PTSP instances (with= 0:3), the error
range is also quite wide, from around 10% to less than 1%.

4.3.1 Conclusions and guidelines

Given an instance withn customers, it may be convenient to use an objective func-
tion approximation if this is both fast, and it gives an accetable error. Let us
assume that an approximation is fast enough if it runs if©(10 n) time. This is to
say that we consider a depth and a number of samples equal to fbd, respectively,
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4.3. Analysis of depth- and sampling-approximation techniques

depth- and sampling-approximation. Will than the error be aceptable, on the base
of the above analysis? Let us assume, here, that an error iaptable if it is not
bigger than 3%. With these assumptions, we can say that deptpproximation
will almost always produce an acceptable error. The only siation where sampling-
approximation may be better, is in homogeneous PTSP instaes with low customers
probability (say, a probability smaller than 0:3), but this is not valid for all TSP
instances, therefore the quality of sampling-approximatin should be tested before
relying on it.

It would be interesting to further investigate the relation between the depth or
number of samples and the quality of the approximation. In pdicular, it would
be useful to nd a functional relation between the depth or number of samples and
the approximation quality. This would let us know the smallst depth or number of
samples necessary to achieve a certain chosen precision.
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Outlook and future work

In this thesis we studied the design of a good heuristic foréhPTSP, which composed
by two modules: a solution construction and a solution imprement (or local search)
algorithm. We studied separately two modules that, once iegrated and iteratively
alternated, would constitute the nal heuristic algorithm.

As far as the solution construction algorithm is concernedye investigated the
potentialities of pACS, a particular ant colony optimization algorithm, for the ho-
mogeneous PTSP. We showed that the pACS algorithm is a prormmg solution
construction heuristic for the PTSP. We compared pACS with ther tour construc-
tion heuristics and we provided an estimation of the absolaterror with respect to
the optimal PTSP solution for some instances. We also compat pACS to ACS (an
ant colony optimization algorithm for the TSP), and we showe that for customers
probability close to 1, the ACS heuristic is a better alternave than pACS.

The study of an e cient local search for the PTSP, should gretly improve the
solution quality of pACS and of any tour construction heurisc in general, and it is
an important direction of research. We have shown that the e¢tent algorithms in
the literature, 2-p-opt and 1-shift, are inadequate. This esults poses the question
whether a new fast local search operator for the PTSP can berded. One possibil-
ity to design fast local search is to use an approximation ohé objective function,
which is faster to be computed than the exact one. Two types @fpproximations
are proposed and analyzed in this thesis.

The next step of this research will be to integrate the solubn construction pACS
algorithm with the local search algorithms, with the aim of btaining state-of-the art
results for the PTSP. If the TSP inspired 2-p-opt and 1-shiflocal search are used,
an approximated objective function evaluation should be ephoyed for computing
the cost of a local search move, in order to speed up the comatibn. An alternative
would be to design a di erent local search operator which alv for an exact and fast
computation of the move cost, but the design of such a localaeh is a completely
open question.
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Appendix A

Proof that 2-p-opt as proposed In
[1] Is Incorrect

A.1 EXxpressions proposed in [1] for the cost of a
2-p-opt move

In Bertsimas' PhD thesis [1], the delta evaluation expressn for the 2-p-opt local
seach is reported in a slightly di erent form than that in [3] (equation (3.7)), all the
rest (A;B, and E;;.;) being the same. In the following we reproduce verbatim
the recursive equation given in [1] for the computation of E;; . Forj = i + k and
k 2

Eij = Eivay 1 +P@¥% DA +(d 1)(Biz Bin «)
+Hd DAL Ajn )+(g % 1Bjkw
+g" X DA Ag) (S " 1)Bin ke
H " DA et (g DB Bl

(A.1)

Equation (A.1) di ers from (3.7) by the rst term on the right side: here this term

is  Ej11 1, while in (3.7) itis Ej:1;;. We observe that the recursive equation
(A.1) is correct for k = 2, and that in this case the rst term on the right side is

zero, since Eji1i+x 1 = Ej+1i+1. Unfortunately, equation (A.1) is not correct

for k 3, as shown in the following theorem.
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A.2. Incorrectness of the proposed 2-p-opt recursive equation from [1]

A.2 Incorrectness of the proposed 2-p-opt recur-
sive equation from [1]

Theorem 3 Given an instance of the homogeneous PTSP, an a priori tour =
;2,051 +1; i+ K pn), and an a priori tour ~=(1;2; 51 Li+ kii+k
1,500+ k+1;:;n), then E[L(~)] E[L( )] 6 Ejj«x fork 3.

