COHERENCE GRAPHS
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ABSTRACT. We study the consistency of a number of probability distributions,
which are allowed to be imprecise. To make the treatment as general as possi-
ble, we represent those probabilistic assessments as a collection of conditional
lower previsions. The problem then becomes proving Walley’s (strong) coher-
ence of the assessments. In order to maintain generality in the analysis, we
assume to be given nearly no information about the numbers that make up
the lower previsions in the collection. Under this condition, we investigate the
extent to which the above global task can be decomposed into simpler and
more local ones. This is done by introducing a graphical representation of the
conditional lower previsions that we call the coherence graph: we show that
the coherence graph allows one to isolate some subsets of the collection whose
coherence is sufficient for the coherence of all the assessments; and we provide
a polynomial-time algorithm that finds the subsets efficiently. We show some
of the implications of our results by focusing on three models and problems:
Bayesian and credal networks, of which we prove coherence; the compatibility
problem, for which we provide an optimal graphical decomposition; probabilis-
tic satisfiability, of which we show that some intractable instances can instead
be solved efficiently by exploiting coherence graphs.

1. INTRODUCTION

We focus on studying the consistency of a number of conditional and uncondi-
tional distributions of some variables. In order to make our treatment as general
as possible, we are going to represent these probabilistic assessments using the the-
ory of coherent lower previsions developed by Walley in [33], which is based on de
Finetti’s work about subjective probability [10, 11]. This allows us to study the case
where the above distributions are imprecise, i.e., where each of them is actually a
closed convex set of precise distributions, which includes as a particular case that
where our assessments are precise probabilities. It also allows us to work with any
type of variable, without placing restrictions on the admissible possibility spaces
(finite, countable, continuous). The approach by Walley includes also as particular
cases most of the other imprecise probability models appearing in the literature.

Studying the consistency problem is important both for theoretical and applied
reasons. On the theoretical side, it has been shown by de Finetti that a subjective
theory of precise probability (such as the Bayesian theory) can be founded on
a single axiom of consistency. Williams [35] and later Walley have shown that
this continues to hold when such a theory is generalised to handle imprecision in
probability. In these theories proving consistency is therefore a necessary step to
exploit all the tools they provide us with, such as Bayes’ rule and its generalisations.
The application of these tools alone, on the other hand, does not necessarily lead
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to self-consistent inference, even in the case of precise probabilities, as shown by
Walley.

On the applied side, it is a very common requirement that an inference method
should not give rise to inconsistencies. This requirement is present, for example,
in probabilistic logic [26], where one has to check first of all that the available
assessments are self-consistent. It is also present in the many other models and
methods designed so as to give rise to a joint distribution, which is often regarded
as a feature that ensures global consistency. Exactly this argument was used, for
example, to support Bayesian networks versus rule-based systems already at the
time of Pearl’s seminal work [27]. But consistency is quite a subtle concept to
deal with. The following striking example adapted from [33, Section 7.3.5] shows
that the existence of a compatible joint is not always a good way to get rid of
inconsistencies.

Ezample 1. Let X1, X5 be two variables taking values in {1, 2,3}, and assume that
X, = 3 if and only if Xo = 3, and for the other cases we have the contradictory
information X; = X5 and X; # Xs. We can model this by the conditional prob-
abilities P(X; = 3| X =3)=1=P(X2=3|X; =3), P(X; =1|Xo=1)=1=
P(X; =2|X; =2) and P(Xy =1|X; =2) =1 = P(Xy =2|X; = 1). Despite the
contradiction, it can be checked that the assessments are compatible with the joint
mass function determined by P(X; = 3, Xy = 3) = 1, in the sense that this joint
induces the above conditionals by Bayes’ rule when the conditioning events have
positive probability.! ¢

The key here is that Bayes’ rule cannot be always applied because of the presence
of events with zero probability; this technical issue prevents the contradiction from
being identified. It follows that in order to check consistency we generally need
stronger tools than those based on the existence of a compatible joint distribution.
Walley’s notion of coherence appears to be one such tool.

In fact, Walley considers two different consistency concepts for conditional lower
previsions, called weak coherence and (strong) coherence (these will be introduced
in Section 2, along with other material about Walley’s theory). What we show in
Section 3 is that a number of conditional lower previsions are weakly coherent when
they can all be induced by the same joint via Bayes’ rule (or its generalisation for the
imprecise case) and marginalisations. In other words, we show that weak coherence
is the generalisation to imprecise probability of the consistency criterion based on
the existence of a compatible joint. Coherence, on the other hand, strengthens
weak coherence and it can be shown that the difference between weak and strong
coherence is indeed related to conditioning on sets of probability zero (see [21]).

Our goal in this paper is to simplify the verification of the weak or the strong
coherence of a number of assessments. To achieve this, we introduce in Section 5
a new graphical representation called coherence graphs. We prove in Section 6
that coherence graphs allow us to decompose the task of verifying weak and strong
coherence in a number of simpler tasks. Specifically, they help us determine a
partition of the set of assessments with the property that coherence (resp., weak
coherence) within each of the elements of the partition implies coherence (resp.,

LThis consistency notion is what we shall call later in this paper weak coherence. Note that
the contradictory assessments X1 = X9 and X7 # X2 can also be modelled by other conditional
probabilities that do not even satisfy this consistency notion, for instance P(X1 = 1|Xo = 1) =
1=P(X1 =2|X2=1).
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weak coherence) of all the assessments. We prove moreover that this is the finest
partition with this property in the case of weak coherence. Besides, this partition of
our set of assessments can be determined with a polynomial-time algorithm, which
we present in Section 7.

Then we move to show some of the implications of our results for artificial intel-
ligence by considering three well-known related research fields. In Section 8.1, we
consider Bayesian networks [27] and their extension to imprecise probability called
credal networks [8]. By joining coherence graphs with a notion of probabilistic in-
dependence, we show for the first time and to a very large extent that Bayesian
and credal networks are coherent models. In Section 8.2 we focus on the so-called
compatibility problem (see [9] and the references therein for a recent overview), i.e.,
the problem of deciding whether a number of distributions has a compatible joint.
In this case we exploit our results about weak coherence to deliver new graphical
criteria that enable one to optimally decompose such a problem, under a very gen-
eral formulation. Finally, in Section 8.3 we relate our results to a powerful form of
probabilistic satisfiability based on consistency that has been recently proposed in
[34]. In particular, we discuss how probabilistic satisfiability can be used to check
the consistency of a number of (possibly imprecise) conditional and unconditional
mass functions, and we outline that this task can easily become intractable as a
consequence of the NP-hardness of the problem [5]. Moreover, we show that co-
herence graphs can decompose such a task in a way that makes it possible to solve
some instances of the problem that would otherwise be intractable.

As we said, our results are very general, in the sense that they are applicable for
variables taking values on finite or infinite spaces, and that we can also consider
precise or imprecise representations. We make nevertheless some assumptions, like
the logical independence of the variables studied or the representation of our as-
sessments through a functional defined on a sufficiently large domain. In Section 9,
we comment on the extent to which these assumptions can be relaxed. This is an
important problem in order to relate our work more tightly with other areas of
research. Finally, we conclude the paper in Section 10 with some additional dis-
cussion. To make the paper easier to read, we have relegated all the proofs to an
Appendix.

2. COHERENT LOWER PREVISIONS

Let us give a short introduction to the concepts and results from the behavioural
theory of imprecise probabilities that we shall use in the rest of the paper. We refer
to [33] for an in-depth study of these and other properties, and for an interpretation
of the notions we shall introduce below.

Given a possibility space €, a gamble is a bounded real-valued function on .2
This function represents a random reward f(w), which depends on the a priori
unknown value w of 2. We shall denote by £(2) the set of all gambles on Q. A
lower prevision P is a real functional defined on some set of gambles K C L(Q).
It is used to represent a subject’s supremum acceptable buying prices for these
gambles.

We can also consider the supremum acceptable buying prices for a gamble con-
ditional on a subset of Q. Given such a set B and a gamble f on (2, the lower

2Although we only deal in this paper with bounded gambles, an extension of the theory to
unbounded random variables can be found in [30].



4 ENRIQUE MIRANDA AND MARCO ZAFFALON

prevision P(f|B) represents the subject’s supremum acceptable buying price for
the gamble f, updated after coming to know that the unknown value w belongs to
B, and nothing else. If we consider a partition B of € (for instance a set of cat-
egories), then we shall represent by P(f|B) the gamble on ) that takes the value
P(f|B) if and only if w € B. The functional P(:|B) that maps any gamble f on its
domain into the gamble P(f|B) is called a conditional lower prevision.

Let us now re-formulate the above concepts in terms of variables, which are the
focus of our attention in this paper. Consider variables X7,..., X,,, taking values
in respective sets X1, ..., X,. For any subset J C {1,...,n} we shall denote by X
the (new) variable

Xy = (Xj)jer,
which takes values in the product space
XJ = XjEJXj.

We shall also use the notation X™ for Xy . ;). This will be our possibility space
in the rest of the paper.

