NOTES ON DESIRABILITY AND
CONDITIONAL LOWER PREVISIONS

ENRIQUE MIRANDA AND MARCO ZAFFALON

ABSTRACT. We detail the relationship between sets of desirable gambles and
conditional lower previsions. The former is one the most general models of
uncertainty. The latter corresponds to Walley’s celebrated theory of imprecise
probability. We consider two avenues: when a collection of conditional lower
previsions is derived from a set of desirable gambles, and its converse. In
either case, we relate the properties of the derived model with those of the
originating one. Our results constitute basic tools to move from one formalism
to the other, and thus to take advantage of work done in the two fronts.

1. INTRODUCTION

Background and motivation. Uncertainty is at the very heart of much of arti-
ficial intelligence (AI), and so are the many theories and models proposed to deal
with it. Among these, a central role is played by probabilistic theories, and in par-
ticular by Bayesian theory. On the other hand, the very general kind of uncertainty
handling needed by AI has favored the emergence of theories able to deal with un-
certainty more flexibly than traditional probability. In fact, recent years have seen
more and more work being devoted to theories of so-called imprecise probability.*
The common ground among them is the attempt to represent and deal with proba-
bilities that can be imprecisely specified, for example by using sets of probabilities.
Introducing imprecision has enabled probability to cope effectively with qualitative
uncertainty statements, with incomplete (or missing) information, and to naturally
embed robustness in its inferences.

A prominent theory of imprecise probability is Walley’s behavioral theory of co-
herent lower previsions [19]. The distinguishing feature of this theory is its being
founded on a rationality axiom: coherence. Coherence ensures that probabilistic
inferences made under such a theory are self-consistent. Walley’s theory shares
this property with the Bayesian theory, of which it can actually be regarded as a
generalisation: in fact, a coherent lower prevision is a lower expectation functional,
which is in one-to-one correspondence with a closed convex set of probability dis-
tributions (that is, a so-called credal set). The approach by Walley includes also
as particular cases most of the other imprecise probability models appearing in the
literature (when these are interpreted as sets of probabilities and used coherently),
such as possibility measures, belief functions, Choquet capacities and coherent lower
and upper probabilities and expectations. Coherence is also at the basis of the in-
ferential procedure called the natural extension, which allows one to derive, in a
very general sense, probabilistic conclusions from probabilistic premises. A few

1See http://www.sipta.org.
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special cases of the natural extension are logical deduction, de Finetti’s fundamen-
tal theorem of probability, Lebesgue integration of a probability measure, Choquet
integration of 2-monotone lower probabilities, Bayes’ rule for probability measures
and robust Bayesian analysis.

As Walley himself has repeatedly remarked (see [19, Appendix F], [21]), there
is another theory which is even more general than coherent lower previsions: the
theory of (coherent) sets of desirable gambles. In the theory of desirable gambles, a
subject expresses his uncertainty about the outcome of an experiment through a set
of gambles that he would accept. As with coherent lower previsions, a rationality
axiom of coherence is imposed on a set of desirable gambles, and a related procedure
of natural extension is defined as well.

Despite the unusual form as models of uncertainty, sets of desirable gambles have
a number of remarkable properties. One of the most appealing is their inherent
conceptual simplicity: for example, the founding notion of coherence, which in
the case of coherent lower previsions is quite technical, becomes very clear and
intuitive; updating a set of desirable gambles in the light of new evidence simply
corresponds to focus on a subset of the original gambles. Also, we can derive
coherent lower previsions easily from sets of desirable gambles, and moreover these
are indeed more expressive than coherent lower previsions. This is obvious when
we come to updating: coherent lower previsions, as well as traditional probability
models, are not suited to update beliefs conditional on an event of probability
zero.? The reason is that by its very definition Bayes’ rule cannot be applied (or,
stated alternatively, it leads to uninformative conclusions). On the other hand, the
extra expressivity of desirable gambles permits to obtain meaningful conclusions
also when the conditioning event has lower, and even upper, probability equal to
Z€ro.

The idea of using desirable gambles as models for uncertainty dates back to the
early sixties from Smith’s work [17], but it was elaborated and formalised with all
the main modern ideas only in 1975 in the important work of Williams [24]. Then
it was reconsidered by Walley, who used desirable gambles as a building block of
his theory of coherent lower previsions. Walley also explored to a large extent
(see [19, Section 3.7]) the relationship between desirability and unconditional lower
previsions, showing in particular that a special type of desirable gambles, called
almost-desirable, are models equivalent to unconditional lower previsions. He also
introduced the related notions of real and strict desirability. More recent work has
been done by Moral [15], who studied notions of irrelevance for desirable gambles;
by de Cooman and Miranda [4], who made a general study of transformational
symmetry assessments for desirable gambles; by Couso and Moral [1], who discussed
the relationship with credal sets, computer representation, and maximal sets of
desirable gambles; and finally by de Cooman and Quaeghebeur [5], who studied
exchangeability in the framework of desirable gambles, and who also introduced
the new notion of weak desirability.

Problems and contributions. Although the theory of desirable gambles has
recently experienced a boost in research, some of its basic features are still relatively
unexplored. This is the case of the relationship between sets of desirable gambles
and conditional lower previsions, which is particularly important to relate, and take

2Some reasons why it is important to allow for conditioning on such events, in particular with
imprecise probability models, are discussed in the Introduction of another paper [14].



NOTES ON DESIRABILITY AND CONDITIONAL LOWER PREVISIONS 3

advantage of, work done in the two fronts. This paper is a technical set of notes
that detail such a relationship.

Consider a space of possibilities {2 that lists all the possible outcomes w of an ex-
periment. Consider a further experiment whose possible outcomes are the elements
of a partition B of Q. By yielding a set B € B, the latter experiment tells us some-
thing about where the outcome of the first experiment is going to be in . Let £(£2)
be the set of all gambles (bounded random variables) f : @ — R. A conditional
coherent lower prevision P(:|B), defined on a subset IC of £(2), is a conditional
lower expectation functional equivalent to a (closed and convex) set of distributions
conditional on some B € B. We summarise the conditional information through
the gamble P(:|B) which takes the value P(-|B) on the elements of B; and we call
P(:|B), too, a conditional coherent lower prevision. The above reasoning can be
repeated for different partitions By, ..., B, of €, therefore it is common to take
a collection of conditional coherent lower previsions P, (:|B1),...,P,,(:|Bm) as the
basic modelling unit in Walley’s theory.

We can consider two situations at this point:

(1) In the first, we start from a set of desirable gambles R, and given parti-
tions Bi,...,B,, of Q, we derive from R a collection of conditional lower
previsions Py (-|B1),. .., P,,(:|Bm).

(2) In the second, starting from a collection of conditional lower previsions
P.(:|B1),...,P,,(-|Bm) we derive a set of desirable gambles R.

In this paper we study, in both cases (1) and (2), the relation between the properties
of the derived model and those of the originating one.

As we have said, a thorough study of this type has already been done by Walley
in the unconditional case [19, Section 3.7], which corresponds to focusing on the
single trivial partition B = {Q}. In the much more involved case where we focus
on multiple partitions B1,...,B,,, the contributions so far are basically confined
within the work of Williams [24]. Williams has, in particular, focused mostly on
case (1) above. Case (2) is nearly unexplored to date (although part of Walley’s
work is somewhat implicitly relying on it).

We start our work in Section 2, where we give background notions on conditional
coherent lower previsions. We define a number of consistency conditions, already
introduced by Walley: separate coherence, avoiding uniform sure loss, avoiding
partial loss, weak coherence, and finally (joint or strong) coherence. We define
also the natural extension of a collection of conditional coherent lower previsions,
and prove some of its properties. Then we introduce the special case of coherent
lower previsions called linear previsions, which are expectation functionals, that is,
precise-probability models. Moreover, we discuss the updating of an unconditional
coherent lower prevision in the form of a generalised Bayes’ rule.

In doing all this, we take a very general stance: we do not place any restriction
of the cardinality of the set {2 nor on the domain of the conditional coherent lower
previsions. This is in contradistinction with Walley’s (and Williams’) work, which in
the conditional case is restricted to domains being linear spaces, and is instead in the
same spirit of more recent work [13, 16]. On the other hand, throughout the paper
we do place the restriction that each conditioning partition of {2 be finite. We do this
to avoid entering the controversy concerning how to deal with infinite partitions:
in fact, Walley’s approach relies on an axiom of so-called conglomerability [19,
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Section 6.8 and Appendix F], which is an important point of disagreement with
Williams’ and de Finetti’s work (see also [24] and [16]).

In Section 3 we introduce sets of really desirable gambles, which is our main model
through the paper, and define for this model the conditions of avoiding partial loss,
coherence, and the procedure of natural extension. We provide some basic results,
and introduce the related notions of almost and strictly desirability.

The main corpus of our work starts in Section 4, where we address case (1)
above. We detail the conditions of the set R that enable the derived conditional
lower previsions to be, in turn, well-defined (i.e., bounded), separately coherent,
avoiding partial loss, and (jointly) coherent. We also highlight here the natural
connections of these results with almost-desirability. Moreover, we discuss which
properties of R can affect the domain of the derived lower previsions, and show
under which conditions R yields linear previsions. This part of the paper is the
closest to Williams’ work, which is partly generalised here.

The work continues in Section 5, where we address point (2). There we define
the set R of really desirable gambles that is derived from a collection of sepa-
rately coherent conditional lower previsions Py (-|B1),...,P,,(-|Bm), and provide
two equivalent formulations for its natural extension. On this basis, we show that
P,(:|B1),...,P,,(-|Bm) avoid partial (or uniform sure) loss if and only if R does.
Moreover, we show in Theorem 11 a somewhat unexpected result: that while a
coherent collection Py (-|B1),...,P,,(|Bm) vields a coherent set R, the coherence
of R alone does not imply that the originating collection is coherent. Further re-
sults detail the link between the natural extension of the collection and that of the
derived set R.

These results are used in Section 6. We first discuss commutativity, which is
something that Williams had already explored in his framework: what happens if we
start from a collection P, (:|B1),...,P,,(-|Bm), derive a set of desirable gambles R,
and from this we derive a new collection P (:|B1),..., P, (-|By)? What happens if
we go the other way around? We show that in the first case we re-obtain the original
collection, and moreover that the logical implications of set R coincide with those
of the collection (so that it is possible to always work entirely in the framework of
desirable gambles), while in the second case there is a loss of information. We then
move on to deepen the properties of sets of desirable gambles that make them more
expressive than collections of conditional coherent lower previsions: in this case, we
describe the special sets of desirable gambles that are as expressive as collections of
conditional lower previsions. When (2 is finite, this result is particularly revealing:
it shows that there is a kind of information carried by sets of desirable gambles that
cannot be disclosed through any conditional probabilistic statement. As we shall
see, such a kind of information has to do with modelling preferences.

After drawing some conclusions in Section 7 on the problems studied and dis-
cussing open problems, we give some additional results in Appendix A. These
results are related to the main discussion in the paper but are also somewhat less
central to it. Thus, we have preferred to collect them separately in order to allow
the reader to follow more easily the main discussion. The first result, relating to
some recent work [1], shows which properties of R lead to conditional lower previ-
sions that coincide with those obtained through the regular extension, which is a
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special updating procedure for lower previsions; the second investigates some prop-
erties of the concept of weak desirability, which has recently been introduced in [5],
and its relationship with the results in this paper.

Finally, and again for clarity, in Appendix B we have collected all the proofs of
the results in the paper.

2. COHERENT LOWER PREVISIONS

Let us give a short introduction to the concepts and results from the behavioural
theory of imprecise probabilities that we shall use in the rest of the paper. We refer
to [19] for an in-depth study of these and other properties, and to [11] for a brief
survey.

2.1. The behavioural interpretation. Given a possibility space €2, a gamble f
is a bounded real-valued function on ). This function represents a random reward
f(w), which depends on the a priori unknown value w of 2. We shall denote by £(2)
the set of all gambles on €, or by £ when there is no confusion about the possibility
space we are dealing with, and by LT := {f € £ : f > 0} the set of non-negative
gambles different from zero.® A lower prevision P is a real functional defined on
some set of gambles K C L(Q). It is used to represent a subject’s supremum
acceptable buying prices for these gambles, in the sense that for all € > 0 and all f
in K the subject is disposed to accept the uncertain reward f — P(f) + €.

From any lower prevision P we can define an upper prevision P using conjugacy:
P(f) := —P(—f) for any gamble f in —K := {f : —f € K}. P(f) can be inter-
preted as the infimum acceptable selling price for the gamble f. Because of this
relationship, it will suffice for the purposes of this paper to concentrate on lower
previsions for the most part.

We can also consider the supremum buying prices for a gamble, conditional on
a non-empty subset of ). Given such a set B and a gamble f on 2, the lower
prevision P(f|B) represents the subject’s supremum acceptable buying price for
the gamble f, provided he later comes to know that the unknown value w belongs
to B, and nothing else. Equivalently, it can also be seen as the supremum value of
¢ for which our subject is disposed to accept the transaction given by the gamble
B(f — 6),* where to simplify the notation we use B to denote also the indicator
function Ip of the set B. If we consider a partition B of Q (for instance a set
of categories), then we shall represent by P(f|B) the gamble on  that takes the
value P(f|B) if and only if w belongs to the element B of the partition B. The
functional P(:|B) that maps any gamble f on its domain into the gamble P(f|B)
is called a conditional lower prevision. To any conditional lower prevision P(-|B)
we can associate a conditional upper prevision P(-|B) by P(f|B) := —P(—f|B). It
will represent the infimum acceptable selling price for the gamble f, contingent on
the element of the partition B that we observe.

A gamble f on € is called B-measurable when it is constant over the elements
of B. This is for instance the case of the conditional lower prevision P(f|B).

3In this paper we shall use f < g to denote that f(w) < g(w) for all w € Q, and f < g when
f(w) < g(w) for all w € Q. The notation f < g (often adopted when either f = 0 or g = 0) is used
in the case f < g, f # g, and similarly f > g means that f > g, f # g.

4These are called the updated and contingent interpretations of the conditional prevision, and
represent our subject’s beliefs at the present time, even if they take into account future scenarios.
See [19, Section 6.1] or [11, Section 3.1] for more details.
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‘We shall also use the notations

G(f|B) := B(f — P(f|B)), G(f|B) := Y G(f|B) = f — P(f|B)
BeB

for all f in the domain of P(-|B) and all B € B. By G(f|B) we represent the
transaction where the gamble f is bought at the price P(f|B) contingent on B,
and which is called off otherwise. In the case of an unconditional lower prevision P,
we shall let G(f) := f — P(f) for any gamble f in its domain. In our notation this
is equivalent to have a conditional lower prevision P(-|B) with B = {Q}. Moreover,
in this case G(f|Q) = G(f).

These assessments modelled by a conditional lower prevision P(:|B) can be made
for many different partitions of 2, and therefore it is not uncommon to model a
subject’s beliefs using a finite number of different conditional lower previsions. We
should verify then that all the assessments modelled by these conditional lower
previsions are coherent with one another. In this section we review the different
consistency criteria. We give the particular definitions of these notions for finite
partitions, which will be the ones considered in this paper, and refer to [13, 19] for
more general definitions of these notions.

2.2. Separate coherence. The first requirement we make is that for any partition
B, the conditional lower prevision P(:|B) defined on a subset H of £ should be
separately coherent.

Definition 1 (Separate coherence). A conditional lower prevision P(-|B) with
domain H is separately coherent if for every B € B, the gamble B belongs to H
and P(B|B) = 1, and moreover

sup | Y N G(f5|B) = G(fo| B)| (w) 20
=1

weB =
forevery n > 0,5 =1,...,n,f; € H,\; >0, fo € H.

Separate coherence means that contingent on B the supremum acceptable buying
price for a gamble fy cannot be raised by taking into account other acceptable
transactions, and also that we should be prepared to bet on B at all odds after
having observed it.

When the domain H is a linear set of gambles (i.e., closed under addition and un-
der multiplication by real numbers), there is a simpler characterisation of separate
coherence:

Theorem 1. [19, Theorem 6.2.7] If the domain H of P(-|B) is a linear set of
gambles that contains all gambles B € B, then P(-|B) is separately coherent if and
only if the following conditions are satisfied for all B € B, f,g € H, and A > 0:

P(f|B) = inf f(w), (SC1)
P(Mf|B) = AE(f|B), (SC2)
P(f +9|B) > P(f|B) + P(g|B). (SC3)

It is also useful for this paper to explicitly consider the particular case where
B = {Q}, that is, when we have unconditional information. We have then a(n
unconditional) lower prevision P on a subset K of the set £ of all gambles. Separate
coherence is simply called then coherence:
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Definition 2 (Coherence). An unconditional lower prevision P with domain K is
coherent when

n

sup | > NG(f;) — G(fo)| (w) 20 (1)

weN j=1
foreveryn >0, =1,...,n,f; € K,\; >0, fo € K.

Its interpretation is similar to that of separate coherence, now with B = €.
Again, we can give a simpler characterisation in the case of linear domains:

Theorem 2. [19, Section 2.3.3] Let P be a lower prevision defined on a linear
set of gambles IC. It is coherent if and only if the following conditions hold for all
fge K, and X > 0:

P(f) > inf f, (C1)
P(Af) = AL(f), (C2)
P(f +g) = P(f) + E(9). (C3)

Remark 1. Tt is possible to deduce from Definition 1 that given a separately coherent
conditional lower prevision P(:|B) with domain H, we may assume without loss of
generality that H contains all the gambles \f — u, where f € H, A > 0 and p € R,
and moreover that for each fp € H, B € B, also the gamble )z Bfp belongs
to H (see [19, Lemma 6.2.4 and Section 6.2.6]). The above assumptions imply that
the B-measurable gambles are in H. Two other useful consequences that we shall
use repeatedly in the rest of the paper are the following:

o for all f € H, both G(f|B) and G(f|B) belong to H;
e for all f € H,A >0, A\G(f|B) = G(\f|B) and AG(f|B) = G(\f|B) (note
that the gamble Af belongs to H).
The second point, in particular, will allow us to simplify the notation by removing
the A-coefficients from many formulae. 4

2.3. Avoiding partial and uniform sure loss. Let By,...,B,, be finite parti-
tions of Q and let P,(-|B1),...,P,,(-|Bm) be separately coherent conditional lower
previsions whose respective domains are subsets H', ..., H™ of L.