The proof is again by example. Lek = 3, then, according to (A.1)

Eiivs = Eisjez +P[(@° DA+ (® 1)(Bi1 Bin 3)
+(q3 1)(Ai+3;1 Ai+3;n 3)+(q 3 1)Bi+3;4
+Hg" * DA A+ (g " DBin 2
H " DAisan 2+(d" 2 1)(Birza  Bissp)l:

We show that in this expression there are arcs with an incorce probability co-

e cient. Consider for instance arc ;i + 1) and arc (i + 1;i). We examine the

probability coe cients of these arcs, as computed by the ragsive equation (A.2).

Arcs (i;1 +1) and (i +1;i) are computed both by the term Ej.;.+» and by the

terms inside the square brackets of equation (A.2). Let us st focus on the term
Ei+1:+2, from (3.6) we have:

Eivtis2 = P9 *Aisz2 (Bista Bivan 1) (Ais2a Aiszn 1)+ Bisao]: (A3)

In the above expreslg,ion, arci(+ 1;i) is computed by the term corresponding to

r=n 10fAn.= |, (@ p’ d@i+1;i +14,r), and arc (;i +1) is computed

by the term corresponding tor = 1 of Bj,;.1 = P:ll(l p’ d@i+1 ri+1).

From this observation we see that arci(+ 1;i) is computed as follows by the term
Ei+1;i+2 of (AZ)

(A.2)

3
ao P i L) = P ) L) (A4)
and arc (;i +1) is computed as follows by the term Ej.; .+ of (A.2):
p3d(i;i +1): (A.5)

Let us now focus on the terms inside the square brackets of atjon (A.2), which

also compute arcsi(i +1) and (i +1;i). Arc (i;i +1) is computed by the term
corresponding tor = 1 of A;.,, while arc (1 + 1;i) is computed by the term corre-
sponding tor = n 1 of Bj,, ,. From this observation we see that arcifi + 1) is

computed as follows (by the terms inside the square bracket$ equation (A.2)):

P p"° (i +1); (A.6)
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A.2. Incorrectness of the proposed 2-p-opt recursive equation from [1]

8

x

5=i+2
b1

6 =i+k, k=3

Figure A.1: Tour ~, with ~(i) = i+3, ~(i+1) = i+2, ~(i+2) = i+1, and
~(i +3) = i. The bold line represents arcsifi +1) and (i +1;i).

and arc ( +1;i) is computed as follows (by the terms inside the square brasts of
equation (A.2)):
PP p" A p)® " LG+ 1) (A.7)
Now, by summing (A.5) with (A.6) we get Bertsimas' equationscoe cient for arc
(i;1 +1):
A p"° p o 1dGii +1); (A.8)

while, by summing (A.4) with (A.7) we get Bertsimas' coe cient for arc (i +1;i):
PI@ p" > p+1ldi+15i): (A.9)

Now we consider the objective function (3.3), and we write #hprobability coef-
cients that arcs (i;i +1) and (i +1;i) must have inE[L( )] and in E[L(~)]. When
the a priori tour is , arc (i;i + 1) has a probability coe cient p?>. When the a
priori tour is ~, arc (i;i + 1) has a probability coe cient p?(1 p)" 2. Figure A.1
may be of help in visualizing this. Similarly, arc (+ 1;i) has probability coe cient
P’(L  p)" 2in and a probability coe cient p? in ~. Therefore arc (ji + 1) is
computed as follows inE[L(~)] EI[L( )]

Pl p" 2 dGi +1); (A.10)

in contrast with (A.8), and the arc (i + 1;i) is computed as follows inE[L(~)]

E[LLC)E
PPIL @ p" 2 +1;0); (A.11)

in contrast with (A.9). [
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Appendix B

Example of a 2-p-opt move
evaluation

We place the nodes of the graph (customers) on the verticesafegular hexagon in
the Euclidearbplane of side 1 so that all distances betweenifgaof nodes are from
the set,f1;2; 3g. We setp=0:5.