Definition 1. Let J be a subset of {1,...,n}, and let 7y : X — X; be the so-called
projection operator, i.e., the operator that drops the elements of a vector in X that
do not correspond to indexes in J. A gamble f on X" is called X j-measurable when
for any x,y € X", w;(z) = m;(y) implies that f(z) = f(y).

There exists a one-to-one correspondence between the gambles on X™ that are
Xj-measurable and the gambles on X;. We shall denote by K; the set of X;-
measurable gambles.

Consider two disjoint subsets O, I of {1,...,n}. Then P(Xo|X) represents a
subject’s behavioural dispositions about the gambles that depend on the outcome
of the variables { X,k € O}, after coming to know the outcome of the variables
{Xk,k € I}. As such, it is defined on the set of gambles that depend on the
values of the variables in O U I only, i.e., on the set oy of the Xpyr-measurable
gambles on X™. When there is no possible confusion about the variables involved
in the lower prevision, we shall use the notation P(f|z) for P(f|X; = z). The
sets {77 '(z) : x € A7} form a partition of X™. Hence, we can define the gamble
P(f|Xr), which takes the value P(f|z) on # € X;. This is a conditional lower
prevision.

This type of conditional previsions is what we are going to consider throughout
the paper. We refer to [22, 33] for more general definitions of the following notions
in this section in terms of partitions, and for domains that are not necessarily
(these) linear sets of gambles. A definition of conditional previsions where we do
not necessarily condition on a partition can be found in [35].

The Xr-support S(f) of a gamble f in Koyy is given by

S(f) = {my (@) : 3 € X1, fI 1, # 0}, (1)

i.e., it is the set of conditioning events for which the restriction of f is not identically
zero. Here, and in the rest of the paper, 14 will be used to denote the indicator
function of the set A, i.e., the function whose value is 1 in the elements of A
and 0 elsewhere. Also, for any gamble f in the domain Koy; of the conditional
lower prevision P(Xo|X7), and any = € X, we shall denote by G(f|x) the gamble
]Iﬂ,[—l(x)(f — P(f|x)), and by G(f|X) the gamble that takes the value G(f|r;(y))

for any y € X™.
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These assessments can be made for any disjoint subsets O, I of {1,...,n}, and
therefore it is not uncommon to model a subject’s beliefs using a finite number
of different conditional lower previsions. Then we should verify that all the as-
sessments modelled by these conditional lower previsions are consistent with one
another. The first requirement we make is that for any disjoint O,I C {1,...,n},
the conditional lower prevision P(Xo|X ) defined on Koy should be separately co-
herent. In this case, where the domain is a linear set of gambles, separate coherence
holds if and only if the following conditions are satisfied for any z € X7, f, g € Kour,
and A > 0:

(SC1) P(flr) > inf -1, f(y)-
(SC2) P(Aflx) = AP(fl|z).
(SC3) P(f + glx) > P(f|x) + P(glz).

It shall also be interesting for this paper to consider the particular case where
I =0, that is, when we have (unconditional) information about the variables Xo.
We have then an (unconditional) lower prevision P(Xo) on the set Ko of Xo-
measurable gambles. Then separate coherence is simply called coherence, and it
holds if and only if the following three conditions hold for any f,g € Ko, and
A>0:

(C1) P(f) > inf f.
(C2) P(\f) = ABR(f).
(C3) P(f+g)>P(f) +P(g).

In general, separate coherence is not enough to guarantee the consistency of
the lower previsions: conditional lower previsions can be conditional on the values
of many different variables, and still we should verify that the assessments they
provide are consistent not only separately, but also with one another. Formally, we
are going to consider what we shall call collections of conditional lower previsions.

Definition 2. Let {P,(Xo,|X1,),-..,P,,(X0,,1X1, )} be conditional lower previ-
sions with respective domains K1, ..., K™ C L(X™), where K7 is the set of Xo,ur,-
measurable gambles,® for j = 1,...,m. Then this is called a collection on X™ when
for each jy # jo in {1,...,m}, either O;, # Oy, or I;, # I;,.

This means that we do not have two different conditional lower previsions giv-
ing information about the same set of variables X, conditional on the same set
of variables X;. Given a collection {P,(Xo,|X5),-.., P, (Xo,,1X1,,)} of condi-
tional lower previsions, there are different ways in which we can guarantee their
consistency.

Definition 3. Let P(Xo,|X1,),-.., P, (Xo,,|X1,,) be separately coherent condi-

tional lower previsions. We say that they avoid uniform sure loss if and only if

m

sup [ G;(f51X1,))(2) > 0,

TeX™ j=1

for every f; €K7, j=1,...,m.

3We use K7 instead of }Cojulj in order to alleviate the notation when no confusion is possible

about the variables involved.
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Definition 4. Let P(Xo,|1X1,),-.., P, (Xo,,|X1,,) be separately coherent condi-
tional lower previsions. We say that they avoid partial loss when for every f; € K7,
j=1,...,m there is some B € U;nzl S;(f;) such that

sup[>_ G (51X (@) 2 0. @

where S;(f;) is the &X7,-support of f; given by Eq. (1).

The notions of avoiding partial or uniform sure loss are minimal consistency
requirements that we shall use in Section 8 to connect our work with probabilistic
logic; nevertheless, the main focus in this paper will be made on some stronger
notions, that we shall call weak and strong coherence:

Definition 5. Let P,(Xo,1X1,),-.., P, (Xo,, |X1,,) be separately coherent condi-
tional lower previsions. We say that they are weakly coherent when for any f; € K7,
j7=1,...,m, jo € {1,...,m}, fo S ICjO,ZO S leo’

sup [ G;(f51X1,) — Gy (fol20)]() = 0. 3)

TeEX™ j=1

Under the behavioural interpretation, a number of weakly coherent conditional
lower previsions can still present some forms of inconsistency with one another; see
[33, Example 7.3.5] for an example and [33, Chapter 7] and [34] for some discus-
sion. Because of this, we consider yet a stronger notion, called (joint or strong)
coherence:*

Definition 6. Let Py(Xo,|X1n,),...,P,.(Xo0,,1X7, ) be separately coherent condi-
tional lower previsions. We say that they are coherent when for every f; € K7,
j=1...,m, jo € {1,...,m}, fo € K,z € Xy, there exists some B €

{W;i (20)} U U;n=1 Sj(fj) such that

SUI;[Z G;(filX1,) = Gy, (folzo)l(z) = 0, (4)
xTE i—1

where, again, S;(f;) is the X7;-support of f; given by Eq. (1).

The coherence of a collection of conditional lower previsions implies their weak
coherence; although the converse does not hold in general, it does in the partic-
ular case when we only have a conditional and an unconditional lower prevision.
Note for instance that the conditional previsions in Example 1 in the Introduc-
tion are not coherent: if we consider f1 := If1 1) (2,2)} and fa = Ig21),(1,2)}
then G(f1|X2) + G(f2|X1) < 0 in the union of the supports, which is the set
((1,1),(1,2), (1,3), (2, 1), (2,2),(2,3), (3. 1), (3,2)}-

In the next section, we prove a number of results that will help to better under-
stand the differences between weak and strong coherence. But before we do that, we
introduce a special case that will be of interest for us: that of conditional linear pre-
visions. We say that a conditional lower prevision P(Xo|X7) on the set Koy is lin-
ear if and only if it is separately coherent and moreover P(f+g|x) = P(f|z)+P(g|z)
for any x € A7 and f,g € Kour. When a separately coherent conditional lower

4The distinction between this and the unconditional notion of coherence mentioned above will
always be clear from the context.
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prevision P(Xo|X7) is linear we shall denote it by P(Xo|X[); in the unconditional
case, we shall use the notation P(Xp). A separately coherent unconditional linear
prevision corresponds to the expectation operator (the Dunford integral [4]) with
respect to a finitely additive probability.

If we consider conditional linear previsions Py (Xo,| X1, ), - ., Pm(Xo,,| X7, ) with
domains KC!, ..., K™, then they are coherent if and only if they avoid partial loss,
and they are weakly coherent if and only if they avoid uniform sure loss [33, Sec-
tion 7.1, page 347].

A conditional lower prevision P(Xo|X/) is separately coherent if and only if it
is the lower envelope of a closed (in the weak* topology) convex set of dominating
conditional linear previsions, where P(Xo|X7) is said to dominate P(Xo|X ) when
for every Xoyus-measurable gamble f, P(f|z) > P(f|z) for every x € X (this is a
consequence of [33, Sections 6.7.2 and 6.7.4]). We shall denote this set of dominating
conditional linear previsions by M(P(Xo|X7)).

Finally, one interesting particular case is that where we are given only an uncon-
ditional lower prevision P on £(X"™) and a conditional lower prevision P(Xo|X7)
on Kous- Then weak and strong coherence are equivalent, and they both hold if
and only if, for any Xpuj-measurable f and any x € X,

(JC1) P(G(f|X1)) =20

(JC2) P(G(f|z)) = 0.
If both P and P(Xo|X ) are linear previsions, they are coherent if and only if for
any Xour-measurable f it holds that P(f) = P(P(f|X1)).