Definition 3 (Avoiding uniform sure loss). The conditional lower previsions
Pi(:|B1),..., P, (:|Bm) avoid uniform sure loss if for every j = 1,...,m,n; >
1,k= 1,“_’%’9;; € H,

sup | YN Gi(dk1B)) | (w) > 0.
weN =1 k=1

The intuition behind this notion is that there at least should exist a possibility
for the subject to not lose any utiles from the transactions that the subject has
accepted, so a combination of transactions which are acceptable to our subject
should not make him lose utiles for all the outcomes of the experiment. It is based
on the rationality requirement that a gamble f < 0 should not be desirable.

A related stronger notion that restricts the set where we take the supremum in
the definition above is called avoiding partial loss. In order to introduce it, we need
to give first the notion of support.
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Definition 4 (B-support). Define the B-support S(f) of a gamble f in £ as
S(f) = {BeB: Bf £0}, 2)

i.e., it is the set of conditioning events for which the restriction of f is not identically
equal to the zero gamble.

Definition 5 (Avoiding partial loss). We say that a number of conditional lower
previsions P (-|B1),...,P,,(:|Bm) avoid partial loss if for every j =1,...,m,n; >
1L,k=1,...,n4 g;“ € 'H7, such that not all the gé? are zero gambles,

sup | Y Gi(g51B)) | (W) 20,

weS(g) | j=1 k=1

where by S(gF) := JUJL, U;Z, S;(gF) we mean the set of elements that belong to
some set in Sj(gf) for some j € {1,...,m}, ke {1,...,n;}.

With this stronger notion, we also reject the possibility that a combination of
acceptable transactions make our subject lose utiles except in the set where all the
transactions are equal to zero.

Remark 2. One might wonder whether the support of a gamble f could rather be
defined as S(f) := {B € B : Bf not constant}, because it is in these conditioning
events where G(f|B) is non-zero. Actually, it can be checked that the resulting
condition of avoiding partial loss, which at first sight might seem stronger than the
one in Definition 5, is equivalent to it provided that the domains are rich enough, in
the sense that the domain of P(-|B) contains all B-measurable gambles (and this is
something we have assumed in Section 2.2, see Remark 1). Similar considerations
can be made for the notion of coherence we shall introduce in Definition 7. ¢

In order to explore the connection between avoiding partial loss and the desir-
ability of a set of gambles, we are going to use a number of properties. The first
one is an adaptation of a result we established somewhere else [14, Proposition 4]
for lower previsions conditional on variables:

Proposition 1. Let P,(:|B1),...,P,,(:|Bm) be conditional lower previsions with
respective domains H', ..., H™. The following are equivalent:
1. Py(:|B1),..., P,,(:|Bm) avoid partial loss.
2. For every e > O,g;vf EHI,j= 1,....m,n; > 1,k=1,...,n;, such that not
all the g;-“ are zero gambles, it holds that

sup | 5757 Gy (9518;) + 856} | (@) > 0. 3)
e j=1k=1

3. For every e > O,g}“ EHI,j= 1,...,m,n; > 1,k=1,...,n4, such that not
all the gf are zero gambles, it holds that

m Ny

sup [ > Y Gi(g¥IB) +£Si(gf) | (w) > 0. (4)

weS(g¥) | j=1 k=1
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Remark 3. In the particular case where the domains of the conditional lower pre-
visions P, (:|B1),...,P,,(:|Bm) are linear spaces, we can assume without loss of
generality that n; = 1 for j = 1,...,m in Definitions 3, 5, and in Eq. (3): it
suffices to take into account that, because of the super-additivity (SC3) of the con-
ditional lower previsions, >, G;(gF|B;) > G;(X°,2, gF|B;), and this for every
j =1,...,m. Similar considerations hold for the conditions of weak and strong
coherence we shall introduce next, and for the natural extension we shall define in
Eq. (7). We shall use this to simplify some of the proofs in Appendix B. 4

2.4. Weak and strong coherence. We next give two notions that generalise the
concept of coherence in Eq. (1) from the unconditional to the conditional case:

Definition 6 (Weak coherence). Let P, (-|B1),...,P,,(:|Bm) be separately coher-

ent conditional lower previsions with respective domains !, ..., H™. We say that
they are weakly coherent if for every j = 1,...,m,n; > 1,k =1,... ,nj,gf € HI,
and for every jo € {1,...,m}, go € H’°, By € Bj,, it holds that
m. 7y
sup ;I;Gj(gfll?j) ~ Gy (90| Bo) | (w) = 0. (5)

With this condition we require that our subject should not be able to raise his
supremum acceptable buying price P; (go|Bo) for a gamble g contingent on By
by taking into account the implications of other conditional assessments: if Eq. (5)
does not hold and the supremum is strictly negative then we can deduce that there
is some € > 0 such that G;,(go|Bo) —¢ is also a desirable gamble, which means that
P, (go|Bo) + ¢ is an acceptable buying price.

However, under the behavioural interpretation, a number of weakly coherent
conditional lower previsions can still present some forms of inconsistency with one
another. See [19, Chapter 7], [12] and [22] for some discussion. On the other hand,
weak coherence neither implies nor is implied by the notion of avoiding partial loss.
Because of these two facts, we consider another notion which is stronger than both,
and which is called (joint or strong) coherence:®

Definition 7 (Strong coherence). Let P,(:|B1),...,P,,(-|Bn) be separately co-
herent conditional lower previsions with respective domains H?',..., H™. We say
that they are coherent if for every j =1,...,m,n; > 1,k=1,... ,nj,g;? € H7, and
for every jo € {1,...,m},go € H’®, By € Bj,, it holds that

m My

sup | YD Gi(951B;) = G (90l Bo) | (w) = 0. (6)

weS(gf)UBo | =1 k=1

Remark 4. There is another approach to the notion of coherence for imprecise
previsions which is earlier than Walley’s, and that was developed by Peter Williams
in [24]. Tt is based on the idea of deriving conditional previsions from sets of
desirable gambles that satisfy a number of consistency axioms, as we shall do in
Section 4.

Although there are some differences between the two approaches, in the context
of this paper, where all the partitions are finite, the two of them are equivalent. This

5The distinction between this and the unconditional notion of coherence mentioned above will
always be clear from the context.
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means that we could have formulated the subsequent results concerning coherent
conditional lower previsions using Williams’ terminology. We have opted to use
Walley’s instead because his is the theory most widespread, and also because we
shall use a number of concepts, such as weak coherence, which were established
by him. Nevertheless, some of the results we shall prove in Sections 4 and 6.1 are
already present in a similar form in Williams’ work, and we shall remark it when
it is the case. See [11, Section 5.2], [19, Appendix K] and [18] for a comparison
between both approaches. ¢

The coherence of a collection of conditional lower previsions implies their weak
coherence; although the converse does not hold in general, it does in the partic-
ular case when we only have a conditional and an unconditional lower prevision
P,(-|B), P, with respective domains H, K. To see this, note that the union of the
supports in Eq. (6) is  unless all the gambles from K considered in the equation
are equal to the zero gamble, and then Eq. (6) would follow from the separate
coherence of P, (:|B).

Similarly, when we have only one conditional and one unconditional lower pre-
vision, the notions of avoiding partial loss and avoiding uniform sure loss become
equivalent. In that case, they are referred to as avoiding sure loss in [19, Chapter 6].

2.5. Linear previsions and envelope theorems. Given a conditional lower pre-
vision P(-|B) with domain H, we define its conjugate conditional upper prevision
by P(f|B) :== —P(—f|B) for every f € —H := {—f : f € H}. As we said at
the beginning of the section, the value P(f|B) can be interpreted as the infimum
acceptable selling price for the gamble f contingent on B. When the supremum
acceptable buying price for a gamble coincides with the infimum acceptable selling
price, we obtain the so-called conditional linear previsions.

Definition 8 (Linear conditional previsions). We say that a conditional lower
prevision P(:|B) with domain® L is linear if and only if it is separately coherent
and moreover P(f + g|B) = P(f|B) + P(g|B) for all B € B and f,g € L.

Conditional linear previsions correspond to the case where a subject’s supremum
acceptable buying price (lower prevision) coincides with his infimum acceptable
selling price (or upper prevision) for any gamble on the domain. When a separately
coherent conditional lower prevision P(:|B) is linear we shall denote it by P(:|B);
in the unconditional case, we shall use the notation P. A number of conditional
linear previsions are coherent if and only if they avoid partial loss; and they are
weakly coherent if and only if they avoid uniform sure loss.

Conditional linear previsions correspond to conditional expectations with respect
to a probability. In particular, an unconditional linear prevision P is the expectation
with respect to the probability which is the restriction of P to events. They can be
used to give a Bayesian sensitivity analysis interpretation of the notion of coherence:

Theorem 3. [19, Section 3.53.3] Given an unconditional lower prevision P with
domain K, we shall denote the set of dominating linear previsions by

M(B):={P: P(f) = E(f) Vf € K}.
Then P is coherent if and only if it is the lower envelope of M(P).

6We shall always assume in this paper that the domain of a conditional linear prevision is the
whole set L.
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The conjugate unconditional upper prevision P on —K is then the upper envelope
of M(P), so P(f) = sup{P(f) : P € M(P)}.

Following [10], we shall call any closed” and convex® set of linear previsions a
credal set; an instance is the set M(P). Similarly, for a conditional lower prevision
P(-|B) with domain H, we define

M(P(|B)) == {P(B) : P(f|B) > P(f|B) Vf € H, B € B}.

Then a conditional lower prevision P(-|B) is separately coherent if and only if it is
the lower envelope of M(P(:|B)), meaning that

P(f|B) = min{P(|B) : P(B) > P(|B)} ¥f € H.B € B,

Its conjugate conditional upper prevision P(-|B) will be then the upper envelope of
M(P(IB)).

The situation is more complicated when we have more than one conditional lower
prevision. In [19, Section 8.1] Walley proved that when the partitions are finite
and the domains are linear spaces, coherent P(:|B1),...,P,,(|Bn) are always
the envelope of a set {P,(:|B1),...,Py(:|Bn) : v € T'} of dominating coherent
conditional linear previsions. Here, I' denotes simply a (possibly infinite) set of
indexes, which serves to identify the conditional linear previsions from which we
are taking the lower envelope. In [12], a similar property was established for weak
coherence.

Another interesting particular case is the following:

Theorem 4. [19, Theorem 6.5.4] Consider an unconditional lower prevision P on a
linear set of gambles IC and a separately coherent conditional lower prevision P(-|B)
on a linear set of gambles 'H satisfying the properties mentioned in Remark 1, at
the end of Section 2.2, where B is a finite partition of Q. If K O 'H then P, P(:|B)
are coherent if and only if, for oll f € H and all B € B,

P(G(f]B)) = 0. (GBR)

Condition (GBR) is called the Generalised Bayes Rule. When P(B) > 0, GBR
can be used to determine the value P(f|B): it is then the unique value p € R for
which P(B(f — 1)) = 0 holds.

If P(B) =0 and P(B) > 0, then any value of x in the interval

P(B
[inf fw) (Bf)

weB ’Pzg,lzral(B»o P(B)

satisfies that P(B(f—p)) = 0, and can therefore be used to define P(f|B); the upper
limit of the above interval is what we shall call in Appendix A.1 the regular extension
of P. To see this, denote u1 := infuep f(w) and po := infp>p p(B)>o %, and
observe that for any linear prevision P > P, P(B(f — u2)) = 0 if P(B) = 0, and

P(B(f —p2)) > P (B(f - 1;(5;))) =0 if P(B) > 0. As a consequence,

)
0 < P(B(f — p2)) < P(B(f —m)) < (8161% flw) — Ujrelfo(w))B(B) =0.

"In the weak* topology, which is the smallest topology for which all the evaluation functionals
given by f(P) := P(f), where f € L, are continuous.

8That is, for all linear previsions Py, Py in the set and all @ € (0,1), the linear prevision
aP; + (1 — a) P> also belongs to this set.
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Hence, both p; and po, and as a consequence also any value between them, are
possible values for P(f|B), since the resulting conditional prevision satisfies (GBR).

Finally, if P(B) = 0 then following a similar reasoning we see that any real
number g satisfies P(B(f — p)) = 0, and therefore we can take any value in
[inf,ep f(w),sup,ep f(w)] to define P(f|B) with a separately coherent P(-|B).

If P and P(:|B) are linear previsions, they are coherent if and only if for all f,
P(f) = P(P(f|B)). This is equivalent to requiring that P(f|B) = 1;({;) for all f
and all B € B with P(B) > 0 (see [19, Section 6.5.7]).

2.6. Extension of conditional lower previsions. We next show how to deter-
mine the behavioural consequences of the assessments modelled by some conditional
lower previsions.

Definition 9 (Natural extension). Let P, (-|B1),...,P,,(:|Bm) be separately co-
herent conditional lower previsions with domains H* for ¢ = 1,...,m. Their nat-
ural extensions to L are defined, for every gamble f and every By € Bj,, with

joE{l,...ﬂn}by

E]—O(f|B0) = sup{a:ﬂnj > 1,k:17...,nj,g;-C eHl forj=1,...,ms.it.

wap [ 303 Golel1By) — Balf - )] @) <0} (@)

wES(gF)UBo = =1 =1

Although the previous definition only requires that P (-|B1),...,P,,(-|Bm) are
separately coherent, in practice the procedure of natural extension is useful when
these conditional lower previsions avoid partial loss. This is the reason why the
assumption of avoiding partial loss is made in [19, Definition 8.1.1] and [13, Defini-
tion 6]. In that case, and in the context of this paper, where all the partitions are
finite, the natural extensions are the smallest conditional lower previsions which are
coherent and dominate P, (-|B1),...,P,,(:|Bm). Moreover, they coincide with the
initial assessments if and only if P,(-|B1),...,P,,(:|Bm) are themselves coherent.
Otherwise, they ‘correct’ the initial assessments taking into account the implica-
tions of the notions of coherence. This is made precise in Lemma 1 below.

Remark 5. The natural extension can actually be computed for any non-empty
By C Q, not only for the elements of the pre-existing partitions Bi,...,B,,. In
other words, Eq. (7) can be employed to compute the logical implications of the
assessments P, (-|B1),..., P,,(:|Bm) on the beliefs about a gamble f conditional
on any By C Q, By # (. To see this, consider that, irrespective of whether or
not By is an element of one of the pre-existing partitions, one can (i) consider
any partition By that includes By, and (ii) define a new conditional lower pre-
vision P (-|By), whose domain is a trivial one, such as the set of By-measurable
gambles. In this way, by the new conditional lower prevision, we are not adding
any assessment that is not already implied by the former ones. In fact, it can
be checked that Py(:|Bo), P,(:|B1),..., P, (-|Bm) avoid partial loss if and only if
P,(:|1B1),...,P,,(-|B:m) do. Then Eq. ( ) can be readily used to compute E(f|By).
Moreover, EO( f|Bo) does not depend on the specific partition By considered, pro-
vided that it contains By. For this reason, in the following we shall sometimes adopt
such an extended view of the natural extension referring directly to E,(f|Bo) irre-
spective of whether By is in a pre-existing partition or not. ¢
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Some useful properties of the natural extension are the following:®

Lemma 1. Let Py(:|B1),...,P,,(-|Bm) be separately coherent conditional lower
PTEVISIONS.
1. E;(f;|B;) > P;(f;|B;), for every j =1,...,m, f; € H/, B; € B;.
2. Pi(:|1B1),..., P,,(-|Bm) avoid partial loss if and only if for all f € L, and
all non-empty By C Q, it holds that Ey(f|By) < +oo.
3. If PL(:|B1), ..., P,,(:|Bm) avoid partial loss, then E{(-|B1),...,E,,(-|Bm)

are coherent.

4. If PY(:|By), ..., P..(-|By) are coherent lower previsions on L that dominate
P.(|B1),...,P,,(-|Bm) on their domains, then Ej(-|l3j) < B;-(~|Bj) for
j=1...,m.

5 Py(:|B1),..., P, (-|Bm) are coherent if and only if E;(f;|1B;) = P;(f;|B;),
for every j=1,...,m, f; € H/,Bj € B;.
A consequence of the proof of the second point of this lemma is the following:

Corollary 1. Let P,(:|B1),..., P,,(:|Bm) be separately coherent conditional lower
previsions. If E;(fj|B;) < +oo for all j € {1,...,m}, B; € B;, and some f; € HI,
then P1(-|B1),...,P,,(-|Bm) avoid partial loss.

We can also use the notion of natural extension to define an unconditional lower
prevision. If we apply Eq. (7) with B := {Q}, we obtain the functional E given by

E(f) ::sup{a:ﬂj:l,...,m,njzl,kzl,...,nj,gfeHj s.t.

m Ny
(f=a)> 2D GilghIB) ] (®)
j=1k=1
for every gamble f € L. It follows that

E(f) :sup{a :3=1,....mn; > 1, k= 1,...,71]-,9;-C € H’ s.t.
m Ny
(f=a)= 3> Gi(gf 1B} (9)
j=1k=1
for every gamble f € £: any « satisfying Eq. (8) satisfies Eq. (9), and conversely if
« satisfies Eq. (9) then o — ¢ satisfies Eq. (8) for every ¢ > 0.

It has been established in [13, Proposition 14] that when the conditional lower
previsions Py (:|B1),...,P,,(-|Bm) are coherent, E is the smallest coherent lower
prevision that is coherent with them, and it is called their (unconditional) natural
extension.

Another particular case of interest is when we make the natural extension of a
separately coherent conditional lower prevision P(:|B) from its domain H to the
set of all gambles £; then E(:|B) is the smallest coherent extension of P(:|B),
and it is the lower envelope of the credal set M(P(:|B)); similarly, if we have an
(unconditional) coherent lower prevision P with domain /C, its natural extension E
to L is its smallest coherent extension, and it is the lower envelope of the credal set
M(P). Hence, in those cases we can keep the sensitivity analysis interpretation we
mentioned in Section 2.5. See [19, Sections 3.4 and 6.7] for more details.

