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Abstract. Credal networks generalize Bayesian networks relaxingerigal pa-
rameters. This considerably expands expressivity, buesbklief updating a hard
task even on polytrees. Nevertheless, if all the variabledmary, polytree-shaped
credal networks can be efficiently updated by the 2U algoritm this paper we
present ainarization algorithm that makes it possible to approximate an updat-
ing problem in a credal net by a corresponding problem in dairaet over binary
variables. The procedure leads to outer bounds for thermigiroblem. The bina-
rized nets are in general multiply connected, but can betepday theloopy vari-

ant of 2U. The quality of the overall approximation is invgated by promising
numerical experiments.
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1. Introduction

Bayesian networks (Section 2.1) are probabilistic gragmwodels based on precise as-
sessments for the conditional probability mass functidrti® network variables given
the values of their parents. As a relaxation of such predsessmentsredal networks
(Section 2.2) only require the conditional probability mdsnctions to belong to con-
vex sets of mass functions, i.eredal setsThis considerably expands expressivity, but
makes also considerably more difficult ipdatebeliefs about a queried variable given
evidential information about some other variables: whilehe case of Bayesian net-
work, efficient algorithms can update polytree-shaped nsjd€], in the case of credal
networks updating is NP-hard even on polytrees [4]. The @&nigwn exception to this
situation is 2U [5], an algorithm providing exact posterm@liefs onbinary (i.e., such
that all the variables are binary) polytree-shaped credalorks in linear time. The
topology of the network, which is assumed to be singly cotetgcand the number of
possible states for the variables, which is limited to twodoy variable, are therefore
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the main limitations faced by 2U. The limitation about tamgy is partially overcome:
theloopyvariant of 2U (L2U) can be employed to update multiply coried@redal net-
works [6] (Section 3). The algorithm typically convergeteaffew iterations, providing
an approximate but accurate method to update binary credsiof arbitrary topology.

The goal of this paper is to overcome also the limitation oféidut the number of
possible states. To this extent, a map is defined to transfiggemeric updating problem
on a credal net into a second updating problem on a corresppidéhary credal net
(Section 4). The transformation can be implemented in effictime and the posterior
probabilities in thebinarizednetwork are shown to be an outer approximation of those
of the initial problem. The binarized network, which is mply connected in general, is
then updated by L2U. The quality of the approximation isaddty numerical simula-
tions, for which good approximations are obtained (SecdipiConclusions and outlooks
are in Section 6, while some technical parts conclude thempapAppendix A.

2. Bayesian and Credal Networks

In this section we review the basics of Bayesian networksg)B&hd their extension

to convex sets of probabilities, i.e., credal networks (C¥®th the models are based
on a collection of random variables, structured as an aKay (Xi,...,X,), and a
directed acyclic graph (DAGY, whose nodes are associated with the variablés.dh

our assumptions the variables X take values in finite sets. For both the models, we
assume th&larkov conditiorto makeg to represent probabilisticindependence relations
between the variables iX: every variable is independent of its hon-descendant non-
parents conditional on its parents. What makes BNs and Cffsretit is a different
notion of independence and a different characterizaticghe€tonditional mass functions
for each variable given the values of the parents, whichlvéltletailed next.

Regarding notation, for eack; € X, Qx, = {xi0, zi1, - . - 7567:((1,;_1)} denotes the set
of the possible states df;, P(X;) is a mass function foX; and P(z;) the probability
that X; = z;, wherex; is a generic element dx,. A similar notation with uppercase
subscripts (e.g.X ) denotes arrays (and sets) of variableXinFinally, the parents of
X;, according tag, are denoted b¥I;, while for eachr; € Qp,, P(X;|m;) is the mass
function for X; conditional onll; = ;.