Before concluding this section, it is important to remark that if a lower prevision
P is coherent with a conditional lower prevision P(:|B), then P must satisfy the
property of conglomerability, which is discussed in some detail in [33, Section 6.8].
This property is one of the points of disagreement between Walley’s and de Finetti’s
[13] approach to conditional previsions.

3. WEAK AND STRONG COHERENCE

The following theorem gives a new characterisation of the weak coherence of the

conditional lower previsions P, (Xo,|X1,),- .., P, (Xo,, | X1,,).
Theorem 1. P,(Xo,|X1),..., P, (Xo,, |X1,,) are weakly coherent if and only if
there is some coherent lower prevision P on L(X™) such that, for any j = 1,...,m,

P(G;(fIX1,)) 20 for any f in K
P(G;(flz))=0 for any f in K,z in X,.

X;, ) are

m

In particular, conditional linear previsions P1(Xo,|X1,),- .., Pn(Xo,,
weakly coherent if and only if there exists a coherent prevision P on X™ such that
P(f) = P(P;(f|X1,)) for any f in K7, j=1,...,m.

Remark 1. When all the conditional previsions are linear and moreover all the
spaces X1, ..., X, are finite, we deduce from Theorem 1 that the weak coherence of
the conditional previsions P;(Xo,|Xy,), j = 1,...,m, is equivalent to the existence
of a linear prevision (a finitely additive probability) on X" inducing the conditional
previsions by means of Bayes’ rule. This is not enough, however, for the conditional
previsions to be coherent, because of how these conditions deal with the problem
of conditioning on sets of probability zero. For instance, the conditional previsions
in Example 1 are weakly coherent because they are compatible with the linear
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prevision determined by the assessment P(X; = 3, X2 = 3) = 1. We shall come
back to this in Section 8.2. ¢

From this theorem, we can easily deduce the following two results that relate
(weak or strong) coherence to the existence of an unconditional lower prevision
that is (weakly or strongly) coherent with the collection.

Proposition 1. Let P(Xo,|X1,),...,P,.(Xo,,|X1,,) be conditional lower previ-
sions. They are coherent if and only if there is some coherent unconditional lower
prevision P on L(X™) such that P, P1(Xo,|X1,),-..,P,,(Xo,, X1, ) are coherent.

Corollary 1. The conditional lower previsions Py(Xo,|X1,),-..,Pn(Xo,, 1 X1,,)
are weakly coherent if and only if there is some coherent lower prevision P on L(X™)
such that P, P1(Xo,|X1,), ..., P (Xo,, | X1,,) are weakly coherent.

These two results allow us to understand a bit better the conceptual difference
between weak coherence and (strong) coherence: from Corollary 1 and Theorem 1,
weak coherence amounts to the existence of a joint that is pairwise coherent with
each of the conditional lower previsions; from Proposition 1, coherence means that
there is a joint that is coherent with all the conditional lower previsions, taken
together.

This difference is perhaps easier to grasp in the particular case where we deal with
finite spaces and with linear conditional previsions. In that case, weak coherence
is equivalent to the existence of a linear prevision (the expectation with respect to
a finitely additive probability) that induces each of the conditional previsions by
means of Bayes’ rule. But this does not guarantee that the conditional previsions
are coherent, because the joint mentioned above might not be coherent with all of
them considered as a whole. That is, the conditional previsions may provoke some
behavioural inconsistencies when taken together even if they can all be induced from
the same joint. This is due to the fact that when this joint gives zero probability
to a set B, then any conditional prevision P(-|B) is coherent with the joint.

4. COLLECTION TEMPLATES

With this paper we should like to deliver tools to prove coherence that are
sufficiently general to be applied in most situations. To do this, we have to assume
very little about the conditional lower previsions that are the subject of our study.
In particular, we are not going to assume anything about the numbers that make
up the lower previsions themselves, other than they produce separately coherent
assessments. We do require separate coherence as it is really a minimal requirement
of self-consistency for a conditional lower prevision.

Abstracting away from the numbers implies that for each lower prevision we only
know, apart from its being separately coherent, what are the variables on both sides
of the conditioning bar. This can be regarded as the ‘form’ of a conditional lower
prevision, or its template, as we call it in the following.

Definition 7. Let P; (Xo, |X1, ) and P; (Xo,,|X1,,) be two lower previsions on
A", We say that they have the same template if O;, = O;, and I;, = I;,. The
class of all the lower previsions on X" with the same template is just called a lower
prevision template on X™ (of the generic lower previsions in the class). We denote
a lower prevision template in the same way as we denote a lower prevision (the
distinction should be clear from the context): i.e., by P;(Xo,|X,).
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We can identify a template with a disjoint pair of indices. A collection template
is then determined by a finite number of such pairs. This is formalised in the
following definition.

Definition 8. Two collections of lower previsions on X™ have the same template
if they contain the same number m of lower previsions, and if it is possible to
order the elements in each collection in such a way that for all j in {1,...,m} the
two respective j-th lower previsions have the same template. The class of all the
collections on X" with the same template is just called a collection template on X™
(of the generic collection in the class). We denote a collection template in the same
way as we denote a collection of lower previsions (again, the distinction should be
clear from the context): i.e., by {P;(Xo,|X1n,),..-, P (X0,,1X1,.)}-

r=m

An equivalent way to look at a collection template is as a collection of lower
prevision templates. For this reason, we shall sometimes refer to the lower prevision
templates in a collection template.

The definitions just introduced allow us to state the task of this paper more
precisely: i.e., to characterise what we know about the coherence of a collection
of (separately coherent) lower previsions once we know its template alone. To this
extent, it is useful to introduce a graphical characterisation of a collection template.
This is done in the next section.

5. COHERENCE GRAPHS

In this section, we introduce a graphical representation of collection templates
based on directed graphs. We start by recalling some terminology from graph
theory.

A directed graph is a structure made up of a set of nodes and a set of directed
arcs between nodes. Two nodes connected by an arc are also called its endpoints.
A sequence of at least two nodes for which each pair of adjacent nodes is an arc in
the graph, is called directed path between the first and the last node in the sequence
(also called origin and destination, respectively). When the origin and destination
coincide, we say that the path is a directed cycle, or just a cycle, for short. If a
cycle does not contain any proper cycle, then it is said to be elementary. Note
that a path uniquely identifies a sequence of arcs; for this reason, by an abuse of
terminology, we shall sometimes refer to the arcs of a path.

It is useful to introduce also the notion of strong component of a directed graph.
This is a maximal strongly connected subgraph, where a strongly connected graph is
one for which there is a path for each ordered pair of nodes. A strong component
is said to be trivial if it is made by a single node.

The predecessors of a node are all the nodes that have a directed path towards
the given node. The predecessors for which there is a directed path made up of a
single arc, are called parents. The indegree of a node is the number of its parents.
A node with indegree equal to zero is called a root. Similarly, the successors of a
node are all the nodes that can be reached from the given node following directed
paths. The successors for which there is a directed path made up of a single arc,
are called children. The outdegree of a node is the number of its children. A node
with outdegree equal to zero is called a leaf.

The union of the set of parents and children of a node is called the set of its
neighbours. The union of two graphs is a graph created by taking the union of their
nodes and their arcs, respectively.
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Now we are ready to define the most important graphical notion used in this

paper.

Definition 9. Consider two finite sets Z = {X1,...,X,} and D = {Dy,..., Dy}

of so-called actual and dummy nodes, respectively. Call NV := Z U D the set of

nodes, and a given A C N x A the set of arcs. The triple < Z,D, A > is called a

coherence graph on Z if the following properties hold:

(CG1) Z is non-empty.

(CG2) All neighbours of dummy nodes are actual nodes, and vice versa.

(CG3) The set of the parents and that of the children of any dummy node have an
empty intersection.

(CG4) Dummy nodes are not leaves.

(CGbH) Different dummy nodes do not have both the same parents and the same
children.

Fig. 1 displays the coherence graph of the assessments

P (X1), Py(X4|X1), P3(X6|X5), Py(X7|X2), P5(X7]|X3), Ps(Xs| X3),

P (Xs|X4), Pg(Xo| X1, X5), Pg(X10|X13), P1o(X11]|X7), Pyy (X12| X3),

Py (X13]X14), Py3(X14| X6, X10), P14 (X15, X16] X0, X12, X13).
Here the actual nodes are X1, ..., Xi16. Note that to make graphs easier to see,
we represent dummy nodes in a simplified way: we do not show their labels and
rather represent each of them simply as a black solid circle (this does not create a
problem since by CG5 each dummy node is univocally identified by its neighbours);
moreover, when a dummy node has exactly one parent and one child, we do not

represent the arrow entering the dummy node (this is not going to cause ambiguity
either).

.—»Xl

Xo X3 X4/ l
N

<—X5—.—>- XG

t )§8 X9 X+10—’
X1 X12_;\— X153+ Xy
X15 Xi6
FIGURE 1. The coherence graph for P,,..., Pyy.

Next, we show that there is a one-to-one relationship between coherence graphs
on Z ={Xy,...,X,} and collection templates on X™. To this extent, it is useful
to isolate the notion of a D-structure in a coherence graph.

