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Abstract

Tabu search algorithms are amongst the most successful local search based methods for the maximum satisfiability
problem. The practical superiority of tabu search over local search alone has been already shown experimentally several
times. A natural question addressed here is to understand if this superiority holds also from the worst-case point of
view. Moreover, it is well known that a critical parameter of tabu techniques is the tabu list length. Focussing on
MAX-2-SAT problem, the main contribution of this paper is a worst-case analysis of tabu search as a function of
the tabu list length. We give the first theoretical evidence of the advantage of a tabu search strategy over the basic local
search alone that critically depends on the tabu list length. Our second contribution is about a widespread belief that
when a local optimal solution is reached then simply continuing to search by making non-deteriorating, “‘plateau’
moves, dramatically increases the success rate of local search based algorithms. We start by observing that no plateau
search strategy can help to improve the approximation ratio of the basic local search. However, for a restricted version
of the problem, we prove that plateau moves can enhance the approximation ratio of the basic local search from 1/2 to
2/3.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

In the maximum satisfiability problem (MAX-SAT) we are given a boolean formula in conjunctive nor-
mal form, i.e., as a conjunction of clauses, each clause being a disjunction. More formally, # is the number
of variables and m the number of clauses, so that a formula has the following form:
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A ( V z) ,
I1<i<m \1<h<|C

where |C,| is the number of literals in clause C; and /j, is a literal, i.e., a propositional variable v;, or its nega-
tion 7, for 1 < j < n. The set of clauses in the formula is denoted by C = {C,, C,,. .., C,}. If one associates
a positive weight w; to each clause C;, one obtains the weighted MAX-SAT problem. We are asked to find
an assignment of values to the variables that maximizes the (weighted) sum of the satisfied clauses.

The interest for MAX-SAT stems from many reasons. On one hand, the decision version SAT was the
first example of an NP-complete problem; moreover, MAX-SAT and related variants play an important
role in the characterization of different approximation classes like APX and PTAS [2]. On the other hand,
many issues in mathematical logic and artificial intelligence can be expressed in the form of satisfiability or
some of its variants, like constraint satisfaction.

Local search strategies. Amongst the many different approaches proposed to deal with this problem (see
[4] for a survey), local search based algorithms play a fundamental role. Local search employs the idea that
a given solution may be improved by making “small” changes: starting from some initial solution, move
from neighbor to neighbor as long as possible while increasing the objective function value. Most local
search based algorithms for MAX-SAT use a 1-flip neighborhood relation for which two truth value assign-
ments are neighbors if they differ in the truth value of exactly one variable. A basic local search (LS) starts
with any given assignment, and then repeatedly changes (“flips”) the assignment of a variable that leads to
the largest decrease in the total number of unsatisfied clauses. A local optimal solution is defined as a state
whose local neighborhood does not include a state that is strictly better. Let OPTj,. (and OPT) be the num-
ber of satisfied clauses at a local (global) optimum of any instance of MAX-SAT with at least k literals per
clause. Then it is known [13] that

k
OPTloc>k+lOPT. (1)
Therefore the described basic local search algorithm is (in the general case k=1) a 1/2-approximate algo-
rithm for MAX-SAT.

The idea is simple and natural and it is surprising to see how successful the use of this local search has
been on a variety of difficult instances. Moreover, the combination of local optimization and other mech-
anisms for escaping from local optimal solutions would seem to give them some advantage over either
alone. MAX-SAT is among the problems for which many local search based heuristics (like GSAT, tabu
search, simulated annealing, etc.) have been proved (experimentally) to be very effective (see the review in
[4] and [14,18,21,22] for more recent results). These algorithms have been widely used and tested. However,
the efficiency and effectiveness have never been analyzed analytically. In particular, nothing is known about
their performance guarantees.

Aim of the paper. The aim of this paper is not to improve algorithms that achieve the best known approx-
imation ratios ' for MAX-SAT (for this see [1,11,12,23]), but to provide a first worst-case analysis of some
local search strategies that achieve very good results in ‘practice’. The present work was motivated by the
current state of the MAX-SAT local search algorithms, where a considerable gap exists between successful
applications of heuristics and the theoretical analysis of these various heuristic methods. The focus of this
paper is twofold, as explained in the following. We remark that our analysis assumes that the initial starting
solution is arbitrary (given by an adversary).