2.1. Bayesian Networks

In the case of BNs, a conditional mass functi®qX;|r;) for eachX; € X andr; € Qyy,
should be defined; and the standard notion of probabilistiependence is assumed
in the Markov condition. A BN can therefore be regarded asiit jorobability mass
function overX, that, according the Markov condition, factorizes as falo

P(x) = [[ P(xilm), @)
=1
for all the possible values of € Q2x, with the values of:; andr; consistent withx. In

the following, we represent a BN as a pé&it, P(X)). Concerning updating, posterior
beliefs about a queried variahlg,, given evidence&X g =z , are computed as follows:
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where X, = X\ ({X,} U Xg), the domains of the arguments of the sums are left
implicit and the values of; andn; are consistent wittk = (x4, zar, ). The eval-
uation of Equation (2) is a NP-hard task [1], but in the splecd&e of polytree-shaped
BNs, Pearl’s propagation scheme based on propagated lesabmes allows for efficient
update [10].

P(rglzp) = 2

2.2. Credal Sets and Credal Networks

CNs relax BNs by allowing foimprecise probabilitystatements: in our assumptions, the
conditional mass functions of a CN are just required to bgltma finitely generated
credal seti.e., the convex hull of a finite number of mass functionsravevariable.
Geometrically, a credal set igmlytope A credal set contains an infinite number of mass
functions, but only a finite number ektreme mass functiorthose corresponding to the
verticesof the polytope, which are, in general, a subset of the géingrenass functions.

It is possible to show that updating based on a credal setiisagnt to that based only
on its vertices [11]. A credal set ovéf will be denoted ad{ (X).

In order to specify a CN over the variables X based org, a collection of con-
ditional credal setd((X;|r;), one for eachr; € Qp,, should be provided separately
for eachX; € X; while, regarding Markov condition, we assursigong independence
[2]. A CN associated to these local specifications is saicetavith separately specified
credal sets. In this paper, we consider only CNs with seplrapecified credal sets. The
specification becomes global considering streng extensionf the CN, i.e.,

v, € Qm,, },

K(X) = cu{ [] POl : P(Xilm) € K (Xilm) 7 P S )
=1

whereCH denotes the convex hull of a set of functions. In the follayyiwe represent
a CN as a paifG, P(X)), whereP(X) = {P,(X)};>, denotes the set of the vertices
of K(X), whose number is assumed to hg. It is an obvious remark that, for each
k=1,...,n,(G, P:(X)) is a BN. For this reason a CN can be regarded as a finite set of
BNs. In the case of CNs, updating is intended as the compuatafitight bounds of the
probabilities of a queried variable, given some evidences,Equation (2) generalizes
as:

2 iy Pi(@ilmi)

P(z,|lrg) = min 7 ) 4
_( Q| E) k=1,...,n, ZmM,.’Eq Hi:l Pk(xl|7rl) ( )

and similarly with a maximum replacing the minimum for uppesbabilitiesP (z,|z ).
Exact updating in CNs displays high complexity: updatingpotytree-shaped CNs is
NP-complete, and NP’-complete in general CNs [4]. The only known exact lineareti
algorithm for updating a specific class of CNs is the 2U aldpon, which we review in
the following section.



3. The 2U Algorithm and its Loopy Extension

The extension to CNs of Pearl’s algorithm for efficient updgton polytree-shaped
BNs faced serious computational problems. To solve Eqngf, Pearl’s propagation
scheme computes the joint probabiliti€¥z,, rz) for eachz, € Qx, ; the condi-
tional probabilities associated (X, |zz) are then obtained using the normalization
of this mass function. Such approach cannot be easily egtetedEquation (4), because
P(X,|lzg) andP(X,|z ) are not normalized in general.

A remarkable exception to this situation is the casbiofry CNs, i.e., models for
which all the variables are binary. The reason is that a ¢ssda@ver a binary variable has
at most two vertices and can therefore be identified with gerval. This makes possible
an efficient extension of Pearl’'s propagation scheme. Tédtres an exact algorithm for
polytree-shaped binary CNs, call@gdUpdating(2U), whose computational complexity
is linear in the input size.

Loosely speaking, 2U computes lower and upper messages¢brmode accord-
ing to the same propagation scheme of Pearl’s algorithm kihtdifferent combination
rules. Any node produces a local computation and the glafrabeitation is concluded
updating all the nodes in sequence. See [5] for a detailectigésn of 2U.