Definition 10. Given a dummy node D of a coherence graph, we call D-structure
the subgraph whose nodes are D and its neighbours, and whose arcs are those
connecting D to its neighbours.

At this point we consider two functions: the first one, which we shall denote by
T, maps a collection template {P;(Xo,|X1,),-..,Pn(Xo,,|X1,, )}, related to the
variables {X1,...,X,} =: Z, into a coherence graph on Z, with dummy nodes
{D1,...,Dy}. This mapping is determined by the following procedure:
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(T'1) Let Z:={X;y,...,X,} be the set of actual nodes.
(T'2) Let D :={Ds,...,D,} be the set of dummy nodes.
(I'3) Let A :=0.
(T'4) For all j € {1,...,m}, all iy € I;, all iy € O;, add the arcs (X;,,D;) and
(DjaXiz) to A.
The second function, which we denote by I'"!, maps a coherence graph on Z =
{X1,...,X,}, with dummy nodes {Dq,...,D,,}, into the collection template

{BI(XOl |XI1)7 e aEm(XOm‘XIm)}

related to the variables {X7,..., X,,}. This mapping is determined by the following
procedure:

("='1) Set the collection of lower prevision templates equal to the empty set.

(T~'2) Forall j € {1,...,m}, add P;(Xo,|X1,) to the collection template, where
O; and I; are the set of indexes of the children and the parents of Dj,
respectively.

The idea behind the two functions is very simple: identifying lower prevision
templates in a collection with D-structures in the related coherence graph, and vice
versa. This makes the two functions to be each other’s inverses as it is established
in the following proposition, whose elementary proof is omitted:

Proposition 2. There is a one-to-one relationship between coherence graphs and
collection templates.

This proposition enables us to graphically display some basic configurations of
collection templates that are problematic with respect to the coherence of the col-
lection. One such configuration is created by collection templates whose coherence
graph contains an actual node with more than one parent, such as Xg in Fig. 1.
In this case there are two different conditional lower previsions, Py(Xs|X3) and
P.(Xs|X4), that express knowledge about Xg. In this situation it is not possible to
deduce the coherence of the collection only taking its template into account. The
reason is that it is always possible to find a specific instance of lower previsions with
the given template that is incoherent. This is enough because any claim that we
make based only on the template must be valid, by definition, for all the collections
of lower previsions with the considered template. For instance, consider z§ # x$
in X3, and define, for any gamble f on Xg, Py(f|xs) := f(2%) for all z3 € X3, and
Po(f|za) = f(«8) for all z4 € Xy. This specific choice corresponds to use (precise)
degenerate distributions that put all the probability mass on z§ and 2§, respec-
tively, and this irrespective of their conditioning events. It follows that Py(Xs|X3)
implies that Xg = 2§ and P,(X3|X,) that Xg = 2§, a contradiction.”

Another problematic configuration arises out of collection templates whose co-
herence graph contains a cycle; this is the case of the actual nodes X, X13, X14,

5In this example, as well as in some of the proofs in the Appendix, we use 0-1 valued probabil-
ities to make things simpler, but we can equivalently use probabilities that are never degenerate
as above. In this example, for instance, define Ps(f|x3) := O.lf(zéf) + 0.9f(a:§) for all z3 € X3,
and Pr(f|z4) := 0.1f(2§)+0.9f(z?) for all z4 € X4. This corresponds to using probability masses
on (2%, z§) equal to (0.1,0.9) and (0.9, 0.1), respectively, irrespective of their conditioning events.
To see that these two conditional previsions are not compatible with any joint mass function P
on X3 4}, note that given any such P we should deduce on the one hand that P({z§}) = 0.1 and
on the other that P({z$}) = 0.9, a contradiction. Also the following example based on cycles can

be re-worked, with some additional complications, using only non-degenerate probabilities.
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in Fig. 1. In this case we can create a contradiction by defining the lower previsions
involved in the cycle as follows. Consider 210 # 210 in Xyp, z1* # 2i* in Xy,
213 # 23 in X3, Let

[ et =
Py(flz™?) == {f( ) otherwise,
Y if 10 =210
)

)

otherwise,

B13(9|$67$10) = {g

if 214 = gl

h
14y .

Prp(hla™) = {h i) otherwise,
for arbitrary gambles f on Xig, g on X4, h on Xj3. These definitions again cor-
respond to use degenerate (and precise) distributions: for example, Pgy(X10]/X13)
corresponds to a distribution that puts all the probability mass on 210 if X3 = 212,
and on ,T%O otherwise; in other words, Pq(X19|X13) models the fact that X9 = m}o
holds with probability one assuming it is known that X33 = x1®, and other-
wise, if X13 # 213, that X0 = 210, also with probability one. Analogously,
P3(X14] X6, X10) states that Xi4 = z}* resp. Xy4 = z3* hold with probabil-
ity one provided that X;o = 210 resp. Xjo # 1% finally, P;5(X13]/X14) that
X3 = x%‘g’ resp. Xi3 = x%g hold with probability one provided that X4 = m%‘l
resp. Xq4 # 23t

At this point it is easy to see that the cycle gives rise to a contradiction. Assume
that X;3 = 213, Using the above considerations, this implies with probability one
that X9 = 1%, then that X;4 = x}%, and finally that X3 = 243, a contradiction.
Repeating the argument starting with X;3 # 21®, we obtain that X3 = z1?,
another contradiction. In summary, the cycle, together with the specific choice of
lower previsions, codes the contradictory statement that X;3 should be equal to two
different values. And since we have been able to find some specific lower previsions
with the given template that are incoherent, then we cannot deduce coherence only
considering the related coherence graph—just because it contains a cycle.

These considerations motivate the following two definitions, which introduce
some graph-based terminology that is more directly relevant to our subsequent
results.

Definition 11. We say that an actual node of a coherence graph is a (potential)
source of contradiction if it has more than one parent or if it belongs to a cycle.

More formally, if an actual node X, has more than one parent, this means that
there are 1 < i3 # is < m such that £ € O;, N O;,. On the other hand, the fact that
X, belongs to a cycle implies that it is involved in (at least) an elementary cycle,
and so that there are different ji,...,j, in {1,...,m} such that

Oj1ﬁ1j27é®70j201j3#wﬁ""ojpmlji 7&@7 (5)
and with ¢ belonging to one of these non-empty intersections.

Definition 12. A coherence graph without sources of contradiction is said to be of
type A1: i.e., acyclic and with maximum indegree for actual nodes equal to one.
The corresponding collection template is said to be representable as a graph of type
A1, or simply Al-representable.
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The graph in Fig. 1 is obviously not of type Al, as there are five sources of
contradiction: X7 and Xg, because each of them has two parents; and Xiq, X3
and X4, because they are part of a cycle. An example of an Al graph is given in
Fig. 2. This is a subgraph of that in Fig. 1 where we have eliminated a number
of elements creating sources of contradiction. This also shows that A1l graphs can
take complicated forms.

.—»Xl

Xy ~— Xy —o— X6

/

X3 Xy Xig——e

t

X12—;\— X113+ Xuu
X5 X16

FIGURE 2. An example of an Al coherence graph.

When there are sources of contradiction in a coherence graph, it is useful to
isolate some special subgraphs that are related to them, and which we call blocks.

Definition 13. Given a source of contradiction Z, call block for Z, or Bz, the
subgraph obtained by taking the union of the D-structures of the dummy nodes
that are predecessors of Z.

The reason why we introduce blocks is to capture the idea of the ‘area of influ-
ence’ of a certain source of contradiction. This is easy to see in the case of an actual
node with more than one parent, such as Xg in Fig. 1. In this case we can again use
degenerate distributions in such a way that Pg(Xs|X3) forces Xg to take a certain
value z¥; that P,(Xg|X,) forces X4 to take a certain value § when Xg = a2, and
in turn, that P,(X,]|X;) forces X; to take a certain value 1 when X4 = zf. In
this case, exploiting the source of contradiction, we can force a specific value on a
node such as X7 that can be far away from the source itself. This is useful in the
proofs to show how to use a source of contradiction to actually create a contradic-
tion somewhere: in the example above, for instance, we can define P;(X7) so as to
force X7 to take a value different from z1, thus originating a contradiction at X;.
The situation is a bit more complicated with cycles, but the effect is eventually the
same.

It is useful to study a bit more in detail the situations just sketched. For this, we
are going to introduce the notion of constraining sub-block for an actual node in a
block. This will be a subset of the previsions of the block with the property that we
can assign them certain values for which there is a unique value in the actual node
compatible with them. In the previous example the constraining sub-block for X3
would be determined by the previsions Pg(Xg|X3), P7(Xs|X4) and Py(X4]X71).

In a constraining sub-block, as we shall show in Proposition 3, the information
flows (possibly opposite to the directions of the arcs) so as to eventually force an
actual node to take on a chosen value. This property will be used in Theorem 4 to
decompose the task of verifying weak coherence in an optimal way.