Analysis of tabu search for MAX-2-SAT. A fundamental approach for escaping from local optima is to
use aspects of the search history. Tabu search (TS) is a general local search method which systematically

! The quality of an approximation algorithm is measured by its so called performance ratio. An approximation algorithm for MAX-
SAT has a performance ratio of p, if for all input instances it finds a solution of value at least p times the optimal solution value.
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utilizes memory for guiding the search process [8-10]. In the simplest and most widely applied version of
TS, a greedy local search algorithm is enhanced with a form of short term memory which enables it to es-
cape from local optima. Overall, TS algorithms are amongst the most successful local search based methods
to date. MAX-SAT was one of the first application problems to which TS algorithms were applied. In fact,
in one of the papers in which TS algorithms were first proposed (see [13]), the target application was MAX-
SAT.

Mazure et al. [17] considered a simple tabu search algorithm, TSAT, for satisfiability problems. TSAT
makes a systematic use of a tabu list of variables in order to avoid recurrent flips and thus escape from local
optima. The tabu list is updated each time a flip is made. TSAT keeps a fixed length-chronologically-ordered
FIFO list of flipped variables and prevents any of the variables in the list from being flipped again during a
given amount of time. TSAT was compared with Selman et al. [19] Random Walk Strategy GSAT, an impor-
tant extension of the basic GSAT and amongst the best performing algorithms. TSAT proves extremely
competitive in the resolution of many problems, in particular hard random instances at the critical point
of the phase transition. In this empirical study, Mazure et al. [17] found that the optimal length of the tabu
list is crucial to the algorithm’s performance. Interestingly, they observed that the optimal length of the tabu
lists for these random problems proves (experimentally) linear with respect to the number of variables.

In this paper we consider the MAX-2-SAT problem, i.e. the restricted version of MAX-SAT in which
each clause contains two literals. This problem is known to be NP-Hard [7]. We analyze a tabu search algo-
rithm, 7'S(¢), which has the same flavor of TSAT (and of many other tabu search implementations), and
whose tabu list length is bounded by the parameter ¢ (see Section 2). The superiority of 7S with respect
to the local search alone has already been shown experimentally several times. It is well known that the
main critical parameter of tabu techniques is the tabu list length. Here the main goal is to understand if
there are values of ¢ for which T'S(¢) is better than the basic local search even from the worst-case point
of view. We show that the approximation ratio for 7'S(¢) is 2/3 for any tabu list length sublinear in the num-
ber of variables (see Section 2.1). This means that, in the worst-case, and for any £=o0(n), T'S(¥) is not better
than the basic local search (see (1) when k=2). However we prove a strong separation in the performance
of the basic local search and 7'S(¢) when the tabu list length is allowed to increase up to n. Indeed we show
that 7'S(n) achieves an approximation ratio of 3/4, whereas the basic local search ensures an approximation
ratio of 2/3 for MAX-2-SAT (see Section 2.2). To some extent, these results confirm the linearity in n of the
optimal length of the tabu lists, as it was observed experimentally in [17]. Moreover, we give a first theo-
retical evidence of the advantage of a tabu search strategy over the basic local search alone even from the
worst-case point of view.

Analysis of plateau moves. It is widely believed that the approach of terminating the search when a local
optimal solution is reached does not work well for MAX-SAT. Selman et al. [20] showed empirically that
simply continuing to search by making non-deteriorating, random ‘‘sideways” moves, dramatically in-
creases the success rate of their algorithm. They proposed an amazingly simple and efficient greedy local
search procedure, i.c., GSAT, allowing for a breakthrough in the class of computer-solvable SAT instances.
When GSAT becomes stuck at a local optimal solution, then a long sequence of sideways moves follows.
They refer to each sequence of sideways moves as plateau steps, i.e., 1-flip local search steps which do not
lead to a change in evaluation function value 2. The success of GSAT is determined by its ability to move
between successively lower plateaus. Although this is now a common feature of the state-of-the-art algo-
rithms for MAX-SAT [4], this “augmented” local search algorithm has never been analyzed theoretically.

2 The plateau steps of GSAT can be seen as a simple instance of a probabilistic tabu search method with a zero length tabu list, see
[9, pp. 200-203].
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Moreover no specific strategy to search along plateau regions has been proven to give an advantage over
the basic local search alone in the worst-case.

In Section 3 we start observing that no plateau search strategy (based on 1-flip neighborhood, like GSAT
[20]) can help to improve the approximation ratio of the basic local search algorithm. However, for a re-
stricted version of the problem (i.e. the unweighted MAX-SAT instances in which there are no copies of the
same clause), we prove that plateau moves can enhance the approximation ratio of the basic local search
from 1/2 to 2/3.

