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1 Introduction

Credal networks (CNs) [3] have been revealed as one of the most powerful tools in
modeling stochastic systems with imprecise probabilities [4]. Unlike Bayesian net-
works (BNs), the inference problems on CNs are far more complicated. It has been
proved that the complexity of computing exact posterior probability intervals is gener-
ally NP [5] (except for some extremely simple cases [6]), which makes approximate
inference inevitable.

Currently, one of the most effective approximate inference algorithms on CNs is the
loopy 2U (L2U) algorithm [7], which works on the class of separately specified, binary
credal nets. To broaden the usage of L2U, we propose the generic loopy 2U (GL2U)
algorithm, which is capable of solving inference problems for any type of CNs. GL2U
works by first converting input CNs into separately specified, binary CNs through lo-
cal specification [1] and binarization [2] processes, then solving the converted models
using L2U.

The GL2U algorithm is implemented in the package GL2U!, which is an open
source python package. The algorithm will be overviewd in the next section, while the
software package would be introduced in section 3.

1To avoid ambiguity, we use the typewriter font GL2U for the software package, and normal font GL2U
for the algorithm itself.



2 Algorithms
2.1 2U

2U [6] is a polynomial algorithm for exact inference on singly-connected, separately
specified binary credal nets. Given sets of observations, 2U generates the upper and
lower (conditional) probabilities for each non-observed variables. The complexity of
2Uis O (N 4D P), where IV is the number of variables and D), is the maximum number
of parents among all variables (width of the polytree).

Figure 1: Illustration of Pearl’s belief propagation (left) and the modified propagation
(right)

The propagation of 2U is based on a slightly different version of Pearl’s belief
propagation [10]:
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Taking advantage of all variables are binary, we can remove the coefficient «, 5
and reformulate the propagation as:
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Figure 2: Dependency relations of variables in the modified propagation
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where '}, A, are the input messages, and 'y , AY are the output messages.

The 2U propagation is derived by computing upper and lower value of each mes-
sages and conditional probabilities in the modified propagation:
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2.2 Loopy2U

Despite the excellent speed and accuracy, the class of credal nets where 2U is directly
applicable is limited. Loopy 2U [7] extends 2U to work on a wider class of multiple-
connected, separately specified binary credal nets, using similar idea behind loopy be-
lief propagation [9].

L2U works as follows:

1. Choose arbitrarily a sequence .S being on a path P in the network;
2. Initialize nodes without parents and evidence nodes as in 2U;

3. Initialize messages for edges not in P;



4. Repeat updating W, A)Ug', FT)%, 1"{% for each variable X using equations in 2U

until convergence or time out;

5. Compute Pr (z|e), Pr(x|e) for each un-observed variable from the final mes-

U; Ui X X
sageAX,AX,ij,FY]_.

When L2U converges, it gives approximations of the conditional upper and lower
probablities. Currently, there is little theoretical result concerning convergence behav-
ior or accuracy of L2U algorithm. However, empirical study shows that L2U converges
fast and achieves satisfying accuracy in almost all cases [8].

2.3 Local specification

When using 2U & L2U, it is required that the input credal nets must be separately
specified, where the local credal sets under different parent configurations should be
defined independently. However, there are various classes of credal nets which do not
fit into this category. Fortunately, according to [1], any credal net can be converted into
an equivalent separately specified credal net in which all the conditional probabilities
are either precise or vacuous.

a)

Figure 3: Local specifications for separately specified credal nets. a) the original credal
net, b) transformation using method defined in [], c¢) transformation in GL2U package

Currently, GL2U only implemented the local specification for separately specified
credal nets. The transformation is described originally in [1] as:
For each variable X:

1. Let U be the parent set of X, and K (X |u) be the credal set of Pr (X |U = u).
Create a decision variable Dy, whose domain is the union of all credal sets
K (X|u) under all possible parent configurations, i.e.