9S0me related, but less general versions of points 1, 3, 4 and 5 can also be found in [13,
Proposition 11 and Theorem 15].
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3. SETS OF DESIRABLE GAMBLES

As we have seen in Section 2, lower previsions can be given a behavioural interpre-
tation in terms of acceptable buying and selling prices, and the different consistency
notions we have introduced can be better understood in terms of the desirability
of a number of gambles. In this section, we summarise the formal structure of the
sets of desirable gambles that we shall use later in the paper.

There are a number of different consistency notions for sets of gambles, which
give rise to the notions of sets almost desirable, really desirable, strictly desirable
or weakly desirable gambles. The difference between all these notions is in the
inclusion of the gambles which are in the topological boundary of the set. Here,
and for reasons that will become clearer in Section 4, we shall work mostly with
sets of really desirable gambles.

Suppose R C Q C L, where Q is a set of gambles whose desirability has been
evaluated and R the subset of gambles that have been deemed desirable. Hence,
Q could be interpreted as the domain of a function which tells us if a gamble is
considered desirable or not. The notion of natural extension allows us to extend
this domain to the set of all gambles.

Definition 10 (Natural extension for gambles). The natural extension of R is
the set

-
8::£+U{g€£:922)\jgj forsomerzl,gjeR,/\j>O}. (10)

Jj=1

Note that R € QN E and that we can express £ equivalently as

T
&= {ge L::g:z}\jgj for some r > 1,9; € RULT,\; >0},
j=1

and it follows also that £ is closed under dominance. The natural extension models
the consequences of the behavioural assessments expressed by R, and does so in a
least-committal way, in the sense that it produces the minimal set of gambles that
we should judge desirable taking into account the set R.

We next introduce two consistency conditions for a set of acceptable transactions.
The first, less restrictive one, is called avoiding partial loss:*°

Definition 11 (Avoiding partial loss for gambles). We say that R avoids partial
loss if 0 ¢ £.

Taking into account the previous interpretation of the natural extension, the
intuition behind Definition 11 is that it is not rational to judge R desirable if
it logically implies that we should judge as desirable the zero gamble (see also
Corollary 2 below for further implications of avoiding partial loss).

The second consistency condition is called coherence; it means that the gambles
in R are the only ones from Q that we should judge desirable, taking into account
the consequences modelled by €.

Definition 12 (Coherence for gambles). Say that R is coherent relative to Q if
R avoids partial loss and @ NE C R (and hence QN E =R). In case Q coincides
with £ then we simply say that R is coherent.

10T his concept is related to the notion of ‘avoiding non-positivity’ from [5].
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We have the following axiomatic characterisation of coherence. A similar re-
sult for the notion of almost-desirability we shall use later can be found in [19,
Section 3.7].

Proposition 2. Suppose Q is a linear space containing constant gambles. Then R
is coherent if and only if the following azioms hold:

(APL) 0 ¢ R. [Avoiding Partial Loss]

(APG) If g€ QN LT, then g € R. [Accepting Partial Gains/

(PHM) If g € R and A > 0, then A\g € R. [Positive Homogeneity]

(ADD) If f,g € R, then f + g € R. [Additivity]

A consequence of this result and Eq. (10) is that when Q satisfies the assumptions
of Proposition 2, the natural extension of a coherent set of desirable gambles R with
respect to Q is given by

E=LTU{ge L:g> f for some f € R}. (11)

In particular, when Q = L, a coherent set of desirable gambles R satisfies R = £.
Some basic properties of the natural extension are collected in the following:

Proposition 3. Suppose R C Q is a set of desirable gambles, and let £ denote its
natural extension. The following properties hold:

(a) The natural extension of € is € itself.

(b) If R is contained in a coherent set £, then £ C E’.

(¢c) R avoids partial loss if and only if € avoids partial loss.

(d) R avoids partial loss if and only if £ is coherent.

(e) R avoids partial loss if and only if there is a coherent set £ that includes

R.
(f) R is coherent relative to Q if and only if there is a coherent set £ such
that ONE =R.

(9) R is included in a coherent set £ if and only if € is coherent.
(h) If € is coherent, then it is the intersection of all the coherent sets that
include R.

We deduce a corollary that clarifies the meaning of avoiding partial loss:

Corollary 2. Suppose R C Q is a set of desirable gambles, and let £ denote its
natural extension. If R avoids partial loss, then

g<0=g9g¢¢. (APL)

A consequence of this is that whenever R avoids partial loss, then it does not
include any gamble g < 0, because R C £.
To every set of desirable gambles R C Q we associate a set of linear previsions:

M(R) :={P: P(g) = 0forall g€ R}.

In order to characterise this set, we next introduce the notion of almost-desirable
gambles:

Definition 13 (Almost-desirability). We say that D is a coherent set of almost-
desirable gambles (relative to L) when it satisfies axioms (PHM), (ADD) and:
(ASL) If f € D, then sup f > 0. [Avoiding Sure Loss]

(ASG) Ifinf f > 0, then f € D. [Accepting Sure Gains]

(CLS) If f4+6 € D for all § > 0, then f € D. [Closure]
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From axioms (ASG) and (CLS), we deduce that the gamble f = 0 belongs to
D, and as a consequence any gamble f > 0 also belongs to D. As a consequence,
if D is a coherent set of almost-desirable gambles, it also satisfies axiom (APG).
However, it does not satisfy condition (APL), although it may satisfy (APL’). An
example is given by D := {f > 0}.

Conversely, let R be a coherent set of desirable gambles with respect to £, which
as a consequence coincides with its natural extension £. It follows that (APL’)
implies (ASL) and (APG) implies (ASG). However, a coherent set of desirable
gambles does not satisfy condition (CLS), because it includes the constant gamble
on ¢ for every § > 0, but it does not include the zero gamble.

Coherent sets of almost-desirable gambles are related to coherent lower previ-
sions, as discussed in [19, Section 3.8]: if P is a coherent lower prevision on L,
the set D := {f : P(f) > 0} is a coherent set of almost-desirable gambles; and
conversely, if D is a coherent set of almost-desirable gambles with respect to L, the
lower prevision Pp given by

Pr(f) :=max{a: f—«a €D} (12)

is coherent, and moreover D = {f : Pp(f) > 0}. This equivalence allows us to
characterise the set M(R) defined above (this is an adaptation from [14, Proposi-
tion 7]):

Proposition 4. Let R be a set of desirable gambles that avoids partial loss. Then
{9€eL:P(g)>0VPeM(R)}={g€eL:g+0d€EV5>0}=E, where £ is the
natural extension of R and € denotes the closure of £ in the topology of uniform
convergence.

In the unconditional case, there is a one-to-one correspondence between coher-
ent sets of almost-desirable gambles and coherent lower previsions: every coherent
lower prevision uniquely determines a coherent set of almost-desirable gambles,
and viceversa; however, there are many different coherent sets of (really) desirable
gambles that may correspond to the same set of almost-desirable gambles, and as
a consequence coherent sets of desirable gambles are more informative (i.e, model
more behavioural assessments) than coherent lower previsions.

It is also interesting to remark that with any coherent set D of almost-desirable
gambles, as well as of really desirable gambles, we can associate a set D of strictly
desirable gambles, which is given by

D:=LYU{f: Pp(f) >0},

where P, is the coherent lower prevision associated to D by means of Eq. (12).
Using Proposition 2, it is easy to see that D is a set of really desirable gambles.
Moreover, if R is a coherent set of really desirable gambles, R is its associated set
of almost-desirable gambles, and R its related set of strictly desirable gambles, we
have R C R C R [19, Appendix F].

4. CONDITIONAL LOWER PREVISIONS DERIVED FROM SETS OF DESIRABLE
GAMBLES

In this section, we are going to define a number of conditional lower previsions
from a set of gambles that we judge desirable and we are going to investigate under
which assumptions the different consistency notions from Section 2 are satisfied.
We assume that we give a judgement about the desirability of all the gambles in
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some set Q, turning out that we consider the gambles in some domain R C Q to
be desirable.

For the time being, we are not imposing any conditions on the set of gambles
R: hence, we are allowing for contradictory statements, such as considering that a
constant reward on 1 is desirable for us, but a constant reward on 3 is not. What
we shall show in this section is that if we derive conditional lower previsions from
the assessments represented by R and we want these conditional lower previsions
to be coherent, a number of consistency notions on R arise naturally.

The idea of deriving conditional lower previsions from sets of desirable gambles
is already present in [19, Appendix F] and [21]. One of its advantages is the
ability to deal easily with the problem of conditioning on sets of zero lower or
upper probability: in that case there is usually not a unique way of deriving the
conditional lower previsions from the unconditional ones ([19, Section 6.10]), while
we can determine the behavioural implications of our assessments by working with
sets of desirable gambles.

Let B be a partition of 2, and let us define the conditional lower prevision P(-|B)
on L by

P(f|B) :=sup{p: B(f —n) € R} (13)
for every f € £ and every B € B.
If in particular B = {Q}, we obtain a lower prevision P on £ given by:!!

P(f) = sup{u : (f — i) € R}. (14)
We shall discuss why £ is the domain of definition of these lower previsions in
Proposition 7 later on: we shall show that we can in general assume that Q@ = £ or
take the natural extension £ of R. But before establishing this, we are first going
to determine under which conditions P(:|B) is well-defined. By this we mean what
follows:

Definition 14. (Well-definedness) P(-|B) is well-defined if for every gamble f in
L and every B € B, it holds that

nf fw) < P(f|B) < sup f(w).

In order to study this, we introduce an additional consistency axiom:

(SDa) If f <0,supg f < 0 for some B € B, then f ¢ R.

(SDb) If f > 0,infp f > 0 for some B € B, then f € R.
We shall refer to these two conditions together as (SD) (which stands for Strict
Dominance) with respect to B, or simply to (SD) when it is clear which partition
we are working with. They respectively follow from (APL’) and (APG) (when
in the latter we have Q@ = L), so any coherent set of desirable gambles satisfies
(SDa), (SDb). To see that (SDa) is actually weaker than (APL’), consider ) :=
{1,2,3},B := {{1},{2,3}} and R := {f : f(1) > 0,max(f(2), f(3)) > 0}: then R
satisfies (SDa) with respect to B, but not (APL’), because it includes the gamble f =
(f(1), f(2), f(3)) := (0,—1,0). On the other hand, (SDa) is stronger than (ASL);
to see that they are not equivalent, note that given Q := {1,2} and B := {{1}, {2}}
the set of gambles {f : f(1) > 0} is a coherent set of almost-desirable gambles but
does not satisfy (SDa) because it includes the gamble f = (f(1), f(2)) := (0, —1).

11Conversely7 we can see Eq. (13) also as a consequence of Eq. (14), once we update the set R
by B, by considering Rp := {f : Bf € R}; see [5, 21] for further comments on this idea.



18 ENRIQUE MIRANDA AND MARCO ZAFFALON

Hence, axiom (SD) allows us to differentiate between sets of desirable and almost-
desirable gambles.

Theorem 5. (1) If R satisfies (SDb), then P(f|B) > inf,ep f(w) for every

f € L and every B € B.

(2) If R satisfies (SDa), then P(f|B) < sup,cp f(w) for every f € L and
every B € B.

(3) If R satisfies (SDb) and (ADD), then B(f — u) belongs to R for every
n < P(f|B).

(4) If R is closed under dominance, i.e., such that g > f € R implies that
g € R, then P(-|B) is well-defined if and only if R satisfies (SD).

We deduce that P(-|B) is well-defined when the set R satisfies (SD),'? and in

particular when it satisfies (APG) with respect to £ and (APL’). Note that if R does
not satisfy the dominance property, i.e., if we do not have that g > f € R implies
that ¢ € R, we may still end up with a bounded conditional lower prevision by
means of Eq. (13) (even if not satisfying the dominance property is rather counter-
intuitive):
Ezample 1. Let Q = {wy,w2}, and let R := LT N{f e L: f <1}. Let B :=
{{w1},{w2}}. To see that R does not satisty neither (ASG) nor (SD), it suffices
to see that the gamble f := 2 does not belong to R. However, the conditional
lower prevision we can define by means of Eq. (13) is bounded (it is even separately
coherent): for every gamble f, it is easy to see that P(f|{w1}) = f(w1), P(f[{w=2}) =
flwa).

We see then that axiom (SD), which is one of the differences between coher-
ent sets of almost-desirable and really desirable gambles, is one of the keys for
deriving conditional lower previsions that avoid partial loss. In fact, if D is a
coherent set of almost-desirable gambles and we define the conditional lower previ-
sions Py (+|B1), ..., P,,(:|Bm) from D by means of Eq. (13), these conditional lower
previsions may not be well-defined:

Ezample 2. Let Q := {wi,ws}, and let D := {f : f(w1) > 0}. Let B :=
{{w1},{w=2}}. Tt is easy to see that D satisfies all the axioms in Definition 13,
and is therefore a coherent set of almost-desirable gambles. However, it does not
satisfy (SD): the gamble f := (0,—1) belongs to D, and therefore (SDa) is not
satisfied. In fact, using Eq. (13) we obtain P(f|{w2}) = 400, because the gamble
Ja =T, (f — ) satisfies fo(w1) = 0 for every a € R. ¢

This shows that when we want to derive conditional lower previsions from a
set of gambles, the notion of almost-desirability may be too weak to produce any
meaningful assessments, and this is one of the reasons why we are focusing on the
notion of real desirability in this paper. Interestingly, for almost-desirable gambles
axiom (SD) is related to the necessity of conditioning on sets of upper probability
zero, which is related also to the results we shall develop in Appendix A.1:

Proposition 5. Let D be a coherent set of almost-desirable gambles and B be a
non-empty subset of Q0. Let P be the coherent lower prevision derived from D by
means of Eq. (12), and P its conjugate upper prevision. Then

P(B) = 0 if and only if there is f € D s.t. f < O,Slépf < 0. (15)

2This result can also be found in [25, Section 3].
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As a consequence, D satisfies (SDa) with respect to a partition B if and only if

P(B) > 0 for every B € B.

We next investigate which conditions on the set of desirable gambles R guarantee
that the lower prevision P(-|B) satisfies the consistency axioms from Section 2. We
begin with the property of separate coherence.

Theorem 6. Let R be a set of gambles, and define P(-|B) on L by Eq. (13). Then
P(:|B) is separately coherent if R satisfies axioms (SD), (PHM) and (ADD).

In the particular case where B = {2}, and where we define a lower prevision P
on L by Eq. (14), the notion of separate coherence becomes the coherence property
from Definition 1. In that case condition (SD) is equivalent to (ASL) together with
(ASG). As we have already remarked, the connection between sets of desirable
gambles and lower previsions in the unconditional case has been established by
Walley in [19, Chapter 3].

To see that the sufficient conditions in Theorem 6 are not necessary, note that
the set of gambles R considered in Example 1 does not satisfy any of the axioms
(SD), (PHM), (ADD), and still it produces a separately coherent conditional lower
prevision.

One particular case of interest of separately coherent conditional lower previsions
are the linear previsions considered in Section 2.5. In that case, we must require
that R satisfies some additional properties besides the ones in Theorem 6:

Proposition 6. Assume R satisfies (ADD), (PHM) and (SD) and let P(-|B), P
be given by Egqs. (13), (14) respectively.

(1) P(-|B) is a linear conditional prevision if and only if
VBeB,feL,e>0 either Bf €R or Ble — f) € R. (LC)

(2) P is a linear prevision if and only if for every gamble f and every e > 0,
either f or e — f belongs to R.

The intuition of this result is clear, once we recall the behavioural interpretation
of linear conditional previsions from Section 2.5: for them the supremum acceptable
buying price coincides with the infimum acceptable selling price, which means that
for almost every real number p and for every conditional event B either B(f — u)
or B(u — f) should be an acceptable transaction for our subject.

In particular, we obtain linear (conditional) previsions when the set R is maxi-
mal, in the sense that for every non-zero gamble f € L either f or —f belongs to
R. Maximal sets have been studied in [1], and have the property that we cannot
add any new gamble to R without violating one of the properties of coherence.
Moreover, they can be used to express the natural extension £ of a coherent set of
gambles R as an intersection of maximal coherent sets. See [1, Section 5] for more
information and [23] for some related work.

In particular, we can apply Proposition 6 when R is either a coherent set of
almost-desirable gambles that satisfies (SD) (see Definition 13) or a coherent set of
desirable gambles (Proposition 2). The reason why we are introducing the £ > 0
in the condition of the above proposition is that it may be that neither f nor —f
belong to R, even if this set of gambles is coherent, and still it may give rise to a
linear prevision:
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Ezample 3. Consider € := {wy,wa} andlet R := {f € L : f(w1)+f(wz2) > 0}. Then
R satisfies all the axioms in Proposition 2, and as a consequence it is a coherent set
of desirable gambles with respect to L. Moreover, it gives rise to the linear prevision
P given by P(f) = M for all f € L. However, given f := (1, —1), neither
f nor —f belong to R. ¢

On the other hand, we can assume that ¢ = 0 when we work with a coherent set
of almost-desirable gambles:

Corollary 3. If D is a coherent set of almost-desirable gambles that satisfies (SD),
then P(:|B) is a linear conditional prevision if and only if for every set B € B and
every gamble f € L, either Bf or —Bf belongs to D.

If R is a coherent set of desirable gambles with respect to a linear set of gambles
Q and we want to use it to define a conditional lower prevision by means of Eq. (13),
we may wonder if the domain of this conditional lower prevision should be the set
of all gambles £ or only the subset Q given by those gambles whose desirability we
have evaluated.

Indeed, the coherence of R with respect to Q is not sufficient to guarantee that
the conditional lower prevision it originates is separately coherent, because it must
also satisfy condition (SDb); this property follows from (APG) when Q = £, but
not in general:

Ezample 4. Let Q := {w1,wq, w3} and take Q := {f € L: f(w1) = f(w2)},R =
{f € Q: f(w1) + f(ws) > 0}. Then Q is a linear set of gambles that includes
all constant gambles, and Proposition 2 shows that R is coherent with respect to
Q. If we consider the partition B := {{wi,ws}, {w2}} of Q, then for the gamble
f:=1(2,2,0) € Q it follows that given B := {w1,ws} there is no value of y such
that g, := B(f — p) belongs to R: the only p for which g, (w1) = g, (w2) is p = 2,
and the gamble g, = (0,0, —2) does not belong to R. Hence, the lower prevision
P(-|B) derived from the coherent set R by means of Eq. (13) is not well-defined. 4

Our next result shows, essentially, that in order to obtain meaningful conditional
lower previsions it is helpful to work with the natural extension £ of R.