Loopy propagation is a popular technique that applies Rgandpagation to multi-
ply connected BNs [9]: propagation is iterated until probads converge or for a fixed
number of iterations. In a recent paper [6], Ide and Cozmaanekthese ideas to belief
updating on CNs, by developing a loopy variant of 2U (L2U)ttihmakes 2U usable for
multiply connected binary CNs.

Initialization of variables and messages follows the sarepssused in the 2U algo-
rithm. Then nodes are repeatedly updated following a giegusence. Updates are re-
peated until convergence of probabilities is observed ¢it armaximum number of it-
erations is reached. Concerning computational complex#yl is basically an iteration
of 2U and its complexity is therefore linear in the numbenihgize and in the number
of iterations. Overall, the L2U algorithm is fast and retsigood results, with low errors
after a small number of iterations [6, Sect. 6]. Howeverhatggresent moment, there are
no theoretical guarantees about convergence.

Briefly, L2U overcomes 2U limitations about topology, at tteest of an approxima-
tion; and in the next section we show how to make it bypassthsdimitations about
the number of possible states.

4. Binarization Algorithms

In this section, we define a procedure to map updating prabiei@Ns into correspond-

ing problems in binary CNs. To this extent, we first show howdpresent a random

variable as a collection of binary variables (Section 4SEcondly, we employ this idea
to representa BN as an equivalent binary BN (Section 4.3) aritappropriate graphical

structure (Section 4.2). Finally, we extend this binaiaprocedure to the case of CNs
(Section 4.4).



4.1. Binarization of Variables

Assumed;, which is the number of states fof;, to be an integer power of two, i.e.,
Qx, = {zio,. .., Ti@,—1)}» With d; = 2™ andm; integer. An obvious one-to-one
correspondence between the states{pfand the joint states of an array of; binary
variables(B;,, 1), - - -, Bi1, Bio) can be established: we assume that the joint state
(bitm;—1» - - -» bio) € {0,1}™ is associated ta; € Qx,, wherel is the integer whose
m;-bit binary representation is the sequehgsg,, _) - - - b1bg. We refer to this procedure

as thebinarizationof X; and the binary variabld3;; is said to be thg-th order bit

of X;. As an example, the statgs of X;, assuming forX; eight possible values, i.e.,
m,; = 3, would be represented by the joint stéte 1, 0) for the three binary variables
(Bi2, Bi1, Bio).

If the number of states of; is not an integer power of two, the variable is
said to benot binarizable In this case we can mak&; binarizable simply adding
to Qx, a number ofimpossible statésup the the nearest power of two. For exam-
ple we can make binarizable a variable with six possible eslby adding two im-
possible states. Clearly, once the variablesXothave been made binarizable, there
is an obvious one-to-one correspondence between the jatgssof X and those
of the array of the binary variables returned by the bindiiraof X, say X =
(Bimi—1)s -+ B10s Bams—1)s - - - » Bn(mn—1), - - - » Bno). Regarding notation, for each
x € Qx, x is assumed to denote the corresponding elemefttohndvice versaSimi-
larly, Z denotes the joint state for the bits of the nodeXin corresponding ta: .

4.2. Graph Binarization

Let G be a DAG associated to a set of binarizable variable¥Ve call thebinarization

of G with respect taX, a second DAGJ associated to the variablds returned by the
binarization ofX, obtained with the following prescriptions: (i) two nodes@ corre-
sponding to bits of different variables & are connected by an arc if and only if there is
an arc with the same orientation between the relative viesah X; (ii) an arc connects
two nodes off corresponding to bits of the same variableXff and only if the order
of the bit associated to the node from which the arc depaltsivsr than the order of the
bit associated to the remaining node.

Figure 1 reports a multiply connected DA%and its binarizatior;. As an example
of Prescription (i) forG, note the arcs connecting all the three bitskfwith all the two
bits of X5, while, considering the bits ok, the arcs between the bit of order zero and
those of order one and two, as well as that between the bitdefrane and that of order
two, are drawn because of Prescription (ii).