Qpy = UueQU K (X|u)

Since Q2p, is finite, we can give each possible (conditional) distribution of X an
index, namely

Qp, ={fi (X)|fi (X) € K(X|u) for some u € Qu}



Break all edges between X and U;;
Set U as parent set of Dx;
Set Dx as the only parent of X;

Let n,, be a vector of length |2 |, with the ith entry 7, [¢]| = 6 (i — n). Set the
credal set for Dx given U = u to be:

K (Dx[u) = {n,|fn (X) € K (X|u)}

Set the precise conditional distribution of X given Dx to be

Pr(X|Dx =1i) = fi (X)

Using the above transformation, the decision variable D x has extremely large car-
dinality bounded by ’Qpa( X)| - | K|, where K, is the maximum cardinality among
all credal sets for X. In the package GL2U, we use an improved transformation, which
significantly reduces the cardinality of D x. The new transformation is defined as:

For each variable X:

1.
2.
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Create a decision variable Dx of cardinality K, = maxycoy |[K (X|u)l;
Add edges from U to Dx;
Add edge from Dx to X;

Update the credal set for Dx given U = u to be:
K (Dx|u) = {7717 ~-~777|K(X|u)|}
Update the precise conditional distribution of X tobe Pr (X|U = u,Dx =) =

fi (X[u)
where f; (X |u) is the ith vertex of the credal set K (X|u).

Binarization

Algorithm 2U & L2U work only on binary credal nets. To perform inference on non-
binary credal nets, the input model should be transformed into an equivalent binary one.
An approximate binarization method is described in [2], which translate the original
models into an interval credal nets.

The algorithm is described as follows:

1.

For each variable X, replace it with a new variable X with cardinality being
power of 2;



2. Replace conditional probability Pr (X |7 x ) with Pr (X' |7 X) . If the parent con-
figuration 7 ¢ is compatible with 7 x, then

T S PI(X:i‘Wx),ifZ'<|Qx|
br (X - Z'”X> - { 0,if i > |Qx]|

Otherwise, use random distribution of X for Pr (X =il X) ;

3. For each X, generate Ny = log, ‘Q X’ binary variables, denoted as Bx =
{Bg}, ey ng_l}. The combination of Bx uniquely indicates the state of X;

4. Setmy = Uer , By, rewrite Pr (X|7TX> as Pr (BX \Wg), and form the credal

set K (Bx|m3) by rewriting all vertices in K (X|WX> ;
5. Define B‘;(’b as {B§(|a <j< b}. For each B, set its parents Tpi tobe

Uy

And define the upper and lower conditional probability:

Pr (B%|7T§;Bgéi) = max > itiox | (B;NX)
f<B§;NX)eK(B;NX|Trg;B§j) Bx
Pr (B&|7T§,B§(’L> — min ZB;‘,;LDX f (B?(Nx>

P Yere (B g )

6. For each state ¢ of each original variable X, define binary indicator variables
I Set the parent set of /% to be By, with the precise conditional probability:

i | 1,if Bx corresponds to X = ¢
Pr(Iy = 1|Bx) = { 0, otherwise
We use the upper and lower probabilities of event I = 1 as approximations of
the upper and lower probabilities of event X = i;

The interval credal nets generated by the algorithm are superset of the original
models, in the sense that they include the complete credal sets in the original models.
However, except in some extreme cases, the generated models also include vertices not
in the original models, which makes the algorithm an approximate transformation. If
using an exact inference algorithm, the posterior probability intervals computed from
the binarization will contain the intervals computed from original models.



2.5 Local specification & binarization in one pass

In GL2U, we implement an exact algorithm converting separately specified non-binary
credal nets into separately specified binary credal nets, where all the conditional prob-
abilities are either precise or vacuous. The algorithm is exact in the sense that the
transformed credal sets have one to one correspondence to the original credal sets,
and if using an exact inference algorithm, the probability interval computed from both
models are exactly the same.

The algorithm is defined as follows:

1. For each variable X, replace it with a new variable X with cardinality being
power of 2;

2. Replace conditional probability Pr (X |rx) with Pr (X | X) . If the parent con-
figuration 7 ¢ is compatible with 7 x, then

T N PI(X:i‘Wx),ifZ'<|Qx|
Pr (X - Z'”X) - { 0,ifi > [Qx]|

Otherwise, use random distribution of X for Pr (X =il X) ;

3. For each X, generate Ny = log, ‘Q X’ binary variables, denoted as Bx =
{Bg(, ey B)]\([X _1}. The combination of Bx uniquely indicates the state of X;

4. For each credal set K (X |7rX> , generate decision variables Dx = {Bg)( s B%X -1 },

where Mx = [maxﬂx log, ‘K (X\WX)
mum credal set size;