Proposition 7. Let R be a coherent set of desirable gambles with respect to a
linear set Q, and let £ denote its natural extension. Let B be a partition of €,
and let Py (:|B), Py(:|B), P5(:|B), be the conditional lower previsions with respective
domains Q, L, L given by

P\ (f|B) :==sup{p: B(f —pn) e R} VB € B, f € Q,
Py(f|B) :=sup{p: B(f —p) E R} VB E€ B, f € L,
Py(f|B) :=sup{n: B(f —pn) € E} VB e B, fe L.

(1) P4(:|B) is a separately coherent conditional lower prevision.
(2) If R satisfies (SD), then P,(:|B) is separately coherent, and P,(-|B) =
Ps(-|B) is the natural extension of P,(:|B).

Taking this result into account, whenever we have a coherent set of desirable
gambles R with respect to Q that satisfies (SD), we can always use it to define a
conditional lower prevision P(:|B) on L.

We move next to the consistency properties of several conditional lower previ-
sions. Consider thus a number of partitions By, ..., B, of , and let us define
conditional lower previsions P, (:|B1),...,P,,(:|Bm) on L.
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Theorem 7. If R satisfies (SD) with respect to By, ..., By, (PHM) and (ADD),
then the conditional lower previsions Py(-|B1), ..., P,,(-|Bm) avoid partial loss.

When all the conditional lower previsions P, (-|B1), ..., P,,(-|Bm) are linear, the
notion of avoiding partial loss is equivalent to coherence. Hence, Theorem 7 shows
that conditions (SD),(PHM),(ADD) and (LC) imply the coherence of the derived
conditional linear previsions. We next establish a similar result for conditional
lower previsions:

Theorem 8. If R includes the non-negative gambles and satisfies (SD) with respect
to Bi,...,Bm,(PHM) and (ADD), then P,(-|B1),...,P,,(|Bm) are coherent.

In particular we deduce the following:

Corollary 4. (/25, Proposition 1];[19, Appendix F, Theorem F3]) Let R be a
coherent set of really desirable gambles and define conditional lower previsions
P.(:1B1),..., P, (-|Bm) on L by means of Eq. (13). Then these conditional lower
previsions are coherent.

Hence, the coherence of a set of desirable gambles implies the coherence of the de-
rived conditional lower previsions, but as Theorem 8 shows this sufficient condition
is not necessary. This solves the main problem in one direction.

5. DESIRABLE GAMBLES DERIVED FROM CONDITIONAL LOWER PREVISIONS

In Section 4, we have started from a set of desirable gambles R and defined a
number of conditional lower previsions P, (-|B1), ..., P,,(-|B;), and have studied
which conditions on R guarantee that P,(-|B1),...,P,,(-|B,) are coherent. We
turn now to the converse problem.

Let Py(-|B1),...,P,,(|Bm) be separately coherent conditional lower previsions
with respective domains H?!,..., H™. Assume these domains satisfy the assump-
tions imposed in Remark 1, at the end of Section 2.2.

From the point of view of desirable gambles, we are evaluating the desirability
of the gambles in the set

Q:={g € L:9=G;(f|Bj)+eB, for some
je{l,...,m}, f; € H),B; € Bj,e #0}. (16)

Note that this set is not linear in general.

The lower previsions are equivalent to statements of desirability for some of the
gambles in Q. Taking into account that P;(f;|B;) is interpreted as the supremum
acceptable buying price for the gamble f; contingent on Bj, and that therefore
Bj(fj\Bj) — ¢ is an acceptable buying price for every € > 0, we obtain that the
gambles in the following set are judged as desirable:

R:={g€ L:g9=G;(f;|B;)+eBj for some
je{l,...,m},f]‘GHj,BjEB]’,E>O}. (17)
We give an equivalent characterisation of R in the following proposition.

Proposition 8. Consider the sets Q, R derived from the separately coherent con-
ditional lower previsions Py (-|B1), ..., P,,(:|Bm) by means of Eqs. (16) and (17).



22 ENRIQUE MIRANDA AND MARCO ZAFFALON

Then R can be re-written equivalently as follows:

R={geL:geN gBf= 0,P;(g|B;) >0 for some j € {1,...,m}, Bj € B;}.
(18)

Let us now apply considerations of avoiding partial loss and coherence to the set
R. For this, we reconsider the natural extension £ of R, as given by Eq. (10).

Theorem 9. Consider the sets Q, R derived from the separately coherent condi-
tional lower previsions Py (:|B1), ..., P,,(:|Bm) by means of Eqs. (16) and (17). Let
E be the natural extension of R, given by Eq. (10). Then a gamble g belongs to €
if and only if any of the following equivalent conditions holds:
(1) Bither g € LY or there are j = 1,...,m,n; > 1,k =1,...,nj,95 € H,
not all of them zero, Bj € Bj,e > 0 such that

m N

9>> > Gi(g51B;) +S;(g))- (19)

j=1k=1

(2) Either g € Lt or there are j =1,...,m,n; > 1,k = 1,...,nj,g§tc € H’ not
all of them zero, such that

m Ny
dnf \g=D > CilglB;)| >0 and g =0 inS(gj)". (20)
i j=1k=1

We can use the equivalent expressions of £ from this theorem to characterise the
notions of avoiding partial and uniform sure loss in terms of desirable gambles:

Theorem 10. Consider the set R derived from the separately coherent conditional
lower previsions Py(-|B1),...,P,,(:|Bm) by means of Eq. (17) and let £ be the
natural extension of R.

(1) Pi(:|B1),..., P,,,(:|Bm) avoid partial loss if and only if R avoids partial
loss.

(2) Pi(:|B1),..., P, (:|Bm) avoid uniform sure loss if and only if € satisfies
(ASL).

We next come to the main result of this section, where we characterise the coher-
ence of the conditional lower previsions in terms of desirable gambles. Interestingly,
we show that the coherence of the conditional lower previsions implies the coher-
ence of the set R with respect to Q, but both conditions are not equivalent: we
need an additional technical condition, which is related to the fact that the same
conditioning set can belong to two different partitions, and in that case we should
require that the conditional previsions are defined in the same way:

Theorem 11. Let Q, R be derived from the separately coherent conditional lower
previsions Py (+|B1), ..., P,,(:|Bm) by means of FEgs. (16) and (17). The following
statements are equivalent:
(1) R is coherent relative to Q and G;(f;|B;)—eB; € R for any f; € H?,B; €
Bj,e >0 and any j=1,...,m. _
(2) P;(fj|B;) = E;(fj|Bj) forall j =1,...,m, f; € H, B; € B;.
(8) The conditional lower previsions P(-|B1),..., P,,(-|Bm) are coherent.
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In order to show that point (1) in this theorem cannot be simplified, in the sense
that if R is coherent relative to Q@ we do not necessarily have that G;(f;|B;)—eB; ¢
R for any f; € H/,B; € Bj,e > 0 and any j = 1,...,m, consider the following
example:

Ezample 5. Consider Q := {1,2,3,4,5,6} and the following two partitions of €:
By = {{1,2},{3,4,5,6}} and By := {{1,2},{3,4},{5,6}}. Let P;(:|B1) be the
vacuous lower prevision, given by

Py(f1B1) = mip f()
for every gamble f and every By € Bi, and let Py(-|Bg) be vacuous when By =
{3,4} or By = {5,6}, and uniform when By = {1,2}. Then P,(-|B1) and P,(-|B2)
are not coherent: if we consider the gamble f := 1y, it holds that

Ga(f|B2) — G1(f[{1,2}) < =05

in Sa(f)U{1,2} = {1,2}. Note on the other hand that P (-|B1) and P,(-|B2) avoid
partial loss (it suffices to take into account that P, (-|By) is vacuous).

Let us derive the set R from them. According to the definition in (17), the generic
gamble in R is equal to G;(f|B;)+eB; for some j € {1,2}, f € H7, B; € Bj,e > 0.
Let us consider the vacuous case first, for instance when j = 1 and By = {1,2}. This
gives rises to the following subset of R: Rfj = Ril’z} = {B1(f —ming, f)+eB;:
f € H',e > 0}, which is more conveniently written as

RP’Q} ={g: {Hlli%g > 0,913,456y = 0}

In fact, that the latter set includes R$1’2} is trivial; conversely, it is enough to
choose € := ming; 53 g. We can proceed in much the same way in order to find out

the expressions for the sets R?A’S’G}, R§3’4}, R§5’6}7 which we summarise below:

3,4,5,6 1
Ri b= g (356" >0, 9l1,0y = 0},
R = g ming > 0,glp.25.6) = 0},
5,6 i
R = {giming > 0,910,204 =0}

In the remaining case where j = 2 and By = {1,2}, we obtain that Rél’z} =
{Bo(f —3f(1) = 2f(2)) +eBa: f € H?, e > 0}. Let us show that

RE = {g: 9(1) +9(2) > 0.91(3.45.6) = 0}
That the latter set includes R;l’z} is trivial. Conversely, it is enough to set f(1) :=
g(1) — g(2), f(2) :==0, and ¢ := w.
Observing that Rim} C ’Rém}, we can finally write that
R = RIBASE} [ R34} | RO} | Rf12

Let us focus on the set Q now. With arguments analogous to those used with
R, we obtain that

Q= 012 | @343} | f3d} | g9} | {12},
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with
Q41L172} = {g: FIHQ%!J #0,9l3.456y = 0},
{3,4,5,6} L . . o

o = {g: i g #0,9l1,2y = 0},
Q§374} = {g: gllﬁg # 0,901,256y = 0},
o™ = {g:ming#0,9l;1 054 =0},

{56}

i = {g:g(1) +9(2) # 0,9l 3456, = 0}

Let us focus now on the natural extension £ of R (see Eq. (10)). We start by
considering the related set

Ei={geLl:.g= Z/\jgj for some r > 1,g; € R, A\; > 0}.
j=1
Observe that for every set Rfj and gamble g; € Rfj , the gamble )\;g; belongs to
Rfj , too, for all A; > 0. This allows \; to be dropped from the definition of £’.

For similar reasons, it is enough to consider at most one gamble from each set RfJ
in the sum that defines £’. In other words, it holds that

£ ={g=g"+ > g8 Bi={3.4,56}g;" € R} U{0},g+#0}.
BaeBs

It can be checked that the sixteen elements making up £’ can be recovered as
follows:

&= [{g :9(1)+9(2)>0}U{g:g(1)=yg(2) =0})
N ({g :min{g(3),9(4)} >0} U{g:g(3) =g(4) =0})
N ({g :min{g(5),9(6)} >0} U{g:g(5) =g(6) = 0})]\ {0}.

The natural extension &£ is related to & through the relation & = LT U {f : f >
g for some g € £'}. Tt follows that

E=1[({g:9(1) +9(2) >0} U{g: glf1 2y =0}) N {g: gl356 > 03] \ {0}
Let us verify that QN E C R, and hence that R is coherent. Take g € Q. We have
the following possibilities:

e Ifge Q{1’2}7 then glis 45,6y = 0 and min{g(1), g(2)} # 0; since g € £, we
obtain that g(1) + g(2) > 0 and hence g € R.

o If g € Qi3’4’5’6}, then gl;; 2y = 0 and minglys 456y # 0; since g € &, we
obtain that min glly3 4 5.6) > 0 and hence g € R.

o If g € Q§3’4}7 then glif; 256y = 0 and minglyz 4, # 0; since g € £, we
obtain that min gll;3 43 > 0 and hence g € R.

o If g € Q§5’6}, then glif; 234y = 0 and mingls 6, # 0; since g € £, we
obtain that min glli5 63 > 0 and hence g € R.

e Ifgec Qél’z} then gl3 4561 = 0 and g(1)+g(2) # 0; since g € £, we obtain
that g(1) + g(2) > 0 and hence g € R.
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Hence, the set R is coherent but the conditional lower previsions P, (+|By), Py (:|B2)
are not. Taking into account Theorem 11, we deduce that the first statement in the
theorem does not hold, and as consequence the second condition in that statement
does not follow from the coherence of R. ¢

We can also relate the natural extension £ of the set of gambles R derived
by some conditional lower previsions P, (:|B1),..., P, (-|Bm) to their conditional
natural extensions. Let us consider a gamble f € £ and a non-empty set By C €;
taking into account Remark 5, we can calculate the natural extension E,(f|By) of f

conditional on By as the supremum value of « for which thereare j =1,...,m,n; >
1, k= 1,...,nj,g;’? € H7 and 6 > 0, such that
m My
=6>3 "> " Gi(g}1B;) = Bolf — )
j=1k=1

in S(g;?) U By.

Definition 15 (Support). For every f € L, we shall denote by By the event
{w e Q: f(w) # 0}, and refer to it as the support of f. Similarly, given £ > 0 we
shall denote by B the event {w € Q : |f(w)| > €}, and we shall call it the e-support

of f.

Lemma 2. Let Pi(-|B1),...,P,,(-|Bm) be separately coherent conditional lower
previsions that avoid partial loss. Let R be the set they originate by means of
Eq. (17) and let £ be the natural extension of R. Take f € E£. Then there is some
€ > 0 such that Ey(f|B3) > 0 for all ¢ € (0,2). As a consequence, when § is finite
Eo(fBy) > 0.

If we compute the natural extension for all non-empty By C (2 and all gambles
f € L, we can determine, in the usual way, a corresponding set of desirable gambles:

Ep:={g€ L:g=Go(f|Bo) +eBy for some f € L,0 # By C Q,e >0}, (21)

where G corresponds to E,. In our next theorem we give a number of properties
of the set £p and establish its relationship with &:

Theorem 12. Assume P,(:|B1),...,P,,(:|Bm) avoid partial loss, and consider the
natural extension £ of the set R given by Eq. (17). Let Ep be the set of gambles
given by Eq. (21).

(1) Ep = {f : Ex(f|By) > 0}.

(2) {f  Eo(f) > 0} ULT CEC{f: Eylf) = 0}.

(3) Ep CECEp.

(4) In the particular case where X is finite, € = Ep.

(5) & is the natural extension of Ep.

Let us show that the fourth statement of this theorem cannot be extended to
the case where () is infinite, and that there may be gambles in £ which may not
belong to £p. This is because in that case the set £p may not be coherent:

Ezample 6. Let Q := N, and let P be a linear prevision satisfying P({n}) = 0 for all
n, and let @, R be the sets derived from P by means of Eqgs. (16) and (17). It follows
from Theorem 11 that R is coherent relative to Q, and from Proposition 3(d) that
its natural extension &£ is coherent. Consider the gamble h given by h(n) := 2%
Then h € L' and as a consequence it belongs to £. On the other hand, the
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support of h is By = N, whence E(h|By) = Ey(h) = P(h) = 0, taking into
account that the unconditional natural extension of P is P itself, and that P(h) <
P({1,...,n})+ 5= P({n+1,...}) = 5= for all n. Applying the first statement from
Theorem 12, we deduce that h does not belong to Ep. ¢

Let us show also that both inclusions in the second statement can be strict:

Ezample 7. Consider first of all Q := {1,2,3,4}, B := {{1,2},{3,4}} and P, P(:|B)
determined by P({3,4}) = 1,P({4}|{3,4}) := 1 =: P({1}|{1,2}). It can be
checked that these previsions are coherent. Given the gamble f := Iy — Ijq,
it holds that Ey(f|Bf) = P(f|{1,2}) > 0, because of Lemma 1(5), whence f €
Ep C &, using the third statement of Theorem 12. On the other hand, the natural
extension E, of P, P(:|B) is given by [19, Theorem 6.7.2] E, = P(P(:|B)), and it
satisfies E,(f) = P({1,2})P(fI{1,2}) =0.

For the second inclusion, take Q := {1,2} and let P be the prevision associated
to the uniform probability distribution on €. Let R be the set of desirable gambles
derived from P through (17). Applying P to the expression for the natural extension
of R in (19), we obtain that £ C {f : P(f) > 0}: to see this, note that for any
non-zero gamble f it holds that E(G(f) +eS(f)) = P(G(f) +¢) = e > 0, and
since P(1) = P(2) > 0 we also have LT C {f : P(f) > 0}. Applying the second
statement in Theorem 12, we deduce that £ = {f : P(f) > 0}, and this is a strict
subset of {f : P(f) > 0}, because the gamble f := (1, —1) belongs to the latter set
but not to the former. ¢

6. COMMUTATIVITY AND EQUAL EXPRESSIVITY

6.1. Commutativity. So far, we have introduced two ways of relating conditional
lower previsions and sets of really desirable gambles: we can derive the conditional
lower previsions from the desirable gambles (Section 4) or we can derive a set
of desirable gambles from the conditional lower previsions (Section 5). We now
proceed to investigate whether these two procedures commute.

First of all, we should like to show that one can take conditional lower previsions
P,(:|1B1),...,P,,(-|Bx) that avoid partial loss, turn them into a (coherent) set of
desirable gambles R, and do inferences from it that are equal to those that can be
obtained from the natural extensions of P, (:|B1),...,P,,(:|Bm). This would allow
us to always work in the domain of desirable gambles even if we start from condi-
tional lower previsions. We proceed to show that this is indeed the case. A similar
result was already established, in a slightly different context, by Peter Williams
in [25, Propositions 2 and 3]. The differences are basically in his formulation of
the coherence condition, which is nevertheless equivalent to the one we are using
in this paper when we have finite partitions, and on the use of conditional upper
previsions. Another difference is that, unlike us, he assumes the zero gamble to
be desirable. For the sake of completeness, we also establish the result within our
framework:

Theorem 13. Consider the sets Q, R derived from the jointly coherent condi-
tional lower previsions Py (-|B1), ..., P,,(:|Bm) by means of Eqs. (16) and (17). Let
Pi(:|B1),..., Pl (-|Bm) be the conditional lower previsions obtained from R through
Eq. (13). Then P;(f;|B;) = P(f;|B;) for all j=1,...,m, f; € H, B; € B;.