4.3. Bayesian Networks Binarization

The notion of binarizability extends to BNs as follow§:, P(X)) is binarizableif and
only if X is a set of binarizable variables. A non-binarizable BN camade binarizable
by the following procedure: (i) make the variablesXnbinarizable; (ii) specify zero
values for the conditional probabilities of the impossistates, i.e.P(z;;|m;) = 0 for

1This denomination is justified by the fact that, in the follog/ sections, we will set the probabilities for
these states equal to zero.



Figure 1. A multiply connected DAG (left) and its binarization (righassumingdy = 8, di = 2 and
do =d3 =4.

eachj > d;, for eachm; € Q,, and for each = 1,...,n; (iii) arbitrarily specify the
mass functiorP(X;|m;) for eachr; such that at least one of the states of the pafEnts
corresponding tor; is an impossible state, far= 1,...,n. Considering Equation (1)
and Prescription (ii), it is easy to note that, if the joiratstx = (z1, ..., z,) of X is such
that at least one of the stateg withi = 1,...,n, is an impossible state, théf(x) =

0, irrespectively of the values of the mass functions spetifie in Prescription (iii).
Thus, given a non-binarizable BN, the procedure describetlis paragraph returns a
binarizable BN that preserves the original probabilitielsis makes possible to focus on
the case of binarizable BNs without loss of generality, ah@following:

Definition 1. Let (G, P(X)) be a binarizable BN. The binarization ¢f, P(X)), is a
binary BN (G, P(X)) obtained as follows: (i is the binarization ofj with respect to
X (ii) P(X) corresponds to the following specifications of the conddigrobabilities
for the variables inX given their parents?

i=1,...,n
P(bl‘j|bi(j_1),...,bio,ﬁ'i)O(le(fl,‘i”ﬂ'i) j:O,...,mi—l (5)
iy EQH“

where the sun)_" is restricted to the states; € Qx, such that the firsj + 1 bits of
the binary representation dfare b, . .., b;;, m; is the joint state of the parents of;
corresponding to the joint statg; for the bits of the parents oX;, and the symbaoi
denotes proportionality.

In the following, to emphasize the fact that the varialflBg;_1), . . ., Bio, II;) are
the parents of3;; according tag, we denote the jointstaté;;_1), ..., bio, T;) aSmp,, .

As an example of the procedure described in Definition 1Xlgbe a variable with
four states associated to a parentless node of a BN. Assuaritige corresponding mass
function[P(xo0), P(zo1), P(zo2), P(z03)] = (.2, .3, .4, .1), we can use Equation (5) to
obtain the mass functions associated to the two bif§oih the binarized BN. This leads
to: p(BOQ) = (6,4), ]B(B01|BOO = O) = (%, %), P(B01|B00 = 1) = (%, %), where
the mass function of a binary variableis denoted as an arrdf?(B = 0), P(B = 1)].

2|f the sum on the right-hand side of Equation (5) is zero fothbime values ofBB;;, the corresponding
conditional mass function is arbitrary specified.



A BN and its binarization are basically the same proballistodel and we can
represent any updated belief in the original BN as a cornedimg belief in the binarized
BN, according to the following:

Theorem 1. Let (G, P(X)) be a binarizable BN andg, P(X)) its binarization. Then,
given a queried variabl&X, € X and an evidenc& p = zg:

P(xq|xE) = p(bq(mq—l) .- ~bq0|i'E)a (6)

where(by(m, -1 - - - » bgo) IS the joint state of the bits of, corresponding tar,,.
4.4. Extension to Credal Networks