Consider first of all a block Bz originated by an actual node Xy with more
than one parent. Then there exist 1 < i; # iy < m such that s € O;;, N O,,.
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For any actual node X, in By, there exists a path leading from X, to the node
X, originating the block. Hence, there are i1,...,%, in {1,...,m} such that s €
0i, N0, 1;, N0, #0, ..., L, ,NO;, # 0, and £ € I;,. Note that we can assume
without loss of generality that the nodes {i1,...,7,} are all different: otherwise,
we could establish a cycle in the path from X, to X, and by eliminating these
cycles we should obtain another (shorter) path going from X, to X, where all
the indices are different. We shall refer to a set of indices {i1,...,i,} such that
5 € 0; N0y, L, NOsy #0,...,1;,_, N0y, # 0,0 € I;, as an the constraining
sub-block for X, in the block generated by X. Note that such a sub-block is not
necessarily unique.

Consider now a block Bz which is generated by a cycle. Then this cycle cor-
responds to a strong component in the coherence graph, in the sense that for any
two nodes X, and X, in the component there is a path going from X;, to X,
and another one going from X,, to X, ; hence, X, and X,, belong to a cycle.

Again, we have two possibilities: that a node Xy in the block Bz belongs to the
strong component of the block, or that it is a predecessor of this strong component.
In the first case, X, belongs to an elementary cycle, meaning that there exist
Ji,---5Jp € {1,...,m} satistying Eq. (5) and s € O, N I;,. Consider on the other
hand a predecessor X, of this source of contradiction. Then X, is a predecessor
of the nodes in an elementary cycle, which we denote by X, and it is not itself
in the cycle. Let ji,...,j, be the indices of the previsions in the cycle, meaning
that they satisfy Eq. (5), with s € O;, N I;,. Then there exist k1,...,k, such that
L€ O, NIy, Oy, NIy 0, ..., Ok, _, NI, # 0, and where k, is one of the indices
in the cycle, for instance k, = j;.

The indices 71, . .., jp are all different, because the cycle is elementary. Moreover,
we can also assume that the indices {k1,...,k,—1} are different from {j1,...,Jp}:
otherwise, we can eliminate the indices they have in common and we should still
have a path from X, to the cycle. Finally, we can assume without loss of gener-
ality that the indices {ki,...,k.—1} are all different, because otherwise we should
be able to establish a cycle in them, and by eliminating these cycles we should
obtain another (shorter) path from X, to the cycle. We shall refer to the indices
{ke,... kr_1,J1,--.,Jp} as a constraining sub-block for X, in the block associated
to the source of contradiction X. Again, such a constraining sub-block may not
be unique.

Remark 2. Note that in this constraining sub-block we have two possibilities:

o O, _, NI, NO;, # 0, and then in particular O,_, NO;, # 0. Then X, is a
predecessor of a node with more than one parent, and {ks,...,ky—1,k:, jp}
would also be a constraining sub-block for X, (see an example in Fig. 3).

o IfO,_, NI N ij = (), then X, is a predecessor of a dummy node in the
cycle, and only precedes the actual nodes in the cycle through this dummy
node (see an example in Fig. 4).

The distinction between these two cases will simplify the proofs of our subsequent
results. ¢

As mentioned previously, the reason why we have defined the notion of con-
straining sub-block is because it can be used to determine the value of the variable
Xy. This is stated in the following proposition:
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Xe

!

XlO —.—>X7

f

X3+ X4

FicUre 3. Constraining sub-block for Xg in the block associated
to the source of contradiction, here a node with two predecessors.

FIGURE 4. Constraining sub-block for Xg in the block associated
to the source of contradiction, in this case a cycle.

Proposition 3. Let us consider a block Bz, and any actual node Xy that belongs
to Bz. Consider x € Xj.

(1) If X, is a source of contradiction in the block By, let j1 be an element
of {1,...,m} such that £ € O;,. Then there are weakly coherent previ-
sions Py(Xo,|X1)s .- Pn(Xo,,| X1, ) such that any prevision P which is
coherent with P, (Xo, |X1, ) satisfies P(x) = 1.

(2) If Xy is not a source of contradiction in By, let {j1,...,jx} be the in-
dices of the previsions in a constraining sub-block for X,. Then there are
P (Xo0,1X1,),---, Pm(Xo,,|X1,,) weakly coherent such that any prevision
P coherent with Pj,(Xo, | X1, ) fori=1,...,k satisfies P(x) = 1.

An important consequence of this proposition is that if two blocks happen to
share an actual node, then it is possible to create a contradiction at that node by
forcing a certain value on it from one block, and a different value on it from the
other block. This suggests that the blocks that share some actual nodes should
be considered as a single structure, rather than as separate ones, in order to avoid
contradictions; this is the reason for the following definition.

Definition 14. Call superblock of a coherence graph, any union of all the blocks
that share at least an actual node.

Fig. 5 displays the three different blocks of the coherence graph under consid-
eration: the block for X7, the block for Xg, and the one for X14 (or, equivalently,
for X109 or Xi3). The blocks for X7 and Xg have a node in common (X3), so their
union is in a superblock, also shown in the figure. The other superblock in the
graph is just Bx,,.

Observe that there can be many configurations of blocks in a superblock: a
superblock can be made up of a single block; if it is made up of more than one
block, it may be the case that some blocks coincide (for instance By,, coincides



16 ENRIQUE MIRANDA AND MARCO ZAFFALON

FIGURE 5. The areas delimited by closed lines denote the blocks
and superblocks of the coherence graph.

with Bx,, and Bx,,), that one of them is included in another, or that two of them
share only some nodes (as Bx, and Bx, in the same figure).

It is useful to make two observations at this point. The first is that the intuition
behind the notion of superblock made up by different blocks is to delimit the joint
area of influence of multiple sources of contradictions that belong to different blocks
connected by some actual nodes. The second is more formal and concerns the actual
nodes of different blocks and their relation with superblocks: in fact, for any block
Bz we can consider the set Az := U;ep,(I; U O;) of the actual nodes involved
in Byz; then, if Az, N Az, # 0, Bz, and Bz, belong to the same superblock. It
follows from this that if we consider two different superblocks B; and Bs, then
(Ii UOZ) N (Ij U Oj) = () for any ¢ € By,j € Bs.

Now we use the notion of superblock in order to build a partition of the dummy
nodes. The point here is that, similarly to the case of blocks, sources of contra-
dictions can extend their influence to every actual node in a superblock under an
opportune definition of the lower previsions involved. Because of this, it is not
possible to prove the coherence of the lower previsions in a superblock by simply
inspecting the coherence graph: to prove it, it is necessary to know something more
than the bare collection template. It follows that superblocks are a kind of core
entities in that we cannot prove the coherence of a collection template without first
being able to prove the coherence of the lower previsions in each superblock. Those
core entities constitute the elements of the partition defined below, together with
the lower previsions that do not belong to any superblock.

Definition 15. Call minimal partition of the dummy nodes in a coherence graph, the
partition whose elements are the sets of dummy nodes in each superblock, and the
singletons made up of the remaining dummy nodes. The corresponding partition
of {1,...,m} is denoted by B and is simply called the minimal partition.

Note that B refers also to a partition of the related collection template, given the
one-to-one correspondence between dummy nodes and lower prevision templates.
With respect to the graph in Fig. 5, we obtain the following partition of the related
collection template:

UL (X)), Py(X4|X1), Py(X7|X2), P5(X7|X3), Ps(Xs|X3), Pr(Xs|X4)},
{P3(X6|X5), Pg(X10|X13), P1o(X13]X14), P13(X14| X6, X10) },
{Ps(Xo| X1, X5)}, {P10(X11|X7) }, { P11 (X12|Xs) }, { P14 (X135, X16| X9, X12, X13)}}-
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Moreover, note that for Al-representable collection templates, the minimal parti-
tion is entirely made up of singletons, because their coherence graph has no sources
of contradiction, and has therefore m elements.

We conclude this section by remarking that if we consider By, Bs in the minimal
partition with |By| > 1,|Bs| = 1, i.e., such that B; is associated to a superblock
and Bs to an A1 component of the coherence graph, we must have O; N(1;U0;) =0
for any i € By, j € By: if O; N O; # () we have a node with more than one parent,
and 7 should belong to the associated superblock; and if O; NI; # () then i would be
a predecessor of j, which is a predecessor of a source of contradiction, and therefore
i should be in the same block as j. Nevertheless, we may have I; N (I; UO;) # 0
for some j € B;. This will be important in the proofs of the results we formulate
in the next section.

6. COHERENCE GRAPHS AS TOOLS TO PROVE COHERENCE

This section formally relates the graphical notions introduced in the previous
section with the notions of weak and strong coherence, and doing so gives the most
important results of this paper.

In particular, the following theorem gives us conditions under which the co-
herence of some subsets of a collection of conditional lower previsions implies the
coherence of all the elements in the collection. It shows that it is sufficient that
the conditional lower previsions whose indices belong to the same element in B be
coherent.

Theorem 2. Let {P,(Xo,|X1,),..-, P, (X0, |X1,,)} be a collection of separately
coherent conditional lower previsions, and let B be their associated minimal parti-
tion. If {P;(Xo,|X1;)}jen are coherent for any B € B, then the conditional lower
previsions {P1(Xo,1X1,)s ..., P, (Xo,,|X1,,)} are coherent.