Let us calculate the di erence in expected length of the tosr =1;2;3;4;5;6
and ~=1;5;4;3;2;6. We shall rst do this by calculating, by equation (3.3), the
expected length of each and subtracting one from the other.h&n we shall compare
this result with the calculation using Bertsimas' recursie equation (3.7).
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The expected length of the tour =1;2;3;4;5;6 is given by:
E[L()] = (0:25 05 Y d(1:2)=0:25 1=0:25)+
(0:25 0:5¢ Y d(1;3)=0:125 ~ 3=0:216506) +
(0:25 056 Y d(1:4)=0:0625 2=0:125)+
(0:25 0:5“ Y d(1;5) = 0:031250 P3- 0:054127) +
(0:25 055 Y d(1;6)=0:015625 1 =0:015625)+
(0:25 050 Y d(2:3)=0:25 1=0:25)+
(0:25 05 Y d(2;4)=0:125 =~ 3=0:216506) +
(0:25 058 Y d(2:5)=0:0625 2=0:125)+
(0:25 0:54 Y d(2:6) =0:031250 P 3=0:054127) +
(0:25 055 Y d(2;1)=0:015625 1 =0:015625) +
(025 05 Y d(3:4)=0:25 1=0:25)+
(0:25 05?2 Y d(3;5)=0:125 = 3=0:216506) +
(0:25 0:5° Y d(3:6)=0:0625 2=0:125)+
(0:25 054 Y d(3:1) =0:031250 P 3=0:054127) +
(0:25 056 Y d(3:;2)=0:015625 1=0:015625)+
(0:25 05 Y d(4:5)=0:25 1=0:25)+
(0:25 0:5¢ Y d(4;6)=0:125 ~ 3=0:216506) +
(0:25 056 Y d(4:1)=0:0625 2=0:125)+
(0:25 0:5“ Y d(4;2) = 0:031250 P3- 0:054127) +
(0:25 055 Y d(4;3)=0:015625 1=0:015625)+
(0:25 050 Y d(5:6)=0:25 1=0:25)+
(0:25 05 Y d(5;1)=0:125 = 3 =0:216506) +
(0:25 058 Y d(5:2)=0:0625 2=0:125)+
(0:25 05 Y d(5;3)=0:031250 3 =0:054127) +
(0:25 055 Y d(5;4)=0:015625 1 =0:015625)+
(025 05 Y d(6:1)=0:25 1=0:25)+
(0:25 05 Y d(6;2)=0:125 = 3=0:216506) +
(0:25 058 Y d(6:3)=0:0625 2=0:125)+
(0:25 0:5% Y d(6;4)=0:031250 = 3 =0:054127) +
(0:25 056 Y d(6;5)=0:015625 1=0:015625)+
= 3:967548 (B.1)
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The expected length of the tour = 1;5;4; 3;2;6 is given by:
E[L(~)] = (0:25 05¢ Y d(1;5)=0:25 P 3=0:433013) +

(0:25 05 Y d(1;4)=0:125 2=0:25)+
(0:25 0:5¢ Y d(1;3)=0:0625 = 3=0:108253) +
(0:25 054 Y d(1:2)=0:03125 1 =0:03125) +
(0:25 055 Y d(1;6) =0:015625 1 =0:015625)+
(0:25 050 Y d(5:4)=0:25 1=0:25)+
(0:25 05 Y d(5;3)=0:125 = 3=0:216506) +
(0:25 058 Y d(5:2)=0:0625 2=0:125)+
(0:25 054 Y d(5:6)=0:03125 1 = 0:031250) +
(0:25 0:5° Y d(5;1) = 0:015625 P3- 0:027063) +
(025 05 Y d(4:3)=0:25 1=0:25)+