In order to generalize the binarization from BNs to CNs, wstfextend the notion of
binarizability: a CN(G, P(X)) is said to be binarizable if and only X is binarizable.
A non-binarizable CN can be made binarizable by the follgynocedure: (i) make the
variables inX binarizable; (ii) specify zero upper (and lower) probahsk for condi-
tional probabilities of the impossible statd¥(z;;|m;) = P(x;;|m;) = 0foreachj > d;,
for eachr; € Qp,, and for each = 1,...,n; (iii) arbitrarily specify the conditional
credal setd( (X;|m;) for eachr; such that at least one of the states of the pad@ntr-
responding tor; is an impossible state, for= 1, ..., n. According to Equation (3) and
Prescription (i), it is easy to check that, if the joint state= (z1,...,z,) of X is such
that at least one of the states withi = 1, ..., n, is an impossible state, thét(x) = 0,
irrespectively of the conditional credal sets specifiednathe Prescription (iii), and for
eachP(X) € K(X). Thus, given a non-binarizable CN, the procedure desciib#us
paragraph returns a binarizable CN, that preserves th@atigrobabilities. This makes
possible to focus on the case of binarizable CNs without &dsgenerality, as in the
following:

Definition 2. Let (G, P(X)) be a binarizable CN. The binarization ¢§, P(X)) is a
binary CN (G, P(X)), with G binarization ofG with respect toX and the following
separate specifications of the extreme probabilifies:

E(sz |7TB7:_7‘ ) = minn pk (sz |7TB«;_;‘)) (7)

where(G, P,(X)) is the binarization ofG, P,.(X)) for eachk = 1,..., n,,.

Definition 2 implicitly requires the binarization of all tieNs (G, P (X)) associated
to (G, P(X)), but the right-hand side of Equation (7) is not a minimum aiéthe BNs
associated to &, P(X)), being in generaP(X) # {P;(X)},. This means that it
is not possible to represent an updating problem in a CN asrasmonding updating
problem in the binarization of the CN, and we should therefegardG, P(X)) as an
approximate description dfj, P(X)).

Remarkably, according to Equation (5), the conditional srfasictions for the bits
of X; relative to the valuer;, can be obtained from the single mass functh(X;|r;).

SNote that in the case of a binary variables a specificatiomefxtreme probabilities as in Equation (7) is
equivalent to the explicit specification of the (two) veeticof the conditional credal séf(B;; \ﬂBU): if Bis
a binary variable and we specif§(B = 0) = sandP(B = 1) = t, then the credal set’(B) is the convex
hull of the mass function®; (B) = (s,1 — s) and P2(B) = (1 — t,t).



Therefore, if we use Equation (5) with, (X) in place of P(X) for eachk = 1,...,n,

to compute the probabilitie?k(bijhrgﬁ) in Equation (7), the only mass function re-
quired to do such calculations Ek(X;hri). Thus, instead of considering all the joint
mass functiong’,(X), with £ = 1,...,n,, we can restrict our attention to the condi-
tional mass function®(X;|r;) associated to the elements of the conditional credal set
K (X;|m;) and take the minimum, i.e.,

E(bij |7TBij) = p(bij|7TBij )7 (8)

min
P(X;|m)eK (X;|m;)

where P(b;;|m,,) is obtained fromP(X;|x;) using Equation (5) and the minimiza-
tion on the right-hand side of Equation (8) can be clearlyrigted to the vertices of
K (X;|m;). The procedure is therefore linear in the input size.

As an example, leK, be a variable with four possible states associated to a paren
less node of a CN. Assuming the corresponding credd{$éf,) to be the convex hull of
the mass functions2, .3, 4, .1), (.25, .25, .25,.25), and( .4, .2, .3, .1), we can use Equa-
tion (5) to compute the mass functions associated to the ttw@hX, for each vertex of
K (Xp) and then consider the minima as in Equation (8), obtaini@0) = (.5,.3),
P(Boi|Boo = 0) = (3,2), P(Bo1|Boo = 1) = (3, 3)-

The equivalence between an updating problem in a BN and ibiritarization as
stated by Theorem 1 is generalizable in an approximate wehetoase of CNs, as stated
by the following:

Theorem 2. Let (G, P(X)) be a binarizable CN andg, P(X)) its binarization. Then,
given a queried variablé, € X and an evidenc& g = zg:

E(xq|xE) 2 B(bq(mq—l)a e abq0|i‘E)v (9)
where(by(m, -1 - - - » bgo) IS the joint state of the bits of, corresponding tar,,.