2. Analysis of tabu search for MAX-2-SAT

In this section we provide a worst-case analysis of a tabu search procedure 7'S(¢) (see the description
below) whose tabu list length is bounded by the parameter £. We derive an upper bound on the approxi-
mation ratio of 7'S(¢) as a function of £. In particular we show that the approximation ratio of T'S(¢) is 2/3
for any tabu list length that is sublinear in the number of variables. Our analysis implies that 7°S({) is not
better than the basic local search for £=o0(n). However, we show that when the tabu list length is allowed to
increase up to n the tabu search procedure achieves an approximation ratio of 3/4.

Tabu search description. The considered tabu search algorithm 7'S(¢) is as follows (see also Fig. 1). The
search starts with any given variable assignment and with the tabu list length 7T (i.e., the tabu tenure) equal
to the parameter ¢. Each search step corresponds to a single variable flip, which is selected according to the
associated change in the number of unsatisfied clauses and its tabu status. More precisely, let N ()? ) denote
the set of variables that appear in some unsatisfied clauses according to the current variable assignment X
Let LastUsed(x;) denote the last time the truth assignment of x; was reversed (LastUsed(x;)=—o0 at the
beginning). At step k, a variable x; is considered admissible if x; appears in some unsatisfied clause (i.e.,
x; € N(X)) and either

1: Start with any given truth assignment )—5;
2: k«— 0, TT «— ¢, LastUsed(x;) < —o0, fori =1...n;

3: while a termination condition is not met do
—

4:  AdmissibleSet «— {x; € N(X) :LastUsed(x;) < (k—TT)
or z; satisfies the aspiration criterion};
if AdmissibleSet # () then
u «— ChooseBestOf(AdmissibleSet);
else
Determine variable u by using a dynamic tabu policy;
end if_
10: X < X with the truth assignment of u reversed;
11:  LastUsed(u) < k;
122 k—k+1;
13: end while.

Fig. 1. Tabu search algorithm 7'S(¢) with tabu tenure at most £.
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(a) x; has not been flipped during the last 7T steps (LastUsed(x;)<(k—TT)),
(b) or, when flipped, leads to a lower number of unsatisfied clauses than the best assignment found so far
(the latter condition defines the so called aspiration criterion [9]).

From the set of admissible variables (if not empty), one variable among those that when flipped yield a
maximal decrease (or, equivalently, a minimal increase) in the number of unsatisfied clauses, is selected (ties
are broken arbitrarily, or even randomly).

If there is no admissible variable, the analysis provided in this paper applies to the following (and pos-
sibly to others) alternative dynamic tabu policies:

o (self-adapting tabu list length) decrease the tabu tenure 77 until there is a non-tabu variable that appears
in some unsatisfied clause (add this command at line 8 of Fig. 1). Each time a variable is flipped set
IT «— max{TT + 1,¢} (add this command just after line 11 of Fig. 1);

o (least recently used) flip the least recently used variable that appears in some unsatisfied clause (add this
command at line 8 of Fig. 1).

Observe that in both strategies the tabu tenure of a variable is at most ¢, but it can be less than ¢
(dynamic tabu policy). We refer to ¢ as the maximum tabu tenure.

The algorithm stops when a termination condition is met. For our purposes it is sufficient to assume that
the tabu search procedure stops if for n consecutive steps there are no improvements.

Before providing the analysis of algorithm 7'S(¢) we make the following considerations about the dy-
namic tabu policies. One of the main purposes of a tabu list is to prevent from returning to recently visited
solutions, and therefore from endless cycling. A list that is too short may not prevent cycling (see the proof
of Lemma 8 for an example of this), but a list that is too long may create excessive restrictions. It is often
difficult (or even impossible) to find a value that prevents cycling and does not excessively restrict the search
for all instances of a given size. In Section 2.1 we prove that the useful values of ¢ are linear in n, and for
these large tabu tenures it may easily happen that all the variables that appear in some unsatisfied clauses
are tabu. An effective way of circumventing this difficulty is to have a tabu tenure that can be varied during
the search, i.e. a dynamic tabu policy. Evidence has shown that dynamic tabu policies are generally more
effective. Interesting examples can be found in [3,5,6,16]. More advanced ways to create dynamic tabu
tenure are described in [10].

2.1. An upper bound on the approximation ratio

Let ¢ =7 be the ratio between the number of variables #» and the maximum tabu tenure £. In this sub-
section we study the approximation ratio of T'S(¢) as a function of ¢. In particular we provide the following
upper bound on the approximation ratio of 7'S(¢).