Let us give an example of illustration of this theorem:
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Ezample 8. Consider Q := {1,2,3,4}, By := {{1,2},{3,4}}, B> == {{1,3},{2,4}},
and P, (-|B1), Py(-|B2) given by

Py (f{1,2}) :== min{f(1), F(2)},

Py(f1(3.4)) i= TEEIY,
Po(f1{1,3)) = min{/(1), /),
Py(fif2,47) = TEHID

for every gamble f € L. Then P, (:|By), P5(:|B2) are coherent: this follows applying
[12, Theorem 6] to the lower prevision P given by P(f) := min{f(1), W}

The set R of desirable gambles they originate is given by R := Rim} URF’A} U
Rgl’?’} U R§2’4}, where

RV = {f € £:min{f(1), f(2)} >0, f(3) = f(4) = 0},
RE = {feL:f1)=f(2)=0,7(3)+ f(4) > 0},
RV = {f € £:min{f(1), f(3)} > 0, f(2) = f(4) = 0},

R = {feL:f1)=f3)=0,f(2) + f(4) > 0}.

The definition of set REZ, i = 1,2, immediately follows from the application of
Eq. (18) to the corresponding conditional P,(:|B).
Now, if we consider the conditional lower previsions P} (:|B;) and P5(+|Bz) de-

rived from Eq. (13) we recover P, (-|By), Py(:|B2). For instance, given f € L,
Py(f{1,2}) = sup{p: Loy (f — p) € R}
= sup{ys: Ipuoy (f = ) € R{™} = min{ (1), F(2)}.
Here, the second equality follows because if g := Iy 23 (f —p) € ’R?A} we contradict
that g(3)4+g(4) > 0, if it belongs to Rél’g} we contradict g(3) > 0, and if it belongs
to R§2’4} we should have ¢(2) + g(4) = ¢(2) > 0 and g(1) = 0, which means that

= f(1) < f(2) and then again p < min{f(1), f(2)}.
The other cases can be established similarly. ¢

In addition, Williams also showed in [25, Theorem 1] that we can use the set
of gambles £ to derive the natural extensions of the initial assessments. We next
establish this result in our context:

Theorem 14. Consider conditional lower previsions Py (-|B1), ..., P,,(-|Bm) that
avoid partial loss, and let Eq(f|Bo) be their generic natural extension to a gamble
f € L, conditional on a non-empty subset By of Q. Let Q, R be the sets derived from
P.(:|B1),...,P,,(-|Bm) by means of Eqs. (16) and (17), and let € be the natural
extension of R. Let Ey(f|Bo) be the conditional lower prevision obtained from &
through Bq. (13). Then Eq(f|Bo) = E)(f|Bo).

Conversely, we can also start from a coherent set of desirable gambles £ with
respect to £, and define conditional lower previsions P,(-|B1),...,P,,(:|Bm) by
means of Eq. (13). We can use these conditional previsions to derive another set
R’ of desirable gambles by means of Eq. (17). Let & be the natural extension of
R’, defined by Eq. (10).
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Proposition 9. The set of gambles £’ is included in .

To see that we may not have the equality in general, consider the following
example:

Ezample 9. Consider Q := {w1,ws}, and let € := {f : f(w1) + f(w2) > 0}. Take
B := {{w1},{w2}}. Then applying Eq. (13) given any gamble f on £, P(f|{w1}) =
f(w1) and P(f|{w2}) = f(w2). If we now consider the set R’ derived from P(:|B)
through Eq. (18), we obtain

R = {f : f(wl) > O7f<w2> :O}U{f : f(wl) = O?f(w2) > O}a
whose natural extension is (Eq. (10)) & = L™, which is a strict subset of £. ¢

What these two results provide is further evidence that sets of desirable gambles
are more informative than coherent lower previsions: although for a number of
coherent conditional lower previsions there is always a coherent set of desirable
gambles with the same behavioural implications, not every coherent set of desirable
gambles can be recovered from a set of coherent conditional lower previsions.

6.2. Equal expressivity. Taking the previous results into account, we shall inves-
tigate next if there is some particular subclass of coherent sets of desirable gambles
which is as expressive as coherent conditional lower previsions. In the next defini-
tion we make precise the idea of equal expressivity.

Definition 16 (Equal expressivity). Let P(-|B1),...,P,,(:|Bn) be a set of co-
herent conditional lower previsions, @, R be the sets derived from them by means
of Egs. (16) and (17), and let £ be the natural extension of R. Let £ be a coherent
set of desirable gambles. We say that P,(:|B1),...,P,,(-|By) and & are equally
expressive if £ =E'.

This definition is well posed as £ is coherent thanks to Theorem 11 and Propo-
sition 3(d). More generally speaking, the definition hinges on the consideration
that desirability is a more primitive concept than that of lower prevision. There-
fore, when the desirability statements implied by the lower previsions coincide with
those in &’, then all the conclusions we may draw from either of them will coincide
with those obtained from the other (see also Theorem 14).

Now, let us focus on some special sets of desirable gambles.

Definition 17 (Conditional strict desirability). Let £ be a coherent set of desir-
able gambles. Consider f € £, and its e-support Bj for all € > 0. We say that &£ is
a coherent set of conditionally strictly desirable gambles if it satisfies the following
condition:

fe€&=32>0:Ve € (0,8) there is 6. > 0s.t. B}(f —9d.) € €. (22)

The next proposition shows that the desirability-counterpart of sets of condi-
tional lower previsions are sets of conditionally strictly desirable gambles. This
shows in a definite sense that sets of conditional lower previsions are at most as
expressive as a special class of desirable gambles.

Proposition 10. For each finite set of coherent conditional lower previsions there
s a coherent set of conditionally strictly desirable gambles that is equally expressive.
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When 2 is finite, it is possible to provide a tighter link between sets of conditional
lower previsions and sets of conditionally strictly desirable gambles. In that case,
the condition of conditional strict desirability in (22) is equivalent to

fe&E=30>0:Bs(f—0)€ek. (23)

To see that (22) implies (23), note that when Q is finite there is some &’ > 0 for

which Bj = By for every € € (0,¢"). Then it suffices to consider the d. associated

to any € € (0,min{e’,£}) and define § := §.. Conversely, consider again ¢’ > 0 for

which B = By for every € € (0,¢’). Define € := €', and let §. := ¢ for all € € (0,¢).
On this basis, we obtain the next result.

Theorem 15. Let Q be a finite set.

(1) For each coherent set of conditionally strictly desirable gambles there is a
finite set of coherent conditional lower previsions that is equally expressive.
(2) For each finite set of coherent conditional lower previsions there is a coher-
ent set of conditionally strictly desirable gambles that is equally expressive.

What this theorem says is that in the finite case there is a correspondence be-
tween sets of conditionally strictly desirable gambles and sets of conditional lower
previsions. This result may look surprising at first. In fact, Walley motivated the
introduction of real desirability (see [19, Appendix F]), among other things, by
stressing in particular that there may be different sets of desirable gambles that
yield different conditional lower previsions while yielding the same unconditional
ones.™ This shows that really desirable gambles are more expressive than uncon-
ditional lower previsions. Our result goes a step further by showing that this holds
also when we consider sets of conditional lower previsions. And the question is
that, while in the cases discussed by Walley, the differences in the sets of desirable
gambles were possible to reveal by looking at the conditional lower previsions they
originate, in our case this is not possible: what we show, in fact, is that there is some
extra expressivity of real desirable gambles that is not revealed by any conditional
probabilistic statement.

To see what this extra expressivity is for, we have to briefly consider the notion
of preference. In fact, Walley has pointed out long ago [19, Section 3.7] that there is
one-to-one correspondence between sets of desirable gambles R and partial prefer-
ence orderings among gambles: given a set R, say that f is preferred to g (or f = g,
in symbols) whenever f — g belongs to R;** conversely, a partial preference ordering
> originates a set of desirable gambles through the definition R := {f —g¢g: f = g}.
The interpretation at the basis of these transformations is straightforward: f is
preferred to g if and only if it is desirable to give away ¢ in order to have f. We
can also consider a weaker notion of preference: say that f is weakly preferred to g
(in symbols, f > g) if and only if gamble f — g + ¢ is desirable for all € > 0. In this
case f + ¢ is preferred to g for all € > 0, but f itself may not. At this point we are
ready to show how the extra expressivity of desirable gambles comes about:

Ezample 10. Consider Q := {w1,wa}, and let Ry := {f € L : f(w1) + f(w2) >
0},Re :=R1U{f € L: f(w1) = —f(w2) < 0}. Ry and Ry are coherent sets of
desirable gambles with respect to £ (use Proposition 2). Moreover, they originate

13This is true even when the conditional event has probability zero.
145ch a relation is in fact a partial order in general, as it can be the case that neither f — g
nor g — f belong to R.
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the same conditional and unconditional lower previsions on £ through (13): in
the unconditional case we obtain P(f) = W7 and in the conditional case
P(f{w1}) = f(w1), P(f{w2}) = f(w2). Therefore R; and Ry are indistinguishable
as far as probabilistic statements are concerned. This is not the case of preferences.
Consider f := (2,—1) and ¢ := (1,0): under both R; and R it holds that f = g;
but under Ro we obtain the additional, and perhaps unexpected, information that

f=<g ¢

In other words, desirable gambles give us the opportunity to distinguish pref-
erence from weak preference, which is something that probabilities (that is, lower
previsions) do not allow us to do. This point has already been made in particular
in a paper also authored by Walley [21, Example 7(f), and Section 4(f)].

7. CONCLUSIONS

The behavioural theory of imprecise probabilities can be formulated by means
of lower and upper previsions, credal sets of linear previsions, or sets of desirable
gambles. In the unconditional case, there is a well-known correspondence between
the three representations, which allows us to move from one to another. In this
paper we have investigated the more involved situation when we consider beliefs
conditional on some evidence.

We have focused on two problems: how to derive conditional lower previsions
from a set of desirable gambles, and viceversa. For the first problem, we have
established sufficient conditions for the conditional lower previsions to satisfy the
different consistency axioms in [19] (separate coherence, avoiding partial and uni-
form sure loss, weak and strong coherence). The most important result in this
section is Theorem 8, where we give sufficient conditions on the set of desirable
gambles so that the derived conditional lower previsions are coherent, thus extend-
ing some results from the literature. In this section, we also detail the connections
with the important notion of almost-desirability.

With respect to the second problem, we have derived sets of desirable gambles
from conditional lower previsions, and determined under which conditions the con-
sistency properties of the previsions hold onto the gambles. Moreover, we have
showed that these gambles can be used effectively to compute the conditional nat-
ural extensions of our assessments, which represent their behavioural implications.
Specifically, in Theorem 11 we give conditions for the equivalence between the
coherence of the conditional lower previsions and their derived sets of desirable
gambles.

These results have highlighted a well-known fact within the behavioural theory
of imprecise probabilities: that sets of really desirable gambles are more informative
than coherent lower previsions. This is made clearer in Theorem 13 and Proposi-
tion 9 in Section 6.1. However, and in parallel to the situation in the unconditional
case, we prove in Theorem 15 that when the referential space is finite we can con-
sider a subset of the class of sets of really desirable gambles which is as expressive,
in the sense that it allows us to produce the same inferences, as conditional lower
previsions: those which satisfy conditional strict desirability. These are an analog
of the sets of strictly desirable gambles from the unconditional case.

An important remark throughout is that there is an alternative definition of
coherence for sets of desirable gambles which assumes that the zero gamble is desir-
able, and as a consequence it includes it in the natural extension of a set of desirable
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gambles that avoids partial loss; see, for example, [3, 19, 25] for some papers that
follow this approach. The results we have established in this paper can be adapted
to this alternative definition, by making some minor modifications: for instance the
expression of the natural extension in Definition 10 will be different now, and this
means that the equivalent expressions in Theorem 9 should be slightly modified.

With respect to the open problems deriving from this paper, one of the most
important is the generalisation of the results in this paper to conditional lower
previsions on infinite partitions. In fact, despite the formulation of desirability
in this paper is very general (among other things, we allow for any cardinality
of the possibility space), we have restricted the attention to finite conditioning
partitions. In order to relax this requirement, one has to deal carefully with the
issue of conglomerability, which is discussed in some detail in [19, Chapter 6] (see
also [24] and [16]) and which is one of the points of disagreement between the
approaches to coherence of Walley and Williams, as well as de Finetti’s. On our
view, this would mean (i) to deepen the discussion concerning whether or not
conglomerability can be justified as a rationality requirement (which is the major
source of disagreement between the above-mentioned authors); and (ii) to verify
how severe are the technical implications of adding a conglomerability axiom to
our notion of coherence for sets of desirable gambles, as it is already quite clear
that this is going to complicate the computation of the natural extension. Another
open problem would be the extension of the results on equal expressivity to infinite
spaces.

Finally, it is useful also to point out that the results of this paper have a di-
rect bearing on a topic in artificial intelligence that is currently subject of much
attention: modelling preferences (and in particular partial preferences, see [9] for
some recent work). Preferences are increasingly important for AT sectors as diverse
as agents, machine learning, and argumentation, to say a few. The relationship
between desirability and preferences is very tight, as we have described at the end
of Section 6.2: there is actually one-to-one correspondence between sets of desir-
able gambles and partial preference orderings, so that the material in this paper
can immediately be re-phrased as a study on the relationship between preference
modelling and imprecise probability. Exploring this link further appears to be a
promising research avenue.
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APPENDIX A. ADDITIONAL RESULTS

This appendix collects some additional results that are related to the main dis-
cussion in the paper but are not necessary to follow it. We report them here to ease
the accessibility of the paper to the reader more interested in the main development.

A.1. Regular conditioning. In this section we investigate when the conditional
lower previsions obtained from a coherent set of desirable gambles R through
Eq. (13) match those that would be obtained by applying regular extension on
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the associated unconditional lower prevision. Taking into account Proposition 7,
we shall assume Q = £ here.

Definition 18 (Regular extension). Given a set M of linear previsions and a
partition B of Q, the regular extension R(-|B) is given by

. [P(Bf)
R(f|B) := inf
for every B € B, f € L whenever there is some P € M such that P(B) > 0, and is
given by R(f|B) := inf,cp f(w) otherwise. This amounts to applying Bayes’ rule

to the dominating linear previsions whenever possible (i.e., disregarding the linear
previsions that assign zero probability to the conditioning event).

. P e M, P(B) >o}

If we have an unconditional coherent lower prevision P, the regular extension
R(:|B) is derived from P by applying the above definition to the credal set M(P).
When the partition B of € is finite, as it is the case in this paper, it follows
from [19, Appendix (J3)] that P, R(-|B) are coherent. The regular extension has
been proposed and used a number of times in the literature as an updating rule
[2, 6, 7, 8, 19, 20]. For the case of finite 2, a comparison with natural extension
has been made in [12, 14].

Now, denote by P(f|B) the lower prevision of f € L conditional on B € B
obtained from R through (13). Let R denote the closure of R in the topology of
uniform convergence. R is a set of almost-desirable gambles according to Proposi-
tion 4. Let M be the corresponding set of linear previsions, P be its lower envelope,
and R(f|B) the associated regular extension. The following proposition gives a nec-
essary and sufficient condition for the procedure of Eq. (13) to provide us with the
regular extension.

Theorem 16. Consider B € B and f € L. Then P(B) > 0 and P(f|B) = R(f|B)
if and only if

peER,B(f—pu)eR= B(f—(u—¢)) € R Ve >0. (24)
An immediate corollary that we establish without proof is the following:

Corollary 5. Consider B € B. Then P(B) > 0 and P(f|B) = R(f|B) for all
f € L if and only if
Bf e R= B(f+¢) € R Ve > 0. (25)

This corollary generalises the result given by Theorem 3 in [1]. Such a theorem
shows that the condition

fER=f+eBeERVYe>0 (26)

implies P(B) > 0 and P(f|B) = R(f|B). The above corollary shows that this
condition is unnecessarily strong as we do not need to take into account gambles f
such that Bf # f.

Remark 6. The same reference [1] makes two additional claims, which we briefly
discuss in our language. The first (in Lemma 1 from that paper) is that P(B) > 0
is sufficient for (26) to hold. An analogous claim is easy to obtain in our context: in
fact, when P(B) > 0, GBR determines uniquely the lower prevision conditional on
B, and therefore the regular extension R(f|B) coincides with P(f|B), so that (25)
follows.
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The second claim (Lemma 2 in [1]) can be reformulated in our context as follows:
if P(B) >0,B(f—p) € Rand B((p—¢)—f) ¢ RVe >0= B(f —(n—¢)) €
R Ve > 0, then (24) holds. But since P(B) > 0, we know, thanks to Proposition 5,
that there cannot be ¢ > 0 such that B((u —¢) — f) € R, as otherwise —e¢B =
B((f —p) + ((u —¢) — f)) € R, thus violating (15). In other words, under the

condition P(B) > 0, the assumption
B(f —pu)eRand B((u—¢)—f)¢RVe>0= B(f—(u—¢c)) €R Ve >0

reduces to B(f —u) € R = B(f — (u—¢)) € R Ve > 0, which is Eq. (24), and
which is equivalent to the equality P(f|B) = R(f|B) because of Theorem 16. 4

A.2. On weak desirability. In this section, we briefly discuss another approach
to sets of desirable gambles which was recently introduced by de Cooman and
Quaeghebeur in [5]: that of a set of weakly desirable gambles. This is an inter-
mediate notion between those of desirability and almost-desirability, and it was
introduced in the context of exchangeable imprecise models.

Given a coherent set of really desirable gambles R, the set of weakly desirable
gambles associated to R is defined by

Dr={f:f+geRVgeR]} (27)

It follows immediately from this definition that R U {0} C Dx.

We can study the properties of a set of weakly desirable gambles by means of
the following axioms:
(WD1) f<0= /¢ Dr.
(WD2) f>0= f€Dxg.
(WD3) fe€Dr,A>0=\f € Dx.
(WD4) f,g€e Dr = f+g¢€Dxr.
(WD5) If f 4+ 6 € Dg ¥V > 0 and it does not hold that f < 0 then f € Dx.

From [5, Proposition 5], the set Dg originated by a coherent set of really desirable
gambles satisfies (WD1)-(WD4). We next give a sufficient condition for a set of
gambles to be a set of weakly desirable gambles.

Proposition 11. For every set of gambles D satisfying (WD1)-(WDS5) there is a
coherent set of really desirable gambles R such that Dr = D.