(0:25 052 VY d(4:2)=0:125 IO3:0:216506)+
(0:25 05¢ Y d4;6)=0:0625 = 3=0:108253) +
(0:25 054 Y d(4:1)=0:03125 2 =0:0625) +
(0:25 056 Y d(4;5)=0:015625 1=0:015625)+
(025 05 Y d(3:2)=0:25 1=0:25)+
(0:25 052 Y d(3:;6)=0:125 2 =0:25)+
(0:25 056 Y d(3:1) =0:0625 p§:O:108253)+
(0:25 05 Y d(3;5)=0:03125 = 3=0:054127) +
(0:25 056 d(3;4):O:0156F2)5 1=0:015625) +
(0:25 05 Y d(2;6)=0:25 = 3=0:433013) +
(0:25 052 Y d(2;1)=0:125 1=0:125)+
(0:25 058 Y d(2:5)=0:0625 2=0:125)+
(0:25 0:5“ Y d(2;4)=0:03125 = 3=0:054127) +
(0:25 055 Y d(2;3)=0:015625 1 =0:015625)+
(025 05 Y d(6:1)=0:25 1=0:25)+
(0:25 052 Y d(6;5)=0:125 1=0:125)+
p
(0:25 0:5¢ Y d(6;4)=0:0625 = 3=0:108253) +
(0:25 054 Y d(6:3)=0:03125 2p= 0:0625) +
(0:25 05 Y d(6;2)=0:015625 = 3 =0:027063)
= 4:144431 (B.2)
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Thus, the di erence between the expected lengths of the tosiis:
E[L(-)] EI[L()]=3:967548 4:144431 =0176883 (B.3)

In the following we calculate E,.5 using Bertsimas' recursive equation (3.7), and we
show that E,s is not equal to (B.3). By symmetry we have that8k 2 f 1;:::;n
19,Aix = Ajx.i; J 2 1,5 ng. Furthermore, 8k 2 f1;::;;n 19, i 2 f 1;:::;ng,
Bix = Ajx. Thus, 8i 2f 1;::;; ng, we have:

p_
Air=Biy = 1 1+1=2 ' 3+1=4 2+1=8

= 5=8 péTo 25=16
= 1=16(10 3+25)
= 2:645031755 (B.4)

IOf~z+1:16 1

Ai2=Bi, = 1=2 34124 2418 341216 1
- 5-8 " 3+9-16
= 1=16(10 IO§+9)
= 1:645031755 (B.5)

Aiz=Bis = 1=4 2+1=8 31216 1
= 1=8 p§+9:16
= 1=16(2 IO§+9)
= 0:77900635 (B.6)

Ais=Bi, = 1=8 341216 1
= 1=8 p§+1:16
= 1=16(2 IO§+1)
= 0:27900635 (B.7)

= 0:0625 (B.8)
Using these and Bertsimas' recursive equation (3.7), we uilow compute E,.5 on

the tour =1;2;3;4;5;6. That is, the di erence in expected length when we move
from the tour =1;2;3;4;5;6 to the tour ~=1;5;4; 3;2;6.
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First, we have:i =2, ] =5, k=3, p=0:5, andqg=0:5. This gives us

Exs = Ess+(p°=0:25) [
(% 1=7:00 (Ays=0:279006)+
(@ 1= 0875) ((Byy=2:645032) (B,3=0:779006))+
(@ 1= 0875 ((Asy=2:645032) (Ass=0:779006))+
(% 1=7:00 (Bs4=0:279006)+
(@ 1= 0875 ((Azy=2:645032) (A,3=0:779006))+
(2 1=7:0) (B,,=0:279006)+
(% 1=7:00 (Ass=0:279006)+
(@ 1= 0875) ((Bsy=2:645032) (Bss=0:779006))]
= Ess+0:25 [
1:953044 +
1:632772 +
1:632772 +
1:953044 +
1:632772 +
1:953044 +
1:953044 +
1:632772]
=  Egzs+0:320272 (B.9)