Theorem 1. Starting from any arbitrary initial solution and for ¢ = 3, the approximation ratio of TS({) for
MAX-2-SAT is bounded from above by

2¢?

R(C):3cz—26+2'

2
Proof. We prove the theorem by showing that there exists a class of input instances for which 7.S(¢)
achieves an approximation ratio that asymptotically converges to R(c¢). With this aim, we borrow and mod-
ify an input instance for MAX-2-SAT appeared in [15]. We assume that n > 2¢+5. The input S consists of
a disjoint union of four sets of clauses, say S, S, S3 and Sy, defined as follows:
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S = U1<i<j<n(xi \/)_Cj)’
S, = U1<‘<j< (X V),
( U 21+1> —{(¥2r3 VX)) },
<i<tr
Sq = U2/+6<z<nTi’
T = Ui<j<n()_c X)).

Note that set S; is obtained by eliminating clause (X3 VX,). Clearly, |Si|=1S,| = (;), and
IS3| + |S4] = (;) —n(l+2)+ (+2)(£+3) — 1. Assume that X is the starting assignment for which all

variables are set to 1 except for x,,_; (i=1,...,+1) whose value is 0. The number of clauses from
S1US, unsatisfied by the assignment X is ((+1)(n—¢—1), whereas the number of satisfied clauses from
S3U Sy is given by S o\ Tt = (€ + 1)(n—£—1).

Let X (i) denote the current solution after i steps of execution. In Lemma 8 (see Appen_(}ix A) we show
that TS(¢) cannot find a solution better than X if the starting solution X (0) of 7'S(¢) is X. On the other

hand, an optimal assignment can satisfy all the clauses by choosing the vector X opt = (0,0, ...,0). Thus the
approximation ratio of TS(¢), say Ry, is

2(3)
3(3) (D)4 (4D -1

Let /=n/c and assume that ¢ > 3 (which is sufficient to guarantee thatn > 2¢+5 for any n > 15). As soon
as the number n of variables increases, the approximation ratio R, asymptotically converges to
22

L s s

R, =

Fig. 2 plots function (2). For any ¢=o(n), this ratio asymptotically converges to 2/3. Therefore, T.S(¢)
cannot improve the basic local search when the maximum tabu tenure ¢ is sublinear in n (see (1) when
k=2).

0.775
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Fig. 2. Approximation ratio upper bound of T'S(¢) as a function of ¢=n/(.
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Corollary 2. Starting from any arbitrary initial solution, the approximation ratio of TS({) for MAX-2-SAT
is 2/3 for any £=o(n).

Moreover, already for ¢ < n/5 the approximation ratio of T.S(¢) is smaller than 3/4.
2.2. Tabu search with linear tabu tenure

The main question addressed in this subsection is to understand if there is a value of {=@®(n) such
that T'S(¢) exhibits a worst-case superiority over the basic local search alone. Fig. 2 suggests that interesting
values can be found when the ratio c=n/¢ is “small”. Indeed, we show that /=n suffices to our goal. We
prove that T'S(n) achieves an approximation ratio of 3/4, whereas the basic local search ensures an approx-
imation ratio of 2/3.

Lemma 3. Assume that for n consecutive steps TS(n) cannot find a better solution. Then the best found
solution is a %—approximate solution.

Proof. The claim follows by analyzing the execution of 7'S(n). Remember that X (i) denotes the current
solution after i steps of execution. Moreover, we denote by C), the subset of clauses that have exactly 4 lit-
erals satisfied by assignment X (7). Without loss of generality, assume that 7'S(n) has performed a number of
steps such that the best solution found so far has been found at step s and that .X (s) is a local optimum for
LS (the presence of the aspiration criterion guarantees that, each time an improved solution is found, then
that solution is improved until a local optimum is reached).

Now, in at most n steps from step s either a solution better than X (s) is found or there is a positive
integer 7 < n such that all the variables that appear in some clause from Cj* have been flipped once during
the last ¢ steps. The latter can be easily observed by recalling that the flipped variables have been chosen
according to their tabu status, and by using one of the described dynamic tabu policies. Therefore no clause
that at step s has at least one unsatisfied literal, can be an unsatisfied clause at step s+ ¢. It follows that every
clause from C;) belongs to the set C — C"* of satisfied clauses at iteration s+ 7. Moreover, within 7 steps all
clauses from Cj are still satisfied, i.e. C] € C — Cj™". Now there are two possibilities:

1[Gyl > C57,
2. [cjl <ICy .