The intuition behind the proof of the theorem, which we include in the Appendix,
is the following. We exploit the properties of the coherence graph to create a total
order on a set of coherent lower previsions tightly related to our collection template.
That order allows us to use the generalisation of the marginal extension theorem
established in [23] to show that the lower previsions in that set are coherent, and
from this to derive the coherence of Py (Xo,|X1,),--., P (X0, 1X1,,)-

It is easy to see that a similar result holds when we work with weak coherence
instead of coherence:

Theorem 3. Let {P,(Xo,|X1,),..., P, (X0, |X1,,)} be a collection of separately
coherent conditional lower previsions such that for any B € B,{P;(Xo,|X1,)}jeB
are weakly coherent. Then {P,(Xo,|X1,),. .., P,,(Xo,, | X1, )} are weakly coherent.

Next, we investigate in which sense the partition B given by Definition 15 is min-
imal. For this, we should like to know if there are other partitions of {1,...,m} that
we can use for the same end, meaning that the coherence of the conditional lower
previsions within each of the elements of the partition guarantees the coherence of
the collection template.

A first positive result in that respect is that the partition B is indeed minimal
when we are studying the problem for weak coherence:

m

Theorem 4. Let B’ be a partition of {1,...,m}, and assume that, for any B’ in
B', {P;(Xo,|X1,)}jen are weakly coherent. Then this implies the weak coherence
of {P1(Xo,1X1,),. P (Xo,,1X1,,)} if and only if B is finer than B'.
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The sufficiency part in this proposition is actually Theorem 3. The idea for the
necessity part is to show that, when the necessary condition fails, we can create
conditional linear previsions P (Xo,|Xy,),. .., Pn(Xo,, X1, ) that are not weakly
coherent and yet for all B" in B', {P;(Xo,|X1,)}jep are weakly coherent.

However, a similar result to Theorem 4 does not apply for coherence: there
are instances of collection templates where the coherence within the elements of a
partition which is not coarser than B guarantees the coherence of all of them. One
such case is given in the following example.

Ezxample 2. Let us consider the collection template associated to the conditional
lower previsions {P;(X1), Py(X2|X1), P5(X2, X3|X1)}. Its coherence graph is given
in Fig. 6, and the minimal partition B associated to that graph is {1,2,3}. However,

FIGURE 6. Coherence graph of {P;(X1), Py(X2|X1), P3(X2, X3|X1)}.

we can deduce the coherence of the collection template with a smaller subset. For
this, let us show that the coherence of Py(X5|X1), Pg(X2, X3|X7) implies (actually,
it is equivalent to the fact) that for any X} x Xs-measurable gamble fy and for any
T € X1,
Py(folzr) = P3(folz1). (6)
To see this, apply Eq. (4) to Py(X2|X1) and P4(Xs, X5|X1) using jo := 2,
Zo :=x1 € X1, f2:=0, and f3:= folfz,1x x5

0< S%P[Gz(le) + G3(fol{o,yx s, [ X1) — Ga(fol71)]

= sup [G3(fol{z,)xxpss |71) — Ga(fol21)]
7 ({21}

= sup [fo— Py(folz1) — fo+ Py(folz1)]
({21}

= —P5(folz1) + Po(folz1),
ie., Py(folr1) > Ps(folx1). The converse inequality, Py(folz1) < Ps(folz1), fol-
lows by repeating the same argument with jo := 3, 20 := 21, f2 := fol{z,}xx, and
f3 = 0.

At this point, assume that P, (X35|X1), P3(Xa, X3|X1) are coherent, and hence

that Eq. (6) holds. Consider the expression used to prove the coherence of the
previsions P, (X1), Py(X2|X1), and P4(Xs2, X3|X1): ie.,

Gi(f1) + Ga(fo| X1) + Ga(f3]X1) — Gy, (folw1)  if jo € {2,3}
G1(f1) + Ga(f2]X1) + G3(f3]1X1) — Gy (fo) if jo = 1,
for any f; € K7, j = 1,2,3, jo € {1,2,3}, fo € K% and z; € Xy; verify that

G2 can be replaced by G3 under (6). As a result, we obtain that the conditional
lower previsions P;(X7), Py(X2|X1) and Pg(X2, X3|X1) are coherent if and only
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if Pi(X1),P5(X2,Xs5|X1) are. But P,(X1), P5(X2, X3|X1) are always coherent
because of the marginal extension theorem [33, Theorem 6.7.2], and so the coherence
of Py(X2|X1), P3(X2, X3|X1) implies the coherence of the collection template. ¢

It remains an open problem at this stage to determine a partition with the
property that the coherence within each of its elements guarantees the coherence
of the collection template, and that is minimal in the sense that it is finer than any
other partition with the same property.

In this respect, the most interesting particular case would be under which con-
ditions this minimal partition is equal to {{1},...,{m}}, that is, when we can
deduce the coherence of {P,(Xo,|X1,),--.,P,(Xo0,, X1, )} from their separate
coherence. We can deduce from Theorem 2 that when the coherence graph as-
sociated to {P;(Xo0,|X1,),...,P,,(Xo, X1, )} is of type Al, then the separate
coherence of these previsions implies their coherence. Using Theorem 4, we can
prove that being of type Al is also necessary for this property.

Proposition 4. Consider a collection {P,(Xo,|X1,),..-,Pn(Xo0,,1X1,.)} of sep-
arately coherent conditional lower previsions. The following are equivalent:
(1) The separate coherence of {P1(Xo,|X1,),.-., P, (Xo,,1X1,,)} implies their
coherence.
(2) The separate coherence of {P1(Xo0,|X1,), ..., P, (Xo,, X1, )} implies their
weak coherence.
(8) The coherence graph of this collection template is of type Al.

We should like to conclude this section remarking that if the collection template is
Al-representable, then we can give the following sensitivity analysis interpretation:

Theorem 5. Consider a collection of separately coherent conditional lower previ-
sions. If their coherence graph is A1, then these lower previsions are lower envelopes
of a family of coherent linear previsions.

Hence, when the coherence graph is A1, we can interpret our coherent conditional
lower previsions as a model for the imprecise knowledge of some precise coherent
conditional linear previsions. The interest of this result lies in the fact that the
lower envelopes of a family of coherent conditional linear previsions are coherent
conditional lower previsions, but the converse does not hold in general: there exist
instances of coherent conditional lower previsions that are not even dominated
by any family of coherent conditional linear previsions [33, Section 6.6.10.6 A
sufficient condition for the converse to hold is that the spaces X1, ..., X, are finite
[33, Theorem 8.1.10]. This theorem shows that, if the coherence graph is Al,
then the coherent conditional lower previsions are also lower envelopes of coherent
conditional linear previsions, no matter the cardinality of the spaces.

7. AN ALGORITHM TO FIND THE MINIMAL PARTITION

In order to exploit coherence graphs as tools to check coherence, one should be
able to compute the minimal partition of a coherence graph. This is what we set out
to do in the following: we give an algorithm to find the minimal partition and then
discuss its computational complexity, thus showing the efficiency of the algorithm.

6The previsions in the example given in that section can be written in our language as
P(X1,X2),P(X2]|X1). Note that they both belong to the same block, and consequently their
coherence graph is not Al.
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The rationale behind the algorithm is very simple. We start a visit of the graph
from each source of contradiction, going backwards with respect to the direction of
the arrows, so as to identify the related block. This is done by a recursive procedure
that tags the nodes found in the visit, assigning different tags to blocks originated
by different sources of contradiction. The only complication is that some blocks
might have non-empty intersection, and as a consequence they should be regarded
as a single superblock. When this happens, the tags of the different blocks should
be regarded as the same. To this extent, we implement a data structure that acts
as a dictionary, i.e., which maps the tags of the blocks in the same superblock into
a unique tag, referred to as the true tag, which can be regarded as the class of
equivalence of those tags. The dictionary is filled by a procedure during the visits
of the graph every time a node is found at the intersection of two or more blocks.

Below we describe the algorithm more precisely in a C-like language (as opposed
to C, we assume that the first element of an array has index 1 to make the code
simpler to read). To make things simpler, we assume that the nodes of the graph
have been re-indexed from 1 to m + n, where the first m nodes are Dq,...,D,,
and the following ones are the actual nodes. We also assume that, as a result of
previous computations, the following global data structures are available:

e two integer numbers, m and n, corresponding to the number of dummy and
actual nodes, respectively.
e An array called node, of size m + n, whose generic element node[i] is a
structure that contains the following components related to node 1i:
— an integer called node[i] .nParents containing the number of parents
of node 1i;
— an integer array called node[i] .parent, of size node[i] .nParents,
containing the indexes of the parents of node i;
— an integer called node[i] . tag initialised to O to denote that node 1 is
not tagged.
e An integer called nContradictions containing the number of actual nodes
that are sources of contradictions.
e An integer array called contradiction, of size nContradictions, contain-
ing the indexes of the actual nodes that are sources of contradictions.
e An integer array called minPartition, of size m, which implements the
dictionary.

Fig. 7 reports the software code to find the minimal partition based on such data
structures.