And we can calculate Egss in a similar way. We havei =3, ] =5, k=2, p=0:5,
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and = 0:5. This gives us:

Ess = Ess+(p°=0:25) [
(g% 1=3) (As3=0:779006)+
( 1= 075) ((Bs1=2:645032) (B34 =0:279006))+
(F 1= 075) ((As1=2:645032) (Ass=0:279006))+
(g% 1=3) (Bsz=0:779006)+
(¢ 1= 09375) ((As1=2:645032) (A3, =1:645032))+
(g* 1=15) (Bss=0:0625)+
(g% 1=15) (Ass=0:0625)+
(¢ 1= 009375) ((Bsi=2:645032) (Bs;,=1:645032))]
= Ess+0:25 [
2:337019 +
1:774519 +
1:774519 +
2:337019 +
0:9375 +
0:9375 +
0:9375 +
0:9375]
=  E4s5+0:28125 (B.10)

And nally, we can calculate E,s using equation (3.6) for switching two adja-
cent nodes withi =4, j =5, k=1, p=0:5, andg=0:5. This gives us:

Ess (p°=0:125) [

(Asz = 1:6450321 p=0:5)

(B4 = 2:645032) (Bas = 0:0625))

(As1 = 2:645032) (Ass = 0:0625)) +

(Bsz = 1:64503251 p=0:5)]

0:125 1:415064

0:176883 (B.11)
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Thus, combining (B.9),(B.10), and (B.11) we have:

Eos

0:320272 + 028125 + 0176883
0:778405 (B.12)

Thus comparing, (B.12) with (B.3) we have demonstrated thereor in Bertsimas'
equation (3.7).
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Appendix C

Example of a 1-shift move
evaluation

As in appendix B, we place the nodes of the graph (customers) the vertices of a
regular hexagon in the EuclideBn plane of side 1 so that allsfances between pairs
of nodes are from the setf 1;2; 3g. We setp=0:5.

Let us calculate the di erence in expected length of the tosr =1;2;3;4;5;6
and ~=1;3;4;5;2;6. We shall rst do this by calculating, by equation (3.3), the
expected length of each and subtracting one from the other.h&n we shall compare
this result with the calculation using the Bertsimas' recusive equation (3.14). The
length of the tour =1;2;3;4,5,6isE[L( )] = 3:967548, as calculated by (B.1) in
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Appendix B. The length of the tour ~=1; 3;4;5; 2;6 is given by:
E[L(~)] = (025 05¢ Y d(1;3)=0:25 P 3=0:433013) +

(0:25 05 Y d(1;4)=0:125 2=0:25)+
(0:25 0:5¢ Y d(1;5)=0:0625 = 3=0:108253) +
(0:25 054 Y d(1:2)=0:03125 1 =0:03125) +
(0:25 055 Y d(1;6) =0:015625 1 =0:015625)+
(0:25 05 Y d(3:4)=0:25 1=0:250)+
(0:25 05 Y d(3;5)=0:125 = 3=0:216506) +
(0:25 056 Y d(3:2)=0:0625 1=0:0625)+
(0:25 054 Y d(3:6)=0:03125 2 = 0:0625) +
(0:25 05° Y d(3;1) = 0:015625 P3- 0:027063) +
(025 051 Y d(4:5)=0:25 1=0:25)+