If case 1 happens then after ¢ < n steps the previous best known solution has been improved by solution
X (s + ¢) (the latter has a lower number of unsatisfied clauses). The number of times case 1 may happen is
clearly bounded by m.

If case 2 happens then

G <ICl = ICg| = ICil,

since, by previous arguments, no clause from C) U C} belongs to the set C;™ of unsatisfied clauses of solu-
tion X (s + 1), i.e. Cj"" C C/(Cy U C}). It follows that

ICl=1C| = T}l = ICH + IG5l + €] = IC5"| + |CHl + T = 2|y + |Ti| = 4IC, 3)

where we have used |C}| > 2|C}| that holds since X (s) is a local optimum (see the proof of Theorem 6 and
inequality (11)). We remark that the aspiration criterion suffices to guarantee the latter condition. Inequal-
ity (3) immediately implies that the number of unsatisfied clauses at step s is no more than 1/4 the total
number of clauses. Thus this algorithm ensures an approximation ratio of 3/4. [
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Theorem 4. Starting from any arbitrary initial assignment, TS(n) achieves an approximation ratio of 3/4 for
MAX-2-SAT in O(mn) steps.

Proof. The claim easily follows from Lemma 3 and by observing that the number of times a better solution
is computed is bounded by the number m of clauses. [

We note that the same approximation ratio can be obtained for the weighted case of MAX-2-SAT,
although the time complexity might be only pseudopolynomially bounded in the input size (simply take
multiple copies of the clauses).

3. Analysis of plateau moves

We start this section by observing that no plateau search strategy (based on 1-flip neighborhood, like
GSAT [20]) can help to improve the approximation ratio of the basic local search algorithm.

Theorem 5. No plateau search strategy (based on 1-flip neighborhood) can improve the 1/2-approximation
ratio of the basic local search LS.

Proof. Consider the following instance of the weighted MAX-SAT problem that consists of three clauses:
X AG) A xVY),

where the weight of clause (%) is 1, the weight of (y) is M —1 and the weight of (x Vy) is M, where M is a
large number (>>2). Starting from assignment (x=0, y=0), it is easy to observe that plateau moves cannot
improve the initial solution, which has value M+ 1. Since the optimal solution (x=1, y=1) value is 2M — 1,
plateau search strategies do not help to improve the 1/2 approximation ratio of the basic local search LS.
Now, observe that the weighted instance can be transformed into an unweighted instance by producing a
number of copies of the same clause that is proportional to its weight (in the previous case 1 copy of (%),
M—1 of (y), and M of (x V¥), assuming, without loss of generality, M integral). Therefore, the same lim-
itation holds also for the unweighted MAX-SAT problem when multiple copies of the same clause are
allowed. O

By the proof of Theorem 5, it turns out that for the weighted MAX-SAT problem (and the unweighted
version when multiple copies of the same clause are allowed), there is no plateau search strategy that has an
approximation ratio strictly better than 1/2.

A natural question is to understand if the same holds when we restrict our analysis to the unweighted
MAX-SAT problem where multiple copies of the same clause are not allowed. Observe that under these
assumptions the basic local search algorithm has still an approximation ratio equal to 1/2. Indeed, consider
the simple input instance (¥) A (x V y), and assume that the current input assignment is X = (x = 1,y = 0).
Clearly, X is a local optimum for LS which achieves a performance ratio of 1/2. In contrast, we show that
under these assumptions plateau moves can enhance the approximation ratio of the basic local search from
1/2 to 2/3. In particular, a reduced version of GSAT (in which only variables that appear in some unsat-
isfied unit clauses * can be involved in plateau steps) suffices for our purposes as explained in the following.

Let us start by saying that (x;) (or (¥))) is a contradicting unitﬁclause if,ﬁboth, (x;) and (%;), are clauses of
the input formula. According to any given variable assignment X, let U(X) denote the set (possibly empty)
of variables such that variable x; belongs to U(X) if (x;) (or (%)) is a non-contradicting unsatisfied unit
clause. Moreover, let 4(x;) be the difference in the number of satisfied clauses when variable x; is flipped.

3 A unit clause is a clause that consists of a single literal.
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Apply LS until a local optimal assignment X is reached;

H
if there is a variable u € U(X ) such that A(u) = 0 then
reverse the truth assignment of u; {plateau step}
goto 1;
else
N
return X;

end if.

Fig. 3. Algorithm LS*.

The considered plateau search strategy LS is obtained by enhancing the standard local search LS as
described in Fig. 3. The main result of this section can be stated as follows.