However, not every set of weakly desirable gambles associated to a set R of
desirable gambles satisfies (WD5), as the following example shows:

Ezample 11. Let Q := {w1,ws} and let R := {f : f(w1)+ f(w2) > 0}U{f : flw1) >
0, f(we) = —f(w1)}. Then R is a coherent set of really desirable gambles. Its
associated set of weakly desirable gambles is Dg = RU{0}: given a gamble f such
that f(wi) + f(w2) = —e < 0, the constant gamble equal to § belongs to R and
[+ 5 does not belong to R; on the other hand, if f(w;)+ f(w2) = 0 and f(w1) <0,
then —% belongs to R but f — 5 = % does not.

To see that R does not satisfy (WD5), note that the gamble f given by f(w;) =
—1, f(we) = 1 satisfies that f +0 € R C Dg for every § > 0, but f ¢ Dr. ¢

On the other hand, a coherent set of really desirable gambles R lies between the
associated sets of strictly desirable R and almost-desirable R gambles. It is not
difficult to see that the associated set of weakly desirable gambles lies between the
coherent set of really desirable gambles and the coherent set of almost-desirable
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gambles: remember that R is the topological closure of set R (see Proposition 4);
then it is clear that R undergoes the same condition as in Eq. (27) but restricting
ourselves to gambles g which are constant on some € > 0.

We next show that for the purposes of our work in this paper, really desirable
gambles and weakly desirable gambles are going to provide the same information:

Proposition 12. Let R be a coherent set of really desirable gambles, and let Dr
be its associated set of weakly desirable gambles. Then for every subset B of Q) and
for every gamble f,

sup{p : B(f — p) € R} =sup{p: B(f — p) € Dr}. (28)
APPENDIX B. PROOFS
This appendix gathers the proofs of all the results in the paper.

Proof of Proposition 1. We make a circular proof. Let us show that the first state-
ment implies the second. Assume Eq. (3) fails. Then there are ¢ > 0, g;-“ € HY,
j=1,...,m,n; > 1, k=1,...,n;, such that for all w € Q,

>N GidkIB)) +eSi(9h) | (w) <0,
j=1k=1
and hence
SN GEEB) | W) <= D038l | (w) <0
J=1k=1 j=1k=1

for every w € S(gf), since not all the g;“ are zero gambles. This implies that the
conditional lower previsions P, (-|By), ..., P,,(:|Bm) incur partial loss.

That the second statement implies the third follows by taking into account that
the sum in Eq. (4) is zero outside S(g;-“).

Finally, assume that Eq. (4) holds. If our conditional lower previsions incur
partial loss, then there are § > 0, n; > 1,9;-C eEHI,j=1,....m k=1,...,n,,
such that not all the g;“ are zero gambles, which lead to

S5 Gy (gE B W) < -

j=1k=1
for all w € S(gf). Therefore, we can define € := ﬁ, and obtain that for all
j=1"J
w € S(g5),

0> Gilgh1B) +eSi(g)) | (w) =
| i=1k=1

3

j

ZZ (g5 1B)) | (W) +e DD Si(g

j=1 j=1 k=1
Z;'nzl 5
I+ Z;n:l n;

This implies that expression (4) fails, a contradiction. O

—0+6- < 0.
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Proof of Lemma 1. 1. Consider j € {1,...,m}, f; € H/, B; € Bj, and let us
consider the gamble B; f; € H7. Then for all a < P;(f;|B;) it holds that
sup  [G;(B; f;1B;) — B;(f; — a)]
S(B; f;)UB;
= Sgp[Gj(fﬂBj) = Bj(f; —a)] = a— P;(f;|B;) <0,
5
whence Eq. (7) implies that E;(f;|B;) > «. As a consequence, E;(f;|B;) >
P (f51B;)-
2. Let us consider the direct implication. Take f € £ and By C Q, By # ). By
definition of natural extension, we know that for all & < E(f|Bg), there
arej=1,...,mn; > 1,k = 1,...,nj,g;-C € H7, § > 0 such that

Bo(f —a)— 5> 53 G,(4h1B)) (20)

j=1k=1
in S(g}“) U By. Let us show that any such « is smaller than sup,cp, f(w),
from which we deduce that E(f|Bo) < sup,cp, f(w). In the case where
all the g;? are zero gambles, that follows immediately from (29) as a <

infucp, F(w) < supyep, F(@).

Let us assume that not all the g;? are zero gambles. It follows from (29)
that (i) the gamble 327", > onl, Gj(gF|B;) is bounded by —4 in S(g¥) \ By,
and (i) that supc s, (Bo(f — 0)](@) > supuep, [y S0, Gylo|By)] ).
On the other hand, knowing that P, (-|B1), ..., P,,(-|Bm) avoid partial loss
tells us (iii) that 377", > oni1 G;(gF|B;) has non-negative supremum over
S(g;?), and hence also over S(g}“) UBy. By using (i) and (iii), we obtain that
SUP,e B, [Z;n:l S, Gy (gﬂl’)’j)](w) > 0; this, together with (ii) allows us to
deduce that sup,,c g, [Bo(f —)](w) > 0, and hence that o < sup,cp, f(w).

For the converse implication, let us assume that P, (:|B1),..., P,,(:|Bm)
incur partial loss, and show that this leads to an infinite natural extension.
From Definition 5, there are j = 1,...,m,n; > 1.k = 17...7nj,g§C e H,

not all the g;? equal to the zero gamble, such that

swp |33 6i(a1B) | (@)= 5 <0,

wes(g%) =1 k=1
Multiplying both sides of the equality by A > 0, and taking into account
that )\Gj(gﬂBj) = Gj()\gﬂBj), Sj(gf) = Sj(/\g;-“) when A > 0, and that
g;?,)\ = )\g;-c belongs to H7, we see that for every A > 0 there are j =
1,...,mn; > 1,k = 1,...,nj,g;?7/\ € H’, where not all the g;i)\ are equal
to the zero gamble, such that

m Ny

sup | Y > Gi(ghalB)) | (w) = —As <.

weS(g¥) | j=1 k=1

The key point here is that S(g;-“) does not depend on A. This means, in
other words, that we can find gambles that make the double sum as small
as we wish on each element of the fized set S(gf).
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Now, take any f € £, and jo € {1,...,m}, By € B, s.t. By € S(gf)
(we can do so because S(g k) is not empty as not all the g}“ are zero
gambles). Choose also o > 0, and let p := infg k)B()(f a). Then

it is enough to choose A > 0 such that —A\§ < u, in order to know
that there are j = 1,...,m,n; > 1,k = 1,...,n],g“ € H7, such that

S okl GilghAIBy) < =Ad < p < Bo(f — a) in S(gf) U By = S(g}),

whence

ng

Z ngg,\|3) By(f —a) < =X—pu<0

j=1k=1

on S(g¥)U By = S(gF), taking into account that —By(f —a) < —p and that
—Ad — p < p— p = 0. Since we can do this for any a > 0, it follows that

. Consider f; € Lfor j =1,...,m, jo € {1,...,m}, By € Bj,, fo € L, and

let us show that

sup [Z B, (1;1B)) = Bolfo — B, (ol Bo) () 2 0. (30)

weS(f;)UBo

Assume ex-absurdo that the above supremum in Eq. (30) is smaller than
—0 for some § > 0. Fixe := % > 0. Then, since from the second statement
E,(fi|B;) is finite for every i = 1,...,m and every B; € S;(f;), there is an
integer n; > 1 and gambles g%i;j e H,j=1,....mk=1,...,n; such
that

nj

(523" Gilgh, 11B)) = Bilti = Ei(filBi) + )] (@) < —6i,p, < 0

=

for some positive real d; p,. By making the sum over all B; € S;(f;), we
deduce that

m NG

(ZZG (95, 1B;)—Bi(fi (fz|B)+€))}( )< — min d;p <0

Biesi(fl)

1€8:(fi) J=lk=1

for all w € S;(f;) US(gghj). If we now make the sum over all the partitions,
we deduce that

m N

Bi(fi—E;(/i|Bi +8)} w)<— min & p
202 (fimEi(filBi)+e) ) | (w) Lpin  0in
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on S(f;) US(gghj). Consider now v € (0,%). Givenw € (S(g%i,j) NS(fi))U
By, it follows that

m Ny

[Z 2. 2D GilgnylB

=1 B;€S;(f;) j=1 k=1

= Bo(fo = E;(fol Bo) = 7)] )

m Ny

- [i (ZZGJ gB,,J|B (fi*Ei(dei)Jrs))}(w)

=1 Bzesi(fb) Jj=1k=1

+[> Bi(f: = Ei(filB) + ) = Bo(fo — E;, (fol Bo) = 7)| (@)

i=1 B;€S;(f:)

6

On the other hand, if w € S(Q’fai,j) \ (S(f;) U By), then

2> Gylah51B)) — Bolfo — Ej, (fol Bo) = )] (@)

B } < — i 6B, <0;
1)] () s

we conclude that we can increase E; (fo|Bo) in v, a contradiction with the
definition of the natural extension.

. Let Pi(:|B1),..., P, (-|Bm) be coherent conditional lower previsions on £
that dominate Py(-|B1),...,P,,(-|Bm) on their domains. Assume there
are some jo € {1,...,m}, By € Bj,, fo € L, such that P} (fo|Bo) <
E; (fo|Bo). Then it follows from the definition of E; (fo|Bo) that there
are g;? €eHin; >1,j=1,...,mk=1,...,n; such that

sup [ZG (9}1B;) = Bo(fo = B}, (folBo))| (@) <0,

U.)ES(_(]J )UBo —

and since B}(gﬂBj) > Ej(gﬂBj) forall j=1,...,mk=1,...,n;,

sup [ZG' (91B;) — Bo(fo E;O(fO\BO))}(wKo.

wES(g )UBg —_

This contradicts the coherence of P} (+|B1),..., P, (:|Bm)-
. Assume first of all that P,(-|B;) = E;(-[B;) for j = 1,...,m. Since
P(:|B1),...,P,,(-|Bm) are separately coherent, they are in particular fi-
nite. Applying the second statement, P, (:|B1),..., P,,(-|Bm) avoid partial
loss, and using now the third statement we deduce that the natural exten-
sions E,(:|B1),...,E,,(:|Bm), and therefore also P,(:|B1),...,P,,(:|Bm),
are coherent.

Conversely, if the lower previsions P, (:|B1),...,P,,(-|Bm) are coher-
ent but there is some jo € {1,...,m} and go € H’°,By € Bj, such
that P, (g0|Bo) < E;, (go|Bo), then Eq. (7) implies that there are j =
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thus contradicting the coherence of P, (:|B1), ..., P, (:|Bm)-
O

Proof of Corollary 1. The statement is a direct consequence of the second part of
the proof of statement 2 in Lemma 1, which shows that if P, (-|B1),...,P,,(-|Bm)
incur partial loss, there must be j € {1,...,m}, B; € Bj, such that E;(f|B;) = +o0
for all f e L. |

Proof of Proposition 2. Let us assume that the axioms hold and prove that QNE C
R. We use Eq. (10). Given g € QN E, if g € LT then it follows from (APG) that
g € R. Otherwise, if g ¢ LT then g > >7"_, A;g; forsomer > 1,5 € {1,...,r},g; €
R,A; > 0. By using (PHM) and (ADD), we obtain that }>7_, \;g; € R. Since
Q is linear, it holds that gy := g — Z;:1 Ajg; belongs to Q, too. If go = 0 then
g = 22:1 Ajg; € R. Otherwise, condition (APG) implies that go € R and then
applying (ADD) we obtain that g belongs to R.

Let us show now that R avoids partial loss as in Definition 11. Assume, by
contradiction, that 0 € £&. Then 0 > Z;Zl Ajgj for some r > 1,5 € {1,...,r},g; €
R,A\; > 0. Let go := 0 — Z;Zl Ajg;. The case go = 0 is not possible because the
previous part of the proof has shown that Z;:1 Ajg; € R, and 0 ¢ R by (APL).
Therefore it holds that go € £*. But gy belongs also to Q, because Q is linear,
and by (APG) we see that go € R. By (ADD) we obtain that 0 = >7_, \;g; —
> j=1Ajgj € R. This is a contradiction with (APL).

Assume conversely that R avoids partial loss and R = @ N E, and let us prove
that the axioms hold. That (APL) holds follows trivially from R C £ and the fact
that R avoids partial loss. Concerning (APG), if g € Q is such that g € LT, then
g € & and hence g € QNE =R. As for (PHM), if g € R and A > 0, then \g € Q,
because Q is a linear set, and Ag € &, by definition: whence, \g € QNE = R.
Finally, and analogously, if f,g € R, then f+ ¢ € Q, because Q is a linear set, and
f+g €&, by definition: whence, f + g€ QNE =R, and (ADD) holds. O

Proof of Proposition 3. Regarding point (a), if a gamble g in the natural extension
of € belongs to LT, then it belongs to £ too; otherwise g is such that g > 22:1 Ajgj
for some r > 1,5 € {1,...,r},g; € £,\; > 0, where we can assume without loss of
generality that g; ¢ LT for all j € {1,...,7}. Moreover, each g; in the sum belongs
to £ and hence it is such that g; > 22321 Ak, gk;, for some r; > 1, g, € R, Ag; > 0.
It follows that g > Z;:1 Zg:l AjAk, gk, for some r > 1,75 > 1,95, € R, Aj >
0,Ax; > 0. This shows that g belongs to £, and hence that the natural extension
of € is included in €. The opposite inclusion holds trivially. Concerning point (b),
if R is included in a coherent set £ then £ is included in the natural extension of
&', which from the first point is again £’. Point (c) follows trivially from point (a).
Point (d) follows trivially from points (a) and (c¢). The direct implication in point (e)
is trivial, given the definition of £ and point (d). For the converse implication,
consider that: & must include the natural extension &, because of point (b); this
implies that £ avoids partial loss, considered that its natural extension is £ itself, as
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in point (a); then R avoids partial loss because of point (¢). The direct implication
in point (f) is trivial. For the converse implication, consider that R avoids partial
loss since £’ contains R and because of point (e). Now, take g € QN E. Since
& C &', thanks to point (b), then g € QNE’' = R. For the direct implication in (g),
note that if R is included in a coherent set £, then £’ avoids partial loss. Applying
(b), we deduce that so does £, and then points (c¢) and (d) imply that £ is coherent.
The converse implication in (g) is trivial. Finally, (h) is a consequence of points (b)
and (g). O

Proof of Corollary 2. Consider g < 0, and assume by contradiction that g € £. £
is coherent because of Proposition 3(d); hence it includes —g € £*. Moreover,
by (ADD) in Proposition 2, we obtain that 0 = g — g € £, a contradiction. O

Proof of Proposition 4. Remember that £ is coherent given that R avoids partial
loss, because of Proposition 3(d). Let us define & :={g€ L: g+ € £ Vd > 0},
and let us prove that this is a coherent set of almost-desirable gambles. For this,
we are going to prove that it satisfies the axioms in Definition 13:

(PHM) Let g € £, A > 0. Then g+ 6 belongs to £ for every § > 0, and A(g+6) =
Ag—+Ad also belongs to & for every ¢ > 0, thanks to (PHM) in Proposition 2.
As a consequence, \g € £'.

(ADD) Given f,g € & and 6 > 0, f+ g+ = (f+$) + (¢ + &) € £, thanks to
(ADD) and (APG) in Proposition 2. Hence, f + g € &'

(ASL) Let g € L satisfy supg < 0. Then there is a § > 0 such that g + 6 < 0.
Then g+ 6 ¢ € because of (APL’). This implies that g ¢ £’.

(ASG) Let g € L satisfy inf g > 0. Then g+ 6 € £ for all § > 0 because £ satisfies
(APG) in Proposition 2, and as a consequence g € £’.

(CLS) Finally, if g + ¢ € &' for every § > 0, we deduce that g + §' € £ for all
6’ > 0, and as a consequence g € £’.

Applying [19, Theorem 3.8.5], £’ is equal to
{geL:P(g) >0VP e M)},
where
M(E)={P:P(g)>0Vge&'}={P:P(g) >0Vge&} = M(E)=M(R).

To see that M(E") = M(E), consider first that by definition g € £’ implies that
g+ € & forall 6 >0. For the inclusion M(E") O M(E), take P non-negative
on all the elements of £ and g € £’; then P(g) +0 = P(g+6) > 0 for all § > 0,
and this implies P(g) > 0. As a consequence P is non-negative on all the elements
of &'. The inclusion M(E') € M(E) is trivial. To see that M(E) = M(R), it
suffices to prove that M(E) D M(R), since the inclusion M(E) C M(R) is trivial
as R C &£. Take P non-negative on all the elements of R. By definition g € £
implies that either g € £*, and then trivially P(g) > 0, or g > 377_ A;g;, for
some 7 > 1, g; € R, A; > 0. In this second case, the linearity of P implies that

P(Z;:1 Ajg;) > 0 and its monotonicity that P(g) > 0. Hence,

{geL:P(g) >0VPEMMR)}=E ={geL:g+5c&V>0}.

It remains to prove that & = &, where the closure is taken in the topology of
uniform convergence. To see that & C &, note that for any gamble g in &', ¢ is
the uniform limit of the sequence {g + % :n € N}, and that each element of the
sequence belongs to &; as a consequence, g belongs to £. Conversely, to see that
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E'" D &, let (gn)n be a sequence of elements in € that converges uniformly to g.
Then for every § > 0, there is some ns € N such that ||g, — g|| < § Vn > ns, whence
g+ 9 > g, Vn > ng and therefore g + 0 € &, because £ is closed under dominance.

This implies that g € £’. As a consequence, &' = €. O

Proof of Theorem 5. Let f be a gamble on ), B € B.

(1) Given p < inf,ep f(w), it follows from (SDb) that the gamble B(f — u)
belongs to R, and as a consequence P(f|B) > inf,cp f(w).

(2) Similarly, if R satisfies (SDa) then for every p > sup,cp f(w) the gamble
B(f — p) does not belong to R, whence P(f|B) < sup,cp f(w).

(3) For every € > 0, there is some u € R such that P(f|B) —e < u < P(f|B),
and such that B(f—pu) € R. Then for every ' < p it holds that B(f—u') =
B(f—u)+ B(p— ). If R satisfies (SDb), it follows that B(u— i) belongs
to R, and then applying condition (ADD) we deduce that B(f — u') also
belongs to R.