—‘ , which is the logarithm of the maxi-

5. Extend every credal set K (X | X) to size of 2Mx by repeating some vertices;

6. Setwy = Jvenr, Bu,rewrite Pr (X|7TX> as Pr (Bx |3 ), and form the credal
set K (Bx|m3) from K (X|7TX),

7. Localize K (BX|7r§) by breaking K (Bx|ﬂ')§) into K (DX \Wg) and Pr (BX|DX; Wﬁ),
where K (D X\Wg ) are vacuous credal sets and Pr (B x|Dx; Wg ) are precise

probabilities. Define Pr (BX |Dx; ﬂg) to be the kth vertices of credal set K (BX |7r§)
if the combination of D x indicates k;

8. Define as before B‘;(’b to be {B§(|a <ji< b}. For each B, set its parent set
TR 1o be
w5 UBY' UDx
And the precise conditional probability

Pr (B&Mrg; Bg(’i; DX> = ZB;Jrl,DX Pr (B;}NX |8 B())(’i’; DX>



9. For each state ¢ of each original variable X, define binary indicator variables
I Set the parent set of I% to be By, with the precise conditional probability:

i | 1,if Bx corresponds to X =¢
Pr(Ix = 1|Bx) = { 0, otherwise

2.6 GL2U

GL2U is an algorithm framework which combines the local specification, the bina-
rization and the loopy 2U inference process. It is capable of dealing with any types
of credal net, including non-separately specified and non-binary models. Currently,
we only implement algorithms for inference on interval and separately-specified non-
binary models, additional algorithms should be added in later updates.

Separately
Specified CN i
General CN > Lgpal . P » Appro'mm.ate
Specification Binarization
Separately
Specified
Separately Binary CN
Local Specified v
» Specification & Binary CN > L2U
Binarization

Posterior Probability
Intervals

Figure 4: Flow chart of GL2U algorithm. The input model can be converted to sepa-
rately specified binary CN through either separated local specification and binarization
or one pass transformation.

3 GL2U Package

3.1 File Formats

GL2U support two types of model files: the bif/c1if formatand xbif/xcif format.
For definition of such format, please refer to document of JavaBayes [12]. All parsers
are defined in the folder parsers. For bif/cif files, we use a hand written parser;
for xbif/xcif format, we use the standard xml . sax library, so it is capable of
scanning large model description files.

To specify evidence, just write a simple text file indicate the variable and observed
value, one observation per line. Here is an example:



variable(O statel
variable20 state?2
variable37 statel

Sometimes, it is important to specify which variables are we interested in. To do
so, we have to write a task file, each line suggests a variable that we are interested in.
For example, we can write a task file to compute the posterior probability intervals of
variableO and variable?2 only:

variableO
variable?2

The reason to use a task file is that it can greatly reduce the indicator variables
generated during the binarization process, hence significantly accelerating the compu-
tation.

3.2 Algorithms

All the tranformation algorithms are implemented in transform.py. The main al-
gorithms are:

e binarize (net): perform approximate binarization, the result is an interval
model;

e bin local spec (net): perform the one pass binarization and local speci-
fication, the result is a credal net containing only vacuous and precise probabili-
ties.

GL2U employs LRS [13] package to convert interval definitions into credal set
definitions. The LRS package is interfaced in wrapper . py. The convertion is defined
in interval.py, the main functions are:

e to bin In(net): converta credal set definition into an interval definition.

e to credal lu(net 1, net u): convert to credal definition using lower
and upper models.

The loopy 2U propagation is performed by directly calling 2UBayes [11]. For more
details, please refer to documentation of 2UBayes.

3.3 Command Line

GL2U can be invoked as a command line tool. The original command line help string
is:

gl2u [-J] [-n cif | -i head | -s itv | -xn xcif | -xi head
| -xs xitv] [-e evi] [-t tsk] [-o result] [-bin | -1sb]

10



-n : specify a cif file

-1i : specify file name header for a pair of interval files
-s : specify a single interval cif file
-xXn : specify a xcif file
-xi : specify a file name header for a pair of
interval xcif files
-Xs : specify a single interval xcif file
-j : read the input file using JavaBayes order
-e : specify an evidence file
-t : specify interested variables
(to avoiding unnecessary indicators)
-0 : specify an result file
-bin : inference using binarization + L2U
-1sb : inference using localization + binarization + L2U
cif : cif file name
head : header of interval file name, the interval files
are headLB.bif and headUB.bif
itv : interval cif file name
xcif : xcif file name
xhead : header of interval xbif file name, the interval
files are xheadlB.xbif and xheadUB.xbif
xitv : interval xcif file name
evi : evidence file
tsk : task file name
result : result file