The inequality in Equation (9) together with its analogausthe upper probabilities
provides an outer bound for the posterior interval assedi&t a generic updating prob-
lem in a CN. Such approximation is the posterior intervaltfar corresponding problem
on the binarized CN.

Note that L2U cannot update joint states of two or more véesitithis means that
we can compute the right-hand side of Equation (9) by a dapptication of L2U only
in the casen, = 1, i.e, if the queried variabl&, is binary.

If X, has more than two possible states, a simple transformatitimecbinarized
CN is necessary to apply L2U. The idea is simply to define antiaddl binary ran-
dom variable, which is true if and only {{By(m,-1),- - -> Boo) = (bg(m,—1)»- - - 0q0)-
This variable is a deterministic function of some of the shtés inX, and can there-
fore be easily embedded in the QN, P(X)). We simply add taj a binary node, say
qu(mq_l),,,,,bqo, with no children and whose parents d8g(,,,, 1), - - - , Bqo, and spec-
ify the probabilities for the state 1 (true) dqu(mq_l),,,,,bqo, conditional on the values
of its parentsBy (1), - - - » Bqo, €qual to one only for the joint value of the parents
(bg(m,—1)5- - - » bgo) @nd zero otherwise. Then, it is straightforward to check tha

Pbyim,1)s--»beolr) = P'(Cy b = 11EE), (10)

a(mg—1)s+



where P’ denotes the lower probability in the CN with the additionable. Thus, ac-
cording to Equation (10), if{, has more than two possible values, we simply add the
noderq(mq_1),,,,,1,40 and run L2U on the modified CN.

Overall, the joint use of the binarization techniques diégtt in this section, with
the L2U algorithm represents a general procedure for effi@a@proximate updating in
CNs. Clearly, the lack of a theoretical quantification of thiter approximation provided
by the binarization as in Theorem 2, together with the faat the posterior probabilities
computed by L2U can be lower as well as upper approximatsunggests the opportu-
nity of a numerical investigation of the quality of the oviéegoproximation, which is the
argument of the next section.

5. Tests and Results

We have implemented binarization algorithmto binarize CNs as in Definition 2 and
run experiments for two sets of 50 random CNs based on thddgpof the ALARM
network and generated usiBiNGeneratof7]. The binarized networks were updated by
an implementation of L2U, choosing the node “VentLung”, ehis a binary node, as
target variable, and assuming no evidences. The L2U algorionverges after 3 itera-
tions and the overall computational time is quick: postdpigiefs for the networks were
produced in less than one second in a Pentium computer, Widlexact calculations
used for the comparisons, based on branch-and-bound tge®j3], took a computa-
tional time between 10 and 25 seconds for each simulatiosul®ecan be viewed in
Figure 2.

As a comment, we note a good accuracy of the approximatiotisaninean square
error around 3% and very small deviations. Remarkably treditpuof the approximation
is nearly the same for both the sets of simulations. Furtbeepwe observe that the pos-
terior intervals returned by the approximate method alwiagtude the corresponding
exact intervals. This seems to suggest that the approxmdtie to the binarization dom-
inates that due to L2U. It should also be pointed out that theah difference between
the computational time required by the two approaches wdrddhatically increase for
larger networks: the computational complexity of the bfaaad-bound method used for
exact updating is exponential in the input size, while bathlinarization algorithm and
L2U (assuming that it converges) take a linear time; of celnsth the approaches have
an exponential increase with an increase in the number e§oats for the variables.