(4) To conclude with the fourth statement, we have showed above that condi-
tion (SD) is sufficient for P(-|B) to be well-defined. To see that it is also
necessary, assume that R does not satisfy axiom (SDa), i.e., that there is
a gamble f < 0 and some B € B such that sup_cp f(w) < 0 and f € R.
Then it holds that the gamble Bf > f also belongs to R because this set
is closed under dominance, whence P(f|B) > 0 > sup,,cp f(w). Similarly,
if it does not satisfy (SDb), there is a gamble f > 0 and some B € B such
that infg f > 0 and f ¢ R. Since f > Bf, we deduce that Bf ¢ R and
therefore P(f|B) <0 < inf,ep f(w).

O

Proof of Proposition 5. We begin with the direct implication in (15). Assume that
P(B) = 0. Then given any gamble g and p > supp g, it holds that

0> P(B(g—n)=—P(B(p—2g)) > —(n—infg)P(B) =0

whence P(B(g — p)) = 0. From [19, Theorem 3.8.1], we deduce that B(g — pu) =:
fenD.

Conversely, assume that there is a gamble f < 0 in D such that supg f < 0.
Since f € D implies that P(f) > 0, and since Bf > f because f is non-positive, we
deduce that P(Bf) > 0, whence —P(—Bf) > 0, or, equivalently, P(—Bf) < 0. But
since —Bf > 0 implies that P(—Bf) > 0, we deduce from this that 0 = P(~Bf) >
infg(—f)P(B) > 0, whence P(B) = 0.

The proof of the remaining part of the proposition is trivial given (15). (]

Proof of Theorem 6. Since the domain of P(:|B) is the linear set of gambles L,
separate coherence is equivalent to conditions (SC1)—(SC3). Let us show that these
conditions are satisfied when R satisfies the axioms (SD), (PHM) and (ADD):

(SC1) This follows from condition (SD) because of Theorem 5.

(SC2) Let f € £L,A > 0. From Eq. (13), for every B € B, it holds that P(Af|B) =
sup{p|B(Af — p) € R} = sup{\/[B(Af — A') € R} = sup{\/|AB(f —
p') € R} = Asup{p/[AB(f — i) € R} = Asup{/|B(f — ') € R} =
AP(f|B), where the one-but-last equality holds because, from (PHM), a
gamble g belongs to R if and only if A\g € R for every A > 0.
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(SC3) Consider gambles f,g € R, and € > 0. Then there are u; € [P(f|B) —
= P(f|B)), iz € [P(g]B) — £, P(g|B)) such that the gambles B(f— ;) and
B(g— p2) belong to R. Applying (ADD), we deduce that B(f+g— 1 — p2)
belongs to R and therefore P(f + g|B) > P(f|B) + P(g|B) — . Since we
can do this for every € > 0, we deduce that P(f+g|B) > P(f|B)+P(g|B).

O

Proof of Proposition 6. It suffices to prove the first point, since the second follows
as a particular case. Let us define the conditional upper prevision P(:|B) by

P(f|B) := —E(~f|B) = nf{p: B(u— f) € R}
for every f € L and every B € B. It follows from Theorem 6 that P(:|B) is
separately coherent, and from [19, Theorem 6.2.6] that P(f|B) < P(f|B) for every
feL,BeB.

Assume that P(-| B) is a linear conditional prevision, i.e., P(f|B) = —P(—f|B) =
P(f|B) for every gamble f. Given some gamble g and some £ > 0, there are two
possibilities: either P(g|B) = P(g|B) > 0, and then since B(g — u) € R for ev-
ery u < P(g|B) because of Theorem 5(3), we deduce that Bg belongs to R; or
P(g|B) = P(g|B) < 0, whence the definition of P(g|B) and the same result implies
that B(e — g) € R for every € > 0.

Conversely, assume (LC) holds and let us show that P(f|B) = P(f|B) for every
gamble f and every B € B: assume ex-absurdo there is some gamble f for which
P(f|B) < P(f|B); take 0 < 5 < P(f|B) — P(f|B), and ¢ == P(f|B) ~ P(f|B) - 6.
Then the definition of P(f|B) implies that B((f — P(f|B)) — 5) does not belong
to R because ¢ > 0, and similarly the definition of P(f|B) implies that

€

B(5—(f~P(fIB)~3)) = B(e— (f — P(f|B)) = B(P({|B) =6~ ) ¢ R.

This contradicts (LC). From the equality P(f|B) = P(f|B) for all f € £ and all
B € B we deduce applying [19, Thm. 6.2.6(c)] that P(-|B) is a linear conditional
prevision. (I

Proof of Corollary 3. 1f D is a coherent set of almost-desirable gambles that satisfies
(SD), it satisfies the hypotheses of Proposition 6. As a consequence, if P(:|B)
is a linear conditional prevision, then given B € B and a gamble f € L either
Bf € Dor B(e — f) € D for every ¢ > 0. But in this second case conditions
(ASG) and (CLS) imply that B belongs to D, and using (ADD) we deduce that
B(e — f) + B% = ¢ — Bf belongs to D; since this holds for every ¢ > 0, we can
apply (CLS) and deduce that —B f € D. Conversely, it follows from axioms (APG)
and (ADD) that if D is a coherent set of almost-desirable gambles and —Bf € D,
then also B(e — f) € D for every £ > 0, so condition (LC) holds and therefore D
originates a linear conditional prevision. O

Proof of Proposition 7. If R is coherent it avoids in particular partial loss, and
therefore £ is coherent with respect to £ thanks to Proposition 3(d). Since condi-
tions (APG) (with respect to £) and (APL’) guarantee that (SD) holds, we deduce
from Theorem 6 that P4(-|B) is separately coherent.

For the second statement, note first of all that if R satisfies (SD), Theorem 6
guarantees that the conditional lower prevision P,(:|B) is separately coherent, and
as a consequence so is P;(-|B), which is its restriction to Q.
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Now, since R is a coherent set of really desirable gambles with respect to the
linear set Q, it follows that & = LT U {g > h for some h € R} (cf. (11)). As a
consequence,

P, (f|B) = max{sup{a : B(f — a) > h for some h € R},sup{a: B(f —a) € LT}}
= max{sup{a : B(f —a) > h for some h € R},i%f f}

=sup{a: B(f — a) > h for some h € R}

for every f € £ and every B € B, where last equality follows because, using the
separate coherence of P,(-|B),

sup{a : B(f—a) > h for some h € R} > sup{a: B(f—«) € R} = Py(f|B) > i%ff.
(31)

Let us prove that in fact
Ps(f|B) =sup{a: B(f — a) € R} = Py(f|B). (32)
Consider oo < P4(f|B), and take h € R such that B(f —«) > h. Then for every

e >0,
B(f—(a—e) =h+eB+B(f—a)— I

the gamble B(f — «) — h is non-negative, whence B(f — «) — h + ¢B is a non-
negative gamble which is strictly positive in B. Applying (SD), we deduce that

B(f —a) — h+¢eB belongs to R, and since R also satisfies (ADD), also h+ B(f —
a) —h+eB = B(f —a) +eB belongs to R. As a consequence,

sup{p: B(f —u) € R} > a—¢ for every a < Ps(f|B),e > 0,

whence sup{p : B(f —p) € R} > P5(f|B). Since the converse inequality is already
shown in (31), we deduce that Eq. (32) holds. From this we also deduce that
B(f — a) belongs to R for every a < P5(f|B).

To complete the proof, let us show that P4(:|B) is the natural extension of
P,(-|B). Since from the above result we see that Ps(f|B) = P,(f|B) for every
gamble f € Q and every B € B, we see that P4(:|B) is a separately coherent
extension of P, (:|B) to all gambles, which from the fourth statement in Lemma 1
dominates the natural extension E, (:|B) of P, (:|B). Conversely, given B € B, f € L
and a < P5(f|B), the gamble g := B(f — «) belongs to R C Q, whence P,(g|B) >
0, and therefore

Gi(9|B) = B(f —a) <g—=B(f —a) =0.
As a consequence, given € > 0,
G1(9|B) = B(f —a) —eB = G1(g|B) = B(f — (a —¢)) <0

on S(g) U B = B. This implies that E,(f|B) > a — ¢ for every a < P5(f|B) and
every € > 0, and therefore E,(f|B) > P5(f|B). Hence, P;(-|B) coincides with the

natural extension E, (-|B) of P,(-|B) on all gambles. O
Proof of Theorem 7. Assume they do not. Then taking into account Proposition 1,
there are € > 0 and gambles f; for j = 1,...,m, not all of them equal to zero, such
that

sup | Y Gi(fi1B;) +Si(f;)| (w) <0.
weS(f;) j=1
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For every j = 1,...,m and every B; € B,, the gamble G,(f;|B;) + B, belongs
to R. Applying (ADD), and taking into account that the partitions are finite, we
deduce that Z;"Zl G;(f;|1Bj)+S;(f;) also belongs to R. But this is a non-positive
gamble which is strictly negative on each B; € S;(f;) for j =1,...,m. Thisis a
contradiction with (SD). O

Proof of Theorem 8. Counsider f; € L for j =0,...,m, jo € {1,...,m} and By €
Bj,. Let us show that

sup | Y G;(f51B;) — Gy (fol Bo) | (w) > 0.
Wes(fj)UBO j=1
If the above supremum is equal to —§ < 0 then given ¢’ := m—_H > 0 it holds that
> (Gi(£i1B;) + 8'S;(f5)) = Gjo (fol Bo) + 8'By < 0,
j=1
whence
Gjo(fol Bo) = 8'Bo 2 Z 5(151B;) + 'S5 (£5)). (33)
From the third statement in Theorem 57 we see that for every j = 1,...,m and

every B; € S;(f;), the gamble B;(f; — P(f;|B;) + ¢') belongs to R. Applying
(ADD), we deduce that the right-hand-side in Eq. (33) belongs to R, and taking
into account that R includes all non-negative gambles and satisfies axiom (ADD),
we deduce that G, (fo| Bo) —0' By also belongs to R. But if Bo(fo—P;, (fo|Bo)—0d")
belongs to R we can increase the value of P, (fo|Bo). This is a contradiction with
Eq. (13). O

Proof of Proposition 8. Call Ry the set in the r.h.s. of the equality in the state-
ment. Take g := G;(f;|B;) +eB; from R. It is clear that gBf = 0, and also
that g € H7, as it follows from the assumptions on the domains that have been
done in Remark 1, Section 2.2. Moreover, P;(g|B;) = P;(G;(f;|B;) + eB;|B;) =
DP,(fj|Bj)—P;(f; \B )+¢& > 0, where the second passage holds because of separate
coherence (see [19, Lemma 6.2.4 and Section 6.2.6]). Conversely, consider g € Ry.
Then there are j € {1,...,m}, B; € B;, such that g € Hj,gBj =0,P;(g|Bj) >0
Let € := P;(g|B;j). Then B;(g — (P;(g9|B;) —¢)) = gB;j = g, and hence g € R. [

Proof of Theorem 9. Let £ denote the set of gambles satisfying condition (19), and
let & be the set of gambles satisfying condition (20). We shall make a circular proof
of the equalities £ = & = &,.

Let us show that £ C &;. Take g € £. By definition, if ¢ € £T then g € &;.
Otherwise, g can be written as follows:

m Ny

g>ZZ>\k flek: +€kBk ZZ fk|Bk +EkBk
j=1k=1 j=1k=1
for some j =1,...,m n] >1,k= 1,...,nj7)\j > O,fJ’?c € 7‘(7,B§C € Bj,sé? > 0, and
with fjk = A? J’f’ gk = )\f ;‘3, where the second passage is possible thanks to the
assumptions about the domains H? made in Remark 1.
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For the generic term G (fk \Bk) NkBk in the sum there are two possibilities: (i) if
Bf € 5, (f ), then we consider the gamble g5 = f’“B;»“7 so that Gﬂff\Bf)—i—éfo =

G;(g¥|B;) +éks; (gj ); (i) If BY ¢ S](fjk), then we consider the gamble g% := &¥BY
so that, again, G;(fF|BF) + & B = & BY = G;(g}1B;) + €55;(g5).

As a consequence, if we take € := min; 5’? > (0, we can write

ZZ (95185) + €85(95),

j=1k=1
and this shows that £ C &;.
We next prove that & C &;. Let us consider g € £. Again, we can assume that

g & LT, since for that case the inclusion is trivial. Then thereare j =1,...,m,n; >
1,k= 1,...,nj,g;? € Hj,B- € Bj,e > 0, such that
m. T
Z i(951B;) +85(g5). (34)
j=1k=1

Let us show that the above choice of gambles gj make g belong to &. We reason
ex-absurdo, assuming that g ¢ &. There are two possibilities:
(i) If g # 0 in S(g})¢, then there is some w € S(g})® such that g(w) < 0. But
then it cannot hold that g(w) > 3272, 3232, G;(51B;) +£8;(g5))(w) = 0,
a contradiction with (34).
(i) If inf eggmlg — 2005, >onl1 G(gF|B;)] < 0, then given the same & > 0
there is some w € S(g¥) such that

DX GGIB) | (w) < [ DD Gyd51By) +eS5(df) | (@),
J=1 k=1 J=1k=1

again a contradiction with (34).

We finally show that & C £. Take g € &. We skip the trivial case g € L.
Then there are j = 1,...,m,n; > 1,k = 1,. nj,gJ € Hj,g] # 0, such that
gfzml e (gJ|B)+(51nS( )forsome(5>0 and g > 0 in S(g; K)e. Let
g:= #. Then in S(g¥) we have that

mmaX; g 1

ZZI:G 9J|B ) + &S5 ( 9; <ZZG gj|B —i—Emmaxnj
J=1 k=1 J=1 k=1
:ZZGj(glej>+6Sg,
J=1 k=1

and since, whenever S(g;?)c is not empty, it holds that in S(gf)c

m N

=>"3"Gy(gh1B)) +8;(gh);

j=1k=1
it follows that g > 377", Sonl, Gj(gF|B;) +2S;(gF). But taking into account that

Gj(g51B)) +eS5(gf) = Y Gy(g)|B;) + By,
B;€S;(g%)
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it follows that G (g;-c|3j) + &5 (gf) belongs to £. Since £ is closed under finite
addition of gambles, and under dominance, we deduce that also g belongs to £.
This completes the proof. O

Proof of Theorem 10. Let us begin with the first statement. Assume R avoids
partial loss. From Definition 11 and Corollary 2, this means that there is no g <0

in &, or, equivalently, that supg > 0 for every g € £. Consider j =1,...,m,n; >
Lk=1,... ,nj,g§f € H7 not all of them zero gambles, ¢ > 0. Then the previous
comment implies that
m Ny
sup | > > Gylgj1By) +255(95) | (@) >0, (35)
w j=1k=1

because the above gamble belongs to £. Applying Proposition 1 we deduce that
P,(:|B1),...,P,,(-|Bm) avoid partial loss.

Conversely, if P,(|B1),...,P,,(-|Bm) avoid partial loss then Proposition 1 im-
plies that Eq. (35) holds and as a consequence sup g > 0 for every g € £. Hence, R
avoids partial loss.

Let us turn now to the second statement. We begin with the direct implication.
Assume P,(:|B1),...,P,,(-|Bm) avoid uniform sure loss, and consider a gamble
g € £. The case g € L1 is trivial. For other g, we can apply statement (1) of
Theorem 9 to deduce that there are g;? eEHin; >1,5=1,...,mk=1,...,n,
and € > 0 such that g > Z;nzl S Gj(gﬂl?j) + 6Sj(g;-“). Then

supg > sup » Y Gi(gf1B;) +25;(gf) = sup Y > Gy(gf|B;) >0,
j=1k=1 j=1k=1

using that P,(-|B1),. .., P,,(:|Bm) avoid sure loss.

Conversely, assume that supg > 0 for every g € &, and take gf € Hi,n; >
1,7=1,...,mk=1,...,n;. Then again Theorem 9, statement (1), implies that
for every € > 0

j=1k=1
whence
m Ny m
|33 G618 | () 2 <>,
we | k1 j=1
for every € > 0. As a consequence, P(:|B1),...,P,,(-|Bmn) avoid uniform sure
loss. O

Proof of Theorem 11. Let us show the equivalence between the first two conditions;
the equivalence with (3) follows from Lemma 1, statement 5.

Assume first of all that P;(f;|B;) = E;(f;|B;) forallj =1,...,m, f; € H/, B; €
Bj. From Corollary 1, recalling also that P,(:|B1),...,P,,(:|Bm) are separately
coherent, and hence bounded, we deduce that P, (:|B1),..., P,,(:|Bnm) avoid partial
loss. Theorem 10 then implies that R (and therefore £, through Proposition 3(c))
avoids partial loss.

Consider now g € @ N E. Then there is some f; € H/,B; € B; and ¢ # 0
such that ¢ = G,(f;|B;j) +¢B;. If g ¢ R, it follows from Eq. (17) that ¢ < 0.
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On the other hand, if g € & we deduce from Theorem 9 that either g € LT or
thereare j=1,...,m,n; > 1,k = 1,...,nj,g;»C € H7,B; € B;,d > 0, such that g >
>t Y, G (g§?|l’>’j)+5Sj (gF). In the first case, we deduce that infg, G;(f;|B;) >
—e > 0, a contradiction with the separate coherence of P;(-|B;). In the second, we
deduce that

c m My c m Ny
G;(filBj) + 5B; 2 > Gigh1B)) - 5B+ D889,
j=1k=1 j=1k=1
or, equivalently,
> > Gi(9h1B)) - B; (fj —(2;(f51B5) — 5)) <585 - D> 685(g5) <0
j=1 k=1 j=1k=1

on S(g¥) U B;. Using Eq. (7) we deduce that E;(f;|B;) > P;(f;|B;) — §. This is a
contradiction (remember that e < 0). As a consequence, QN E C R and therefore
R is coherent.