(0:25 052 VY d(4:2)=0:125 p3 = 0:216506) +
(0:25 05¢ Y d4;6)=0:0625 = 3=0:108253) +
(0:25 054 Y d(4:1)=0:03125 2 =0:0625) +
(0:25 056 Y d(4:3)=0:015625 1=0:015625)+
(025 051 Y d(5:2)=0:25 2=0:5)+
(0:25 05 Y d(5;6)=0:125 1=0:125)+
(0:25 0:5¢ Y d(5;1) =0:0625 pé = 0:108253) +
(0:25 05 Y d(5;3)=0:03125 = 3 =0:054127) +
(0:25 055 YV d(5;4) = 0:0156F2)5 1=0:015625) +
(0:25 05 Y d(2;6)=0:25 = 3=0:433013) +
(0:25 052 Y d(2;1)=0:125 1=0:125)+
(0:25 058 Y d(2:3)=0:0625 1 =0:0625)+
(0:25 0:5“ Y d(2;4)=0:03125 = 3=0:054127) +
(0:25 056 Y d(2;5)=0:015625 2 =0:03125)+
(025 05 Y d(6:1)=0:25 1=0:25)+
(0:25 052 Y d(6:3)=0:125 2 =0:25)+
p
(0:25 0:5¢ Y d(6;4)=0:0625 = 3=0:108253) +
(0:25 054 Y d(6:5)=0:03125 1 =0:03125) +
(0:25 0:56 Y d(6:2) =0:015625 P 3=0:027063) +
= 4:285056 (C.1)
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Thus, the di erence between the expected lengths of the tosiis:
E[L(-)] EI[L( )]=4:285056 3:967548 =0317508 (C.2)

In the following we calculate E3g using Bertsimas' recursive equation (3.14). Using
equations (B.5)...(B.8) for the values oA and B and Bertsimas' recursive equation
(3.14), we will now compute E2; on the tour = 1;2;3;4;56. That is, the
di erence in expected length when we move from the tour = 1;2;3;4;5;6 to the
tour ~=1;3;4;5;2;6.

First, we have:i =2, ) =5, k=3, p=0:5, andg= 0:5. This gives us

E2s = E3,+(p*=0:25) [
(% g?=4) (Ays=0:279006)+
(@ = 0125) ((By1=2:645032) (B23=0:779006))+
(g 1= 05) ((As1=2:645032) (As3z=0:779006))+
(' 1=1) (Bs4=0:279006)+
( o =0:0625) ((Azy=2:645032) (A,3=0:779006))+
(% q*= 8) (Bas=0:279006)+
(1 g'= 1) (Ass=0:279006)+
(1 g=0:5) ((Bsi=2:645032) (Bss=0:779006))]
=  E3,+0:25 |
1:116025 +
0:233253 +
0:933013 +
0:279006 +
0:116627 +
2:232051 +
0:279006 +
0:933013]
= EJ, 0308163 (C.3)

And we can calculate E§;4 in a similar way. We havei =2, ] =4, k=2, p=0:5,
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and = 0:5. This gives us:

ES, = E+(pP=025) |
(% qglt=2) (As3=0:779006)+
(F gq= 025) ((Byy=2:645032) (B,,4=0:279006))+
( 1= 05) ((As1=2:645032) (A4s=0:279006))+
(! 1=1) (B43=0:779006)+
(0 o =0:03125) ((Az1=2:645032) (A, =1:645032))+
(@* g°= 16) (Bzs=0:0625)+
(1 g'= 1) (Ass=0:0625)+
(1 g=0:5) ((Bs1=2:645032) (B4, =1:645032))]
=  E2;+0:25 [
1:558013 +
0:591506 +
1:183013 +
0:779006 +
0:03125 +
1+
0:0625 +
0:5]
= EJ;+0:007812 (C.4)

And nally, we can calculate E2; using equation (3.6) for switching two adjacent
nodes withi =2, ] =3, k=1, p=0:5, andq=0:5. This gives us:

E3; = (p°=0:125) [

(Ao, = 1:64503251 p=0:5)

((Bp1 = 2:645032) (B, = 0:0625))

(A1 = 2:645032) (Ass = 0:0625)) +

(B3, = 1:6450325(1 p=0:5)]

0:125 1:415064

0:176883 (C.5)
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Thus, combining (C.3), (C.4), and (C.5) we have:

0
E2;5

0:308163 + 0007812 + 0176883
0:123468 (C.6)

Thus comparing, (C.6) with (C.2) we have demonstrated the eor in Bertsimas'
equation (3.14).
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