The command line tool accepting 3 types of input:

e A single, standard cif or xcif file which contains the vertex definition of each
credal sets;

e A pair of bif or xbif file which shares the same file name header and adds
LB and UB to theif file name (eg. alarmLBr.bif and alarmUB.bif, where
alarm is the common file header). This represents an interval model. The lower
file specifies the lower probabilities of all intervals and the upper file specifies
the upper probabilities®.

e An interval cif or xcif file, where each probability contains exactly two ta-
bles, where the first table specifies the lower values of the probability intervals
and the second specifies the upper values.

2Note that the definition of lower and upper files is different from what in 2UBayes, where the lower and
upper files are all valid Bayesian networks, and the lower file contains the distributions with smaller first
value. In GL2U, the lower and upper files are no longer valid Bayesian networks, and the lower file contains
all the lower probabilities of each intervals. It is because the definition of lower and upper files would not
work if variables are not binary.

11



Figure 5: Example credal net

There are two main versions of bif and xbif format, which employs different
table arrangements. For example, the one used in standard JavaBayes suggests that we
arrange the probability value of Pr(A|B) as:

table Pr(alb) Pr(al|$\lnot $b) Pr($\lnot S$alb) Pr($\lnot Sa|S$\lnot $b)

However, in some other places, the bif or xbif files are provided in a more
natural order:

table Pr(alb) Pr($\lnot $alb) Pr(al$\lnot $b) Pr($\lnot $als$\lnot $b)

The latter arrangement is the default in GL2U. Add the -7 option if the file uses
the JavaBayes arrangement.

3.4 Example

The following example illustrates how to use the command line tool of GL2U. The
credal net is defined by test4s.cif, which is an example in [8]:

network "testds" { }

variable "A" { type discretefl2] { "O" "1™ }; }
variable "B" { type discrete[2] { "O" "1" }; }
variable "C" { type discretefl2] { "O" "1™ }; }
variable "D" { type discretefl2] { "O" "1™ }; }
probability ( "A" ) {

table 0.6 0.4;

table 0.5 0.5; }
probability ( "B" ) {

table 0.4 0.6;

table 0.3 0.7; }
probability ( "C"™ "A"™ "B" ) {

table 0.8 0.2 0.6 0.4 0.4 0.6 0.3 0.7;

table 0.6 0.4 0.4 0.6 0.2 0.8 0.1 0.9; 1}
probability ( "D" "A"™ "B" ) {

table 0.3 0.7 0.5 0.5 0.7 0.3 0.9 0.1;

table 0.2 0.8 0.4 0.6 0.6 0.4 0.8 0.2; }



The most simple way of invoking GL2U inference is use the following command
line:

gl2u -n testds.cif -o testds.result -bin

Since the network is itself binary, the binarization is not performed, and the infer-
ence result is in test4s.result:

Pr(A =0 | e) [0.500, 0.600]
Pr(A =11 e) [0.400, 0.500]
Pr(B =0 | e) [0.300, 0.400]
Pr(B =1 | e) [0.600, 0.700]
Pr(C =0 | e) [0.295, 0.544]
Pr(C =1 | e) [0.456, 0.705]
Pr(D =0 | e) [0.480, 0.640]
Pr(D =1 | e) [0.360, 0.520]

Now, suppose that we observed A = 1, D = 0 then we write the evidence file
testds.evi:

Al
D 0

And the command line:
gl2u -n testds.cif -e testds.evi -o testds.result -bin
The output now is:

<observed>
[0.222, 0.368

A = )
) s ]
) : [0.632, 0.778]
) ]
) ]
)

o QQww
Il
O OoORr o

[0.122, 0.337
[0.663, 0.878
<observed>

® ® ® ® ® D

Further more, suppose that we are only interested in the probability of B, we can
write a task file test4s. tsk containing a string "B" only, and write the command
line:

gl2u -n testds.cif -e testds.evi -t testds.tsk -o testds.result
The output is:

Pr(B =0 | e) : [0.222, 0.368]
Pr(B =11 e) : [0.632, 0.778]

13
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