Theorem 6. Starting from any arbitrary initial assignment, algorithm LS* returns in O(m) steps a

max {% , ﬁ}-approximate solution for the unweighted MAX-SAT problem when multiple copies of the same

clause are not allowed.

Proof. Let z;=1 when clause C; is satisfied, and z;=0 otherwise. Our goal is to maximize the number of
satisfied clauses, i.e.

m
max f = E z;.
=1

Let X the current input assignment and consider the neighborhood of X obtained by flipping the value of
one variable. The basic local search algorithm LS selects as next solution the neighbor with the best f'value.
Algorithm LS" can be conveniently analyzed by using a suitable function f*(e) described as follows. With-
out loss of generality, assume that the non-contradicting unit clauses are the first t < min C, i.e., Cy,...,Cy
Now, function f(«) is defined as follows:

f+(oc):f+oc22,- 0<a<l.

Let 4 *(x)) be the variation of the value of f(«) if variable x; is flipped, according to any given assignment
X. By Lemma 7 (see below) the solution quality returned by LS can be obtained by analyzing the local
optlmum (OPTy.) of function fT(«). Without loss of generality, assume that the solution returned by
LSTis X = (x1 =1,x,=1,...,x,=1). Let C, be the subset of clauses that have exactly s literals satisfied
by assignment X, and let C,(x;) denote the subset of clauses from C, that contain literal x;. By Lemma 7 the
solution X returned by LS™ is a local optimum for f*(«). If we flip the current value of x; then three cases
may occur depending if (a) (x;) € C and (%;) € C, (b) (%;) € C and (x;) ¢ C, (¢) otherwise. According to these
three possible scenarios the following three inequalities hold at local optimum, respectively:

(@) a+Ci(x;)]| > |Co(x)]s
(b) 1Ci(x)| > |Co ()| + o
(©) |Ci(x)] = |Co(x:)]-

Cases (a) and (c) imply that
Ci(xi)| = |Co ). (4)
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In case (b), since |C(x;)| and |Cy(X;)| are two non-negative integers and 0<u<1, then
1C1(x)| > [Co(®)] + 1. (5)

Let Cy,; be the set of unsatisfied unit clauses. Set Cy; can be seen as Cy; = Cj, U C, where q:g,l and
Cp, are, respectively, the set of unsatisfied contradicting and non-contradicting unit clauses. Summing
inequalities (4) and (5) over all variables we obtain the following inequality:

SoIei)l > 31 €o) |+ ©)

Let k; denote the number of literals of clause C;. Observe that
Z‘CO )C, |— Zk,, (7)
C‘ECO

and the equality is demonstrated by counting how many times a clause in C, is encountered during the sum:
each clause C; € C, with k; literal will be encountered k; times during the sum. Note that

Z ki =|Co1l + Z ki = |Co1| 4+ 2|Co/Co,| (8)

CieCy Ci€Cy/Co,
and therefore by combining conditions (7) and (8) we have

D ICo(®)] + €531 = 2ICol — |C5, - ©)

By noting that

> ICo(®)| = K|Co (10)
=1
and |C;| = >_7,|Ci(x;)|, we have by inequalities (6), (9) and (10) that
Ci] = max(2,k)|Co| — [C5, . (11)
m+|CG,

Now, since m = OPT\,. 4 |Co| > |Ci| 4 |Co| = max(3,k + 1)|Co| — |CG |, it follows that |Co|<
Observing that OPT <m — |Cy |, we have

m+ |Cy | 2k
OPT: =m—|Colzm— — 105 =~ Lopr
oo =m = |Gl = m = G+ ) max{3 k+1}

max(2,k)+1"

Finally, we observe that the number of steps of algorithm LS™ is bounded by O(m). To prove this, we
start observing that LS™ keeps flipping variables that cause a net increase of f*(2), and this holds for any
2€(0,1). Indeed, if LS™ flips the current value of some variable x; that does not appear in any unit clause
or, alternatively, it appears in some contradicting unit clause, then it is because this move improves the
number of satisfied clauses by at least one. Otherwise, if LS flips the current value of some variable x; that
appear in some unsatisfied (non-contradicting) unit clause, then the net increase of f*(x) is at least . The
last case is when LS™ flips the current value of some variable x; that appear in some currently satisfied (non-
contradicting) unit clause. In this case the net increase is at least 1 —a. Now, let 4(«) denote the minimum
increase of f(x) caused by one step of algorithm LS™. Since 0 < f'(o) <m(1+«), the number of steps of
LS" is bounded by H“ , for any o€ (0,1). Set a:=1/2. Using A(«) > min {«, 1 —a}, it follows that LS"