The code has three procedures: findMinPartition, which is the main one; its
subroutine findBlock, with parameters i and currentTag; and mergeBlocks, with
parameters tagFound and currentTag, which is a subroutine of findBlock.

The purpose of findMinPartition is to assign tags to the dummy nodes and
fill the array minPartition in such a way that for any j1,j2 € {1,...,m}, j; and
j2 belong to the same element of the minimal partition if and only if the tags
minPartition[node[j;].tag]l and minPartition[node[j2].tag] coincide.

findMinPartition works in two steps. In the first, up to and including line
07, the procedure enumerates the sources of contradiction and, when one is found
that is not tagged, calls findBlock to tag it and all its predecessors, thus iden-
tifying a block. findBlock also takes care, by means of mergeBlocks, to merge
blocks with non-empty intersection into a superblock by properly filling the array
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01 void findMinPartition(){ // identify blocks and superblocks
02 int currentTag=0, i, 1;
03 for(1=1;1<=nContradictions;++1) // enumerate sources of contradiction

04 if (!node[contradiction[1]].tag){ // contradiction not tagged yet?

05 findBlock(contradiction[1],++currentTag); // give tag to nodes in block
06 minPartition[currentTagl=currentTag; // update dictionary
o7}

08 for(i=1;i<=m;++i) // enumerate dummy nodes

09 if (!node[il.tag){ // that are not tagged, %.e., not in any superblock

10 node[i] .tag=++currentTag; // give (newly created) tag

11 minPartition[currentTagl=currentTag; // update dictionary
12}

13 }

14

15 void findBlock(int i, int currentTag){ // identify block for given actual node
16 int j, k;

17  if('nodelil.tag){ // node not tagged yet?

18 node[i] .tag=currentTag; // give tag

19 for(j=1;j<=nodelil] .nParents;++j) // enumerate parents

20 if (!node[node[i] .parent[j1].tag){ // parent not tagged yet?

21 node[node[i] .parent [j]1].tag=currentTag; // tag it

22 for (k=1;k<=node[node[i] .parent[j1].nParents;++k) // enumerate its parents
23 findBlock(node [node[i] .parent[j]].parent [k],currentTag); // recursion

24 }else if (minPartition[node[node[i].parent[j]l].tagl!=currentTag) // tagged?
25 mergeBlocks (minPartition[node[node[i] .parent[j]].tagl,currentTag); // merge

26 }else if(minPartition[node[i].tag]'!=currentTag) // (already) tagged?

27 mergeBlocks (minPartition[node[i].tagl,currentTag); // merge (the two blocks)
28 }

29

30 void mergeBlocks(int tagFound, int currentTag){ // two tags must become one

31 int 1;

32  for(l=1;1<currentTag;++1l) // enumerate existing (true) tags

33 if (minPartition[1l]==tagFound) // any tag ‘l’ previously mapped into ‘tagfound’
34 minPartition[l]l=currentTag; // is now mapped into ‘currentTag’

35 }

FIGURE 7. The software code in C-like language to find the mini-
mal partition of a coherence graph.

minPartition, so that at line 08 of findMinPartition all the superblocks have
been identified. In the second step, from line 08 onwards, the procedure simply
considers the dummy nodes that are not in any superblock and tags them with new
and increasing values of currentTag, thus identifying the remaining elements of
the minimal partition.

The way findBlock works is more complicated. Its main purpose is to tag the
actual node i and all its predecessors by currentTag in a recursive way. It may
happen that some of the nodes found during the visit in the graph are already
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tagged (this happens at line 25 if the node found is dummy and at line 29 if it
is actual). In this case, if the true tag found is different from the current one,
findBlock calls mergeBlocks to merge the two blocks related to the two different
tags. mergeBlocks does so by identifying the tags with each other.

Let us recall at this point that to be really in the condition of computing the
minimal partition, we should also have methods to fill the global data structures
mentioned at the beginning of this section, before running findMinPartition.
These methods are actually trivial to implement apart from the one that solves the
problem of identifying the actual nodes involved in cycles.

A key observation to address such a problem is that a node belongs (at least) to
a cycle in a directed graph if and only if it belongs to a non-trivial strong component
of the graph. This implies that identifying the strong components enables one to
find the actual nodes involved in at least a cycle. Fortunately, the task of identifying
the strong components is well known and efficiently tackled by Tarjan’s algorithm
in [29], so that also this part of the problem can be addressed easily.

The complexity of the overall procedures, including the methods to fill the global
data structures, is given in the following theorem.

Theorem 6. The worst-case complexity to compute the minimal partition using
the procedures in Fig. 7is bounded by O(m +n+m-n).

Note that this bound is derived under the implicit assumption that the input
of the problem is a coherence graph, but usually one would rather start with a
collection template. This is not problematic because the lower prevision templates
in a collection are in one-to-one correspondence with the D-structures of the cor-
responding coherence graph, as stated in Section 5, so that converting a collection
template into a coherence graph takes linear time and thus it does not increase the
complexity bound derived above.

8. APPLICATIONS

Now that the main results of this paper have been presented, we can show how
they naturally relate with three important models and tools well known in artificial
intelligence. In Section 8.1 we shall use our results to prove for the first time the
coherence, to a large extent, of the graphical models called Bayesian and credal
networks. In Section 8.2, we shall establish a tight relationship between weak
coherence and the so-called compatibility problem: i.e., checking whether a number
of assessments admits a compatible joint probabilistic model. In this case, we
shall show that coherence graphs allow us to optimally decompose a compatibility
problems into smaller ones, for a very general version of the problem. Finally, in
Section 8.3, we focus on a recently proposed coherence-based version of probabilistic
satisfiability that enhances and extends similar problems in probabilistic logic. In
this case we first give new results that detail the connection between these more
traditional approaches and Walley’s theory. Then we show that coherence graphs
can be used also in this case to decompose some important instances of probabilistic
satisfiability into smaller ones.

8.1. Coherence of Bayesian and credal networks. Let us focus on proving
the coherence of the graphical models called Bayesian nets and their extension to
imprecise probability called credal nets.
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Although it may seem surprising at first, these models have not been shown
yet to be coherent in a strong sense. What is well known is that these models
give rise to a joint coherent lower prevision (in our language, this means that the
assessments that make up those models are pairwise coherent with such a joint).
For example, a Bayesian net is equivalent to a joint mass (or density) function over
the considered variables; a credal net is equivalent to a closed convex set of such
joint mass functions (the joint coherent lower prevision is the lower envelope of the
expectations computed from those mass functions). This is often implicitly taken
as evidence that the models under consideration are self consistent. But, as we
have shown in Theorem 1, the existence of such a joint is only equivalent to weak
coherence; and weak coherence leaves room to inconsistencies so that Bayesian and
credal nets could still express inconsistent beliefs, for all we know.

In Section 8.1.2 we show that this is not the case as the mentioned models satisfy
Walley’s notion of strong coherence. We do this using coherence graphs and some
additional developments introduced in Section 8.1.1 that are needed to connect
coherence graphs with the so-called notion of strong product, a generalisation of
stochastic independence to imprecise probability. The connection is necessary as the
strong product underlies the models under consideration. Finally, in Section 8.1.3
we discuss some extensions of the presented results to more general models of credal
nets and also to some major statistical applications.

8.1.1. Relating A1 graphs to the strong product. In this section we summarise some
results that connect Al graphs with a notion of probabilistic independence called
strong independence (see [8, 24]) and that have been introduced in [37].

We start with a lemma’ that shows that Al graphs naturally entail a notion
of order of the corresponding lower previsions: in particular, that it is possible to
permute the indexes of the lower previsions in such a way that the only admissible
paths between two dummy nodes are those in which the index of the origin precedes
that of the destination.®

Lemma 1. [37, Lemma 1] If the coherence graph associated to the collection tem-
plate {P1(Xo0,|X1,)s--, Pp(Xo,,|1X1,,)} is Al, then we may assume without loss
of generality that for any k=1,...,m, O N (Uf;llli) =0.

Note that this result depends only on the properties of the coherence graph, and
therefore it is applicable also when dealing with precise conditional previsions.

Now we restrict the attention to the special case of A1l graphs originated by col-
lections of separately coherent conditional lower previsions such that {O1,...,0p}
forms a partition of {1,...,n}. This means that for each variable there is exactly
one lower prevision expressing beliefs about it. Let us call this type of graphs
A1". From Lemma 1, if a collection template {P;(Xo,|X1,),.-.,P,,(Xo, X1, )}
is Al*-representable, we can assume without loss of generality that I; = 0. Let us
define Ay :=0,A; := Ug;ll(fi UO;) for j=2,...,m+1,and for j =1,...,m let
E;(Xoj | X AU Ij) be given on the set H7 of X' ‘A4, -measurable gambles by

Pi(flz) = P;(f(z, )71, (2))

"This lemma will be used not only in this section but also in the proofs of the Appendix for
other reasons, through Lemma 6.