6. Conclusions

This paper describes an efficient algorithm for approxinugigating on credal nets. This
task is achieved transforming the credal net in a corresipgncredal net over binary
variables, and updating such binary credal net by the lo@pgion of 2U. Remarkably,
the procedure can be applied to any credal net, withoutcéstrs related to the network
topology or to the number of possible states of the variables

The posterior probability intervals in the binarized netlware shown to contain the
exact intervals requested by the updating problem (The@)e@ur numerical tests show
that the quality of the approximation is satisfactory (fegrgents), remaining an outer
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Figure 2. A comparison between the exact results and approximatiesned by the “binarization+L2U"
procedure for the upper and lower valuesRfVentLung = 1) on two sets of 50 randomly generated CNs
based on the ALARM, with a fixed number of vertices for eachditional credal set.

approximation also after the approximate updating by L2bug; considering also the
efficiency of the algorithm, we can regard the “binarizattb@U” approach as a viable
and accurate approximate method for fast updating on laiNge C

As a future research, we intend to explore the possibility tfieoretical character-
ization of the quality of the approximation associated t® Itinarization, as well as the
identification of particular specifications of the condit# credal sets for which bina-
rization provides high-quality approximations or exaduks. Also the possibility of a
formal proof of convergence for L2U, based on similar exigtiesults for loopy belief
propagation on binary networks [8] will be investigated ifuture study.
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A. Proofs

Proof of Theorem 1. With some algebra it is easy to check that the inverse of Equa-
tion (5) is:

m;—1
P(xqy|m;) = H P(bij|bij—1), -, bio, i), (11)
§=0
where(b;(,,—1), - - - , bio) IS them,;-bit binary representation af Thus,vx € Qx:

n n m;—1
P(x) =[] Plailm) =] P(bijbij_1)s- - - » bio, ;) = P(%), (12)
=1 i=1 0

j=



where the first passage is because of Equation (1), the sdmralise of Equation (11)
and the third because of the Markov condition for the binediBN. Thus:

_ P(xq,xE) . P(bq(mqfl), ceey bqo,.f?E)

that proves the thesis as in Equation (6). O

Lemma 1. Let {(G, P.(X))}~, be the BNs associated to a G, P(X)). Let also
(G,P(X)) be the binarization of G, P(X)). Then, the BNG, P(X)), which is the
binarization of (G, P, (X)), specifies a joint mass function that belongs to the strong
extension ofG, P(X)), i.e.,

P.(X) € K(X), (14)

for eachk = 1, ..., n,, with K(X) denoting the strong extension @f, P(X)).
Proof. According to Equation (3), the strong extension@f P (X)) is:

VWBU € QHB“

KE(X) = CH{ [12(Byls,) : P(Bylrs,) € KBylrs,) \p" g }.(15)
ij

Bj;€ X
On the other side, considering the Markov condition(@r Py, (X)), we have:

P(X) = Py(Bi;|g,)). (16)
B,;_j 65(

But, for eachrs,, € Qn,, andB;; € X, the conditional mass functioR, (B;;|5,,)
belongs to the conditional credal sé‘r(BijhrBU) because of Equation (7). Thus, the
joint mass function in Equation (16) belongs to the set indfiqun (15), and that holds
foreachk =1,...,n,. O

Lemma 1 basically states an inclusion relation between tltng extension of
(G,P(X)) and the set of joint mass functiods?,(X)}7,, which, according to the
equivalence in Equation (12), is just an equivalent repreegion of (G, P(X)). This will
be used to establish a relation between inferences in a CNnaitsl binarization, as
detailed in the following:

Proof of Theorem 2. We have:

P(zglrp) = min  Pi(zglrg) = min  Pi(bym,-1)s---belTr),  (17)
where the first passage is because of Equations (4) and (8)trensecond because of
Theorem 1 referred to the B{¢, P, (X)), foreachk =1,...,n,.

On the other side, the lower posterior probability probétlpibn the right-hand side
of Equation (9) can be equivalently expressed as:

~min _ Plbyim,—1),- - - beolE), (18)

L(by(my—1):- - beolZE) = pn o



whereK (X) is the strong extension ¢f, P(X)). Considering the minima on the right-
hand sides of Equations (17) and (18), we observe that ttfey te the same function
and the first minimum is over a domain that is included in tHathe second because
of Lemma 1. Thus, the lower probability in Equation (17) catnpe less than that on
Equation (18), that is the thesis. O
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