(1+a(

ends in at most
min{a,1—o}

= 3m steps. [0
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Lemma 7. If X is the solution returned by LS* then X is a local optimum for f*(2), i.e. A*(x,) < 0 for every
j=1,...,n

Proof. By contradiction, assume that solution .X is not a local optlmum for f7(x) and therefore there is a
variable x; such that fT(a) increases when x; is flipped. Since X is a local optimum for LS, we cannot
increase the value of f by flipping x;. Moreover, if by flipping variable x; the value of «_;_,z; increases

(by ), then f decreases at least by 1, otherwise X would not be the solution returned by LS™; it follows
that f*(o) actually decreases by at least 1 —o>0, a contradiction. [

4. Future work

In this paper we have approached the problem of understanding the worst-case behavior of some local
search strategies. In particular, we analyzed the worst-case behavior of tabu search as a function of the tabu
list length for MAX-2-SAT. Moreover, we showed a simple case where a plateau search strategy enhances
the approximation ratio of the basic local search. On both of these fronts there are many interesting lines
for future research. It would be interesting to understand if the provided analysis of tabu search can be ex-
tended also for the general MAX-SAT problem. An interesting starting case would be MAX-3-SAT prob-
lem. The analysis of the plateau search strategy has been done when k=1. What about other cases? We
believe that results in these directions are necessary steps toward a better understanding of local search
strategies for MAX-SAT.
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Appendix A

Lemma 8. According to the definitions given in the proof of Theorem 1, zf)?(O) = X then TS(¢) cannot find a
solution better than X for input S when n = 2{+5.

Proof. The claim follows by showing that TS(¢) cycles around a set of solutions that are not better than X.

More precisely, we start proving that T.S(¢) first flips, in the order, xs_1y_1,X205-2)—1,..., X1, Where
0=/{+2. Therefore, T'S(¢) reaches solution (1,1,...,1) with a tabu list equal to (xy,X3,...,X35_2)—1). Then
we show that 7'S(¢) flips, in the order, X>5_1)—1,X205-2)—1,---,x; and again the starting solution X (0) is

obtained. Since at this point the tabu list is equal to (x1,X3,...,Xxs5_2—1), TS(¢) repeats the same moves
generating a cycle.

Let gain(x;,s) (and loss(x;,s)) denote the number of clauses that become satisfied (unsatisfied) if variable
x; is flipped at step s. At step s algorithm TS(¢) chooses the variable x; with the highest
A(x;,5)=gain(x;,s) — loss(x;,s). In the chosen example and at each step s, we will see that there is no
more than one variable x; that when flipped yields a maximal A(x;,s). Therefore, random moves introduced
to break ties are not used.
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Starting from )?(0), the following analysis reveals that at step s=0 —j (for j=6—1,0 —2,...,1) TS(¥)
flips variable x,;_ ;. We compute 4(x;,s=0J —j) for every admissible variable x;. The claim that 7'S(¢) flips,
in the order, X5 1)—1,X25-2)—1,- - - » X1, follows by induction.

1. A(x2,_1,0—j)=w—j, for w=1,2,...,j.

Explanation: by flipping x,,,_, for w=1,2,...,j, the number of unsatisfied clauses in S;US, reduces
from j(n—j) to (j—1)(n—(j—1)); except for (j—w) that remains satisfied, all the clauses from 75, _; be-
comes unsatisfied, and the number of unsatisfied clauses in S;US; increases by
n—Q2w—1)—({G—w)=n—(w+j)+1. Therefore, gain(x,, 1,0—j)=n—2j+1 and loss(xz, 1,0—j)=
n—(w+j)+1.

2. A(x25 1,0 —))=j—0.

Explanation: by flipping x,s5 1 the number of unsatisfied clauses in S;US, increases from j(n—j) to
G+ 1)(n—(+1)), ie. loss(xps 1,0 —j)=n—2j—1; all the clauses from T>5_; becomes true plus one clause
from each set T5;_q, for i=j+1,j+2,...,0—1, i.e., gain(xr5_1,0—j)=n—20+(6—j—1)=n—0—j—1.

3. A(x2, 0 —j)=—(n—2j—1), for w=1,2,...,j.

Explanation: this move does not affect clauses from S;U.S,, whereas the number of unsatisfied clauses in
S1US, increases from j(n—j) to (j+1)(n—(+1)).