8This order notion is similar to the graph-theoretic notion of topological ordering, but here it
is applied only to the dummy nodes.
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for any z € Xa,uz; and any f € H/. Since P;(Xo,|X7,) is separately coherent

for 7 = 1,...,m, so is E;(Xoj\XAjUI].). Moreover, thanks to Lemma 1 and the
requirement that {O1, ..., Oy, } forms a partition of {1,...,n}, the sets of indices of
the conditional variables in the previsions P} (Xo,),..., P, (X0, |Xa, ur,,) form

an increasing sequence and hence they satisfy the hypotheses of the generalised
marginal extension theorem established in [23, Theorem 4]. As a consequence,
P (Xo,),..-, P (X0, |Xa,,u1,) are also coherent.

A similar reasoning shows that if we take for j = 1,...,m a conditional lin-
ear prevision PJ(Xo,|Xa,u1,) on the set H7 that dominates P (Xo,|Xa,uz,), then
P{(Xo0,),-.., Pl (X0, 1Xa4,,u1, ) are jointly coherent. Moreover, taking into ac-
count that {O1,...,0,,} is a partition of {1,...,n}, Theorem 3 in Ref. [23] im-
plies that the only prevision P on X" which is coherent with the assessments
]31/()(01)7 oL P (XOm|XAmUIm) is

P(f) = Pi(P5(... (P, (fIXa,01,.))---))- (7)
In other words, P{(Xo,),..., P (Xo,,|Xa,,ur,) give rise to a unique joint lower
prevision. When Xj,..., X, are finite, it can be checked that P is the prevision
associated to the probability mass function

P(z) = H Pj(o, (x)lma;ur, (2)). (8)

At this point we are ready to give the definition of lower envelope model.

Definition 16. Suppose that for each A € A, the collection of conditional lower previ-
sions {P\(Xo,), ..., Px(Xo,,|Xa,,ur1,,)} iss.t. forallj =1,...,m, P\(Xo,|Xa,u1,)
dominates B;(Xoj ‘XAJ-UIJ-) and also minAeA P,\(Xoj |XAjUIj) = B; (Xoj |XAjUIj )
The coherent lower prevision P defined as P := minycp Py, where P) is the coher-
ent prevision determined by P\(Xo,),...,Px(Xo,,|Xa,,u1,,) and Eq. (7), is called
a lower envelope model.

Intuitively, a lower envelope model is a joint lower prevision that is built out of a
number of conditional and unconditional assessments. The interest in lower enve-
lope models arises because it is a very common practice to build joint models out of
smaller conditional and unconditional ones, and then to use the joint model to draw
some conclusions. Lower envelope models abstract this procedure of constructing
joint models in the general case of coherent lower previsions. As particular cases of
lower envelope models, we can consider the following:

(1) If for each j = 1,...,m we consider all the P\(Xo,|Xa;uz;) in the set
M(P}(Xo,|Xa,u1,)), then the lower prevision P is the marginal extension
of Bll(Xol), . ,B;n(Xom |XAmUIm)'

(2) If for j = 1,...,m we take all the Px(Xo,|Xa,us;) in the set of ex-
treme points of M(P}(Xo,|Xa,u1;,)), with the additional requirement that
P\(Xo,|z) = Px(Xo,|?) if n1,(2) = 71,(2"), then the lower envelope model
P is called the strong product of P{(Xo,),-..,P,,(Xo,,1X1,,)-

The marginal extension represents the most conservative lower envelope model built
out of the assessments defined in (7). The strong product is also the most conser-
vative lower envelope model built out of those assessments with the additional
assumption of strong independence (see for instance [37] for additional informa-
tion).

m
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Theorem 7. [37, Theorem 2] Consider an AlT -representable collection template
{P1(Xo0,),-.., P, (X0, |X1,)}, and let P be a lower envelope model associated to
it. Then P, Py(Xo,), ..., P,,(Xo,,|X1,,) are coherent.

Note that this result is concerned with the original assessments, not with those
defined in (7). In particular, it implies that it is always coherent to build the strong
product out of an Alt-representable collection. This is the main tool that we shall
use in the following.

V)isit to Asia

T)ubercuTosi?)

Lung (C)ancer Bronc(H)itis

s
FIGURE 8. The Asia network: a model of an artificial medical
problem related to the presence of dyspnea. The nodes correspond
to variables (with names in parentheses), which are all 0-1 valued
in this example.

8.1.2. Bayesian and credal networks. A Bayesian net [27] is made of a directed
acyclic graph whose nodes are in one-to-one correspondence with the variables
X1,..., X, (a well-known example of Bayesian net is given in Fig. 8). The arcs of
the graph represent stochastic independences among the variables by means of the
so-called Markov condition: i.e., the fact that a variable is independent of its non-
descendant non-parents given its parents. Let X; be the generic node in the net,
and denote by I; the set of indexes of its parents. Let us assume that the variables
take values on finite spaces. In this case each node of the network is associated
with a set of conditional mass functions that in our language correspond to the
conditional linear previsions P;(X;|X7,). Note also that m = n with Bayesian
nets. Specifying a Bayesian net is equivalent, through the Markov condition, to
specifying a joint mass function over the variables of interest:’

P(z) = H Pj(mj(x)|mr, (2)),z € X", (9)

9Note that in Expression (9) the symbol 7 refers to the projection operator from Definition 1,
and it should not be confused with the symbol used to denote the parents of a node in a Bayesian
network.
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Crredal networks are an extension of Bayesian nets to imprecise probabilities [8].
The extension is achieved, in the case of the so-called separately specified credal
nets, about which we focus, by allowing the generic node X; to replace each of its
mass functions with the closed convex hull of a finite number of conditional mass
functions. In other words, the linear prevision P;(X;|X7,) is replaced by a coherent
lower prevision P;(X;|X7,) for all the nodes X; in the net. As an example, the Asia
network can be turned into a credal net by replacing each of its local conditional
probabilities with a probability interval, as a closed convex set of mass functions is
equivalent to a probability interval in the case of a binary variable.

A credal net is equivalent to a set of Bayesian nets: if one chooses a precise
mass function in each local closed convex set of the net, the credal net becomes a
Bayesian net that is ‘compatible’ with the credal net. In the language of coherent
lower previsions this means that the graph, together with the choice of a linear
prevision P;(X;|X7,) > P;(X;|X1,) at node Xj, for all j =1,...,n, is a Bayesian
net. Therefore, a credal net can be regarded as the set of Bayesian nets originated
by choosing the above dominating linear previsions in all the possible ways. Call
P the set of joint mass functions obtained applying Eq. (9) to each compatible
Bayesian net.

Credal nets are rendered consistent with Walley’s theory of coherent lower pre-
visions using the notion of strong extension, defined as

K(P) := CH(P),

where the symbol CH denotes the operation of taking the closed convex hull. Since
K(P) is convex, it has extreme points, i.e., mass functions in K (P) that cannot be
expressed as convex combinations of other ones in K(P). Let us denote the set of
extreme points by ext(K(P)). Usually, the definition of credal networks requires
that such a subset is finite. It is well known that in this case ext(K(P)) C P; this
means that the extreme points correspond to a subset of the compatible Bayesian
nets. For this reason, a credal net is usually regarded as equivalent to a finite set
of Bayesian nets even if P has infinitely many elements. Note also that a Bayesian
net is a special case of credal net. In such a case, the strong extension is a singleton
containing the joint mass function coded by the Bayesian net through Eq. (9).

The strong extension is nothing else but an equivalent representation of a co-
herent lower prevision P(Xi,...,X,), from which the connection with Walley’s
theory. To enforce this connection, inferences with credal nets are usually made
with respect to the strong extension rather than the initial set . This should not
be controversial because doing inference with credal nets is usually taken to be the
computation of lower and upper posterior expectations; and these stay the same
irrespective of the fact that one uses P, K(P) or ext(K(P)).

At this point we are ready to show that credal nets, and consequently Bayesian
nets, are coherent models. To this aim, it is sufficient to show that a credal net
leads to an A1" coherence graph (see Fig. 9 for an example) and that the strong
extension of a credal net coincides with the strong product of the related coherence
graph, as in the next theorem.

Theorem 8. The local conditional lower previsions Py (X1|X1,),..., P, (Xn|X1,)
of a credal network are A1T-representable. Their strong product coincides with the
strong extension of the network.
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FIGURE 9. The coherence graph obtained from the Asia Bayesian network.

We can then apply Theorem 7 in a straightforward way to obtain the wanted
result as an immediate corollary of the previous theorem.

Corollary 2. Let P{(X1|Xy,),..., P, (Xn|X1,) be the local conditional lower pre-
visions of a credal network, and let P(X1,...,X,) be its strong extension. Then
P (X11X5), ..., P, (Xu|X1,) and P(X4,...,X,) are coherent.

8.1.3. Some concluding remarks. There are at least two reasons that make Corol-
lary 2 important. One is that credal and Bayesian nets are very general and impor-
tant models, and it is important to know that they are coherent, both for theoretical
and practical reasons. Actually, exploiting tools presented elsewhere [37], it is pos-
sible also to give a stronger result: that coherence is preserved even under the
so-called updating of a credal net, under very general conditions. This means that
it is not possible to produce inconsistencies by building and repeatedly using a
credal net.

The second reason is the (implicit) generality of the theorem. Remember that
there are two basic limitations on the traditional definition of