Finally, if there is some j € {1,...,m},B; € B;,f; € H’ and ¢ > 0 s.t.
Gj(fj|Bj) — eBj € R, then there must be some j' € {1,...,m}, f} € Hj/,B; € By
and § > 0 s.t. GJ(fJ|Bj) —eB; = Gj/(fj/|Bj/) + (5Bj/, whence

G (fir|Bjr) — Gj(f|Bj) = —0Bj —eB; < —min{d,e} <0

on Bj U By; this is a contradiction with the coherence of P;(-|B;), P/ (:|Bjr).

Conversely, let us show that the first statement implies the second First of all,
if R is coherent relative to Q, it also avoids partial loss, which guarantees, via
Theorem 10 and Lemma 1, statement 2, that the natural extensions are bounded,
and through Proposition 3(d) that &£ is coherent. Furthermore Lemma 1, statement
1, establishes that E,(f;|B;) > P;(f;|B;), for every j = 1,...,m, f; € HI,B; €
B;. Assume ex-absurdo that there are jo € {1,...,m}, fo € Hio By € Bj,, such
that P; (folBo) < Ej,(fo|Bo). Then given 0 < 6 < Ej; (folBo) — B;,(folBo),
the definition of the conditional natural extension (Eq. (7)) implies that there are
gf eHiin;>1,j=1,...,mk=1,...,nj, such that

7

sup [ 3030 Giah1B5) — Bolho — (B, (folBo) +8))] <0

S(gf)UBo - =1 k=1

and the second statement of Theorem 9 implies then that the gamble By(fy —
(P, (folBo) + 0)) belongs to £. Since on the other hand Eq. (17) implies that
the gamble Bo(fo — P, (fo|Bo)) + $ By belongs to R C &, we deduce from the
coherence of £ (condition (ADD)) and the definition of Q that the gamble By(fy —
P, (folBo))— %Bo belongs to QNE, and as a consequence also to R, because this set
is coherent. But the first statement implies that this gamble cannot be in R because
6 > 0. This is a contradiction, from which we deduce that P;(f;|B;) = E;(f;|B;)
for all f; € H7,B; € Bj and j = 1,...,m. This completes the proof. (]

Proof of Lemma 2. Since, P,(-|B1),...,P,,(-|Bm) avoid partial loss, Lemma 1 im-
plies that their natural extensions are coherent and using Theorem 10 and Propo-
sition 3 we also deduce that £ is coherent.
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Let f € £. By is non-empty because f # 0, and moreover f = Byf. If f € LT
then for every ¢ > 0 s.t. B} # (0 (and there is one such ¢ because By = UE>OBJ§)
we have that E(f|B%) > Ey(e|Bf) = ¢ > 0, so the result holds.

If f ¢ LT, weapply Eq. (20) tofind j =1,...,m,n; > 1,k = 1,...,nj,g;-c € HI,
6 > 0 such that

m My

F=Bsf>>> Gild51B;) +6
j=1k=1
in S(g;’?), and such that Byf > 0 in S(g;?)c. This second property implies that
f(w) > 0 for every w € By \ S(g}), and f(w) > € for every w € B \ S(g}) and for
every € > 0.
Fix € € [3,6). Then Bffef > By f — (0 —¢), and consequently

By f- ZZG (9%1B;) > By f — ZZG (g¥1B;)—(6—€) >6—(6—€) = >0
j=1k=1 j=1k=1

in S(gf).

Now, let o > 0 be equal to infweS(g’;)qu—f[ch_Ef — 2 YRl G5 1B))] ().
This infimum is positive because it dominates min{e,§ — €} = & — &, which is
positive. Then Bffsf - %B}PE - Z;nzl poraNer (g;?|8j) > 5 >0in S(g}“) U Bfﬁs.
As a consequence, Eo(f|B}s_5) > 0. Finally, note that we can do this for any
e€[$,6), s0 Eo(f|ch_E) > 0 for every § —e € (0, %).

For the second part it suffices to note that when € is finite there is some ¢’ > 0
such that B} = By for all positive ¢ < ¢’, and apply the first part. ]

Proof of Theorem 12. Since P(:|Bi),...,P,,(-|Bn) avoid partial loss, Lemma 1
implies that all the natural extensions are bounded. We use this fact throughout
the proof.

(1) Given g € Ep,g = Go(f|Bo) + €Bo; since g = 0 in B§, we can assume
without loss of generality that By C By; in fact, otherwise, it suffices to
take f' := By f, which also satisfies Go(f’|By)+eBy = g, thanks to separate
coherence. Moreover, separate coherence also implies that E,(g|By) =
Ey(Go(f|Bo) +€Bo|By) > 0+ ¢ > 0. As a consequence, for some a > 0
there are gambles g% € H7 such that

>SS Gi(gkIB)) ~ Bo(f —a) < 5 <0
j=1k=1

in S(g;?) U By for some § > 0. Since the support By is included in By, we
deduce that

Z Gi(g§1B;) = Bf(f —a) <YY" Gy(g51B;) = Bo(f —a) < =5 <0
j=1k=1 j=1k=1

on S(g;-“) U By, and as a consequence E,(f|By) > 0. This shows that Ep
is included in {f : Ey(f|Bf) > 0}. Conversely, if a gamble f satisfies
Ey(f|By) =a >0, then f = Byf = Go(f|By) + aBy belongs to Ep.
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(2) From the definition of the unconditional natural extension E, (Eq. (9)),

we have that E,(f) > 0 if and only if there is some a > 0 and gambles
f]lC €eHIn; >1,j=1,...,m,k=1,...,nj, such that

m Ny
j=1k=1
and this inequality implies that

F2Y 3 G(fFIB)) +£S;(f)),

j=1k=1
for € := Zm > 0. Using Theorem 9 we deduce that if E,(f) > 0 then

f € &. Since also LT C & because this is a coherent set of really desirable
gambles, we deduce that {f : E,(f) >0} ULt CE&.

On the other hand, if f € £, Theorem 9 implies that either f € L, and
then the coherence of E, guarantees that E,(f) > 0, or there are gambles
fjk EHin;>1,5=1,...,mk=1,...,n;, not all of them equal to zero,
and € > 0, such that

222 (fF1B;) +eS;(f7).
j=1 k=1

We deduce that f > ijl S G(fj’-“|Bj), whence for every o > 0

m Ny

DS GUIB) — (f+a) < —a < 0;

j=1k=1

as a consequence, E(f) > —a for every o > 0, and therefore E,(f) > 0.
We conclude that € C {f : E4(f) > 0}.

Let us show that Ep C £. Take g € Ep, that is, ¢ = Go(f|Bo) + €Bo.
By definition of Eo(f|BO) we know that for each € > 0 there are j =
1,...,mmn; > 1L k=1,. nj,g;?EHj,suchthat

m Ny

inf Go(fIBo) +€Bo— > > G;(gFIB))| (w) > 0. (36)

k
wES(g)UBo i

We distinguish two cases.

(i) If g§ = 0 for all j, k, from Eq. (36) we obtain that Go(f|Bo)+Boy > 0
in By. Since outside By we have that Go(f|By) + By = 0, it follows
that Go(f()lBo) +eBy € Lt Cé€.

(ii) If g;? # 0 for some j, k, we are going to prove that g € £. For this,
we are going to use the equivalent expression (20) established in Theo-
rem 9. From (36), the first requirement in (20) is satisfied, so it suffices
to establish the second. Consider w € S(g;?)c7 provided S(g;?)c is not
empty. There are two possibilities: either w ¢ By, whence trivially
g(w) = 0; or w € By, whence by applying Eq. (36) we conclude that
g(w) > 0. This shows that f € £.

We establish next that £ C EE. Take f € £. We know by Lemma 2 that

Ey(f|B%) > 0 for every € € (0,2) for some € > 0. Setting a := Ey(f|B}) >
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0 for one such ¢, the gamble Go(f|B%) +aBj belongs to £p, and it is equal
to Go(f|B%)+aBj = B5(f — (Ey(f|Bf) —«a)) = B} f. Now, since f = By f
is the uniform limit, as € goes to zero, of the gambles B} f, we deduce that
it belongs to Ep.

(4) To see that Ep = £ when  is finite, note that in that case we can deduce
from Lemma 2 that also E(f|By) > 0 for every f € £, and then the first
statement implies that £ C Ep.

(5) Let us show that £ is the natural extension of Ep: since € is a coherent
set of desirable gambles that includes £p, Proposition 3(b) implies that it
must include also its natural extension; conversely, any gamble in R is of
the type B;(f — P,;(f|Bj)) + Bj for some B; € B;, f € H’,e > 0; since
Eo(f|Bj) > P;(f|B;) from Lemma 1(1), it follows that B;(f —P;(f|B;))+
eB; dominates the gamble B;(f — E,(f|B;)) + ¢B; which belongs to Ep;
as a consequence, R is included in the natural extension of £p, and from
Proposition 3(b) so is its natural extension £.

O

Proof of Theorem 13. Consider an arbitrary j € {1,...,m}, f; € H/ and B, € B;.
By definition R contains the gambles G;(f;|B;) +¢eB; = B;(fj — (P;(f;1B;) — €))
for all € > 0, whence P}(f;|B;) > P;(f;|B;).

Now, let us assume ex—absurdo that P} (f;|B;) > P;(f;|B;), or, in other words,
that g :== G;(f;|B;) — €' B; belongs to R for some ¢’ > 0. Then g also belongs to
the natural extension &£ of R, given by Eq. (10).

If g € LT, then we have that infp, G;(f;|B;) > 0, a contradiction with the
separate coherence of P,(-[B;). Then, if g € £\ L*, we can apply Theorem 9
to deduce that there are gf € H7, not all of them equal to zero, for n; > 1,7 =
1,...,mk=1,...,n; and € > 0, such that

G;(fj|Bj) —€'B; > ZZ (951B5) +25;(g5)-
=1 k=1
As a consequence,

m N m My

—'Bj—e> > Si(9)) =D > GilgfIBy) — Gi(f;1B;),

j=1k=1 j=1k=1

whence the supremum of the right-hand side in S( ]) U Bj; is smaller than zero.
This is a contradiction with the coherence of the conditional lower previsions

Py (1B1)s s By (41 Bin)- O

Proof of Theorem 14. Tt follows from Theorem 9 that Ef(f|Bp) is the supremum
value of a such that

m Ny
f=a)=) > GilgfIB)) +e85(g)) (37)
j=1k=1
for some j =1,...,m,n; > 1,k = 17...7nj,g§C € Hj,Bj € Bj,e > 0: to see this,
note that we can restrict our attention to the gambles in £\ LT, because with those
in £1 we only attain infp, f, and this infimum can also be achieved in Eq. (37) by
considering constant gambles.
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On the other hand, from Eq. (7), Ey(f|Bo) is the supremum value of « such
that there are g}“ EHIn;>1,5=1,...,mk=1,...,n;, § > 0 such that

ZZ (g%1B;) =6 >0 (38)
=1 k=1
in S(gf) U By.

Hence, given a < E((f|Bo), there are gf € H7, B; € Bj,e > 0satisfying Eq. (37),
whence By(f — a) — Z;"Zl Yonii Gi(gF1B;) = € in S(g}), and Bo('f —a) > 0in
B()\S(gf) Given p in (0, ), we deduce that Bo(f—a—I—pL)—Z;n:l Sl Gy (gf|8j) >
p in S(g} k) U By, and therefore Ey(f|Bo) > a — u, from which it follows that
Eo(f|Bo> > Eqy(f|Bo). _

Conversely, given a < E(f|Bo), there are g;? € H’,B; € B;,§ > 0 satisfying
Eq. (38). Consider € := —9%— Then

mmax; g m;

m Ny
By(f Z G, g]|B ) +¢€S; (gJ)
Jj=1k=1
and as a consequence E((f|Bo) > E,(f|Bo). This completes the proof. O

Proof of Proposition 9. Consider a gamble f € &'. If f € LT then trivially f
belongs to the coherent set £. If f ¢ LT, Theorem 9 and the fact that £ is a
linear space implies that there are gambles g; € £, j = 1,...,m and € > 0 such
that f > 377", G(g;1B;) +¢5;(g;). From the definition of P;(+|B;) and (ADD), we
deduce that the gamble G(g;|B;) +£5;(9;) = 2. p,es,(g,) G(951B;) + £B; belongs
to & for j =1,...,m, and applying then (ADD) and (APG) we deduce that f € .
This implies that &' C £. O

Proof of Proposition 10. Let P,(:|B1), ..., P,,(:|Bm) be coherent conditional lower
previsions, Q, R be the sets derived from them by means of Eqs. (16) and (17), and
let € be the natural extension of R. We have to show that £ satisfies condition (22).

Take f € £. From Lemma 2, there is some & > 0 such that for every ¢ € (0, &),
Ey(f|B}) > 0; this means that for every € € (0,¢) there is some . > 0 such that
B (f — d.) € &, taking into account Theorem 14. This implies that condition (22)
holds. g

Proof of Theorem 15. The second statement follows directly from Proposition 10,
so we focus on the first. Consider a coherent set of conditionally strictly desirable
gambles £. Fix wy € Q, and for every §) # A C Q that contains wg define the
partition By := {4, A}, and let B := {Q}. Then we deduce from & the following
set of conditional lower previsions, each one defined on all L:

{P(|Ba)}twoecacas (39)

where, as usual, P(f|B) :=sup{u: B(f —p) €&} forall fe Land ) # B C Q. It
follows from Corollary 4 that the conditional lower previsions in (39) are coherent.
Let R be the set of desirable gambles derived from those conditional lower previ-
sions, and £p the set derived from the natural extensions of the lower previsions,
as in (21). It is trivial that in the specific case of the lower previsions considered, it
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holds that R = Ep, because the lower previsions {P(:|Ba)}w,caca already encom-
pass all their natural extensions. Therefore, since we know by Theorem 12 that £p
is the natural extension of R, what we are left to show is that £p = €.

That Ep C & follows directly from Proposition 9. Conversely, given f € &, it
follows by Assumption (23) that P(f|By) > 0, whence given ¢ := P(f|By), the
gamble G(f|By) +eBy = By (f — (P(f|By) —¢)) = f belongs to R = Ep. O

Proof of Theorem 16. Assume first of all that Eq. (24) holds, and let us show that
then P(B) > 0.

By contradiction, say that P(B) = 0. From the correspondence between coherent
sets of almost-desirable gambles and coherent lower previsions, B(f —pu) € R if and
only if P(B(f — u)) > 0 for all P € M, and therefore if P(B) = 0 we get that
B(f — p) € R for all g € R. This implies, through (24), that B(f — u) € R for all
w € R, and hence that P(f|B) = 4occ. This means that P(f|B) is not well-defined
according to Definition 14, and since R is closed under dominance, we deduce from
Theorem 5 that it does not satisfy (SD), a contradiction.

To see that moreover we also have the equality between R(f|B) and P(f|B), we
can start by exploiting some passages originally made with other purposes in [22,
Eq. (12) in Section 3.7]:

R(f|B) =inf{P(Bf)/P(B): P € M,P(B) >0}

sup{p : P(Bf)/P(B) > n VP € M, P(B) > 0}

=max{u: P(Bf) > uP(B) VP € M}

=max{u: P(B(f —p)) >0VP e M}

— max{u: B(f — ) € R},
where the last passage is due to [19, Theorem 3.8.1]. As a consequence, P(f|B) =
R(f|B) if and only if sup{p : B(f — u) € R} > max{u : B(f —p) € R} (the
converse inequality holds in general because R C R).

Let p* := max{p : B(f—p) € R}. From Eq. (24), we have that B(f — (u* —¢)) €
R for all € > 0. This implies that {p: B(f —pu) € R} O {u* —e : € > 0}, and hence
that sup{u : B(f —p) € R} > sup{p* —c:e >0} = max{u: B(f —u) € R}. As
a consequence, R(f|B) = P(f|B).

Conversely, assume that P(B) > 0 and R(f|B) = P(f|B), or, equivalently, that
sup{pp : B(f —p) € R} > max{p : B(f —p) € R}. Take u € R such that
B(f —p) € R, and consider € > 0. Then it follows from the assumption that

pw—e <sup{y' : B(f —u') € R}, whence B(f — (u—¢€)) € R. As a consequence,
Eq. (24) holds. O

Proof of Proposition 11. Consider a set of gambles D satisfying (WD1)-(WD5),
and let us define R by

R:={feD:—f¢D}.
Let us show that this subset of D is a coherent set of really desirable gambles.

We apply Proposition 2:

(APL) Trivially the gamble f := 0 coincides with —f, so we cannot have f €
D,—f ¢ D. Hence, 0 ¢ R.

(APG) Given a gamble f € LT, it belongs to D because of (WD2). Since the
gamble —f < 0 does not belong to D because of (WD1), we deduce that
feR.
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(PHM) Let f € R,A > 0; then f € D, whence (WD3) implies that A\f € D. If
—Af € D, then —f € D and we contradict that f € R.

(ADD) Given f,g € R, it follows that f, g € D, whence (WD4) implies that f+g €
D. If f+g ¢ R, then it must be —f — g € D, and applying (WD4) we
deduce that —f — g+ g = —f € D, which contradicts that f € R. Hence,
f+geR.

Applying Eq. (27), Dg is given by Dg :={f: f+g € R Vg € R} 2 R. Given

a gamble f € D\ R and g € R, it holds that f + g € D because of (WD4); if

f+9g ¢ R, then it must be —f — g € D, whence —f —g+ f = —g € D, and

this contradicts that g € R. Hence, D C Dx. To see that they coincide, consider

a gamble f € Dg; since for every § > 0 the constant gamble on § belongs to R

because of (APG), it follows from the definition of Dg that f+¢ € R C D for every

d > 0. Applying (WD5), it follows that either f € D or f < 0; but this second

possibility contradicts (WD1), which Dg satisfies because of [5, Proposition 5]. O

Proof of Proposition 12. Let us denote by pq, uo the left- and right-hand sides of
Eq. (28), respectively. Since R C Dg, it suffices to prove that ps < uy. Consider
any € > 0. Then since Dg satisfies (WD4) and (WD2) from [5, Proposition 5],
we deduce that the gamble B(f — (u2 —€)) € Dgr. Since on the other hand the
gamble B belongs to R because of (APG), it follows from the definition of Dg
that B(f — (u2 — €)) + Be = B(f — (u2 — 2¢)) € R, whence puy > ps — 2¢. Since
we can do this for every € > 0, we deduce that p; > uo, and as a consequence they
are equal. ([
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