4. A(xy,,0—j)=—n+tj+w+1, for w=j+1, j+2,...,0.

Explanation: this move does not affect clauses from S4;, whereas it satisfies one clause for each set
Tojr 1, Tog+1)+15- - -» Toov—1y+ 1. The number of unsatisfied clauses in S;US, increases from j(n—j) to
(J+Dnr—=G+1).

5. A(x2s 414wl —J) <j—0, for w=0,1,...,n—(26+1).

Explanation: by flipping X554+ 1+, the number of unsatisfied clauses in S;US, increases from j(n —j) to
(+1)(n—(j+1)). At most one clause for each set 75, | becomes true, for i=j,...,d — 1. One clause for each
set Th541+; becomes true, for i=0,...,w—1. All the clauses from 75541+, becomes satisfied. Therefore,
gain(xXop414ml—jt1l)y <o—j+tw+n—(26+1+w)=n—0—j—1 and loss(xrp4+1,1)=n—2j—1.

By the previous analysis, it follows that T'S(¢) flips variable x,;_ (case 1) at step s=0 —j. The latter

proves that TS(¢) flips, in the order, Xs_1)—1,X205-2)—1,.-.,X1; therefore, TS(f) reaches solution
(1,1,...,1) with a tabu list equal to (x1,X3,...,X25-2)— 1)

In the following we show that 7.S(¢) starting from solution (1,1,...,1), and with a tabu list equal to
(X1,X3,. .., X25—2)—1), flips, in the order, x> _1)—1,X25-2)—1,--.,X; and again the initial solution )?(0) is

obtained. At this point, we can easily observe that TS(¢) gets stuck into a cycle.

The analysis below reveals that at step s=20—j+1 (for j=0—1,0—2,...,1) algorithm 7S(¢) flips
variable x,;_ ;. We compute 4(x;,s=26 —j+1) for every admissible variable x;. The claim that T:S(¢) flips,
in the order, X55_1)_1,X265-2)—1,- - -, X1, follows by induction. Let us start observing that every admissible
move causes the increase of unsatisfied clauses in S;US, from (6 —1—j)(n— (6 — 1 —))) to (0 —j)(n— (5 —))),
ie.,alossof (0—j)n—(0—j)—(0—1—j)(n—(0—1—j)=n+2j—25+1.

1. A(xp;_1,20—j+1)=6—-2j.

Explanation: by flipping x,;_, one clause for each set 75;_; becomes true, for i=1,...,j—1. All the
clauses from T,;_; becomes satisfied, except for J—j—1 that are already satisfied. Therefore,
gain(xy;_ 1,20 —j+1)=j—1+n—(2j—1)=(6—j—1)=n—0+1 and loss(x;_ 1,20 —j+1)=n+2j-25+1.
2. A(xa5_1,20—j+1)=—1—.

Explanation: by flipping x,5 _; all the clauses from T»5 | becomes satisfied plus one clause from each set
Tsi_y, for i=1,2,...,j, 1.e., gain(xys5_ 1,20 —j+1)=n—25+j and loss(xps5_ 1,20 —j+1)=n+2j—20+1.

3. A(x2,,20 —j+ 1)=w—(n+2j—-26+1), for w=1,2,...,].
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Explanation: one clause for each set 75,_; becomes true, for i=1,...,w.
4. A(x5,,20—j+1) < —j—n+29, for w=j+1,...,9.

Explanation: one clause for each set 7,; | becomes true, for i=1,...,J, plus one clause from 7T5_ if
w=39.

5. A(X25+1,25—j+1) < —j— 1.

Explanation: by flipping x,s- 1, one clause for each set 7,;_ | becomes true, for i=1,...,j, plus at most
one clause from 7T,5_ . All the clauses from 7554 becomes satisfied. Therefore, gain (X254 1,20 —j+1) <
JjH14+n—(26+1)=j+nrn—26 and loss(xz5 1,20 —j+1)=n+2j—25+1.

6. A(X25+2+20—j+1) < —j—1, for w=0,1,...,n—(26+2).

Explanation: by flipping x55+,+,, one clause for each set 7,; | becomes true, for i=0,1,...,j, plus at
most one clause from 75s5_ ;. One clause for each set 7554, +; becomes true, for i=0,1,...,w—1. All the
clauses from T,54,4, becomes satisfied. Therefore, gain(x,, _1,20—j+1) <j+2+w+n—(26+2+
w)=j+n—20 and loss(xy,, _ 1,20 —j+1)=n+2j—-26+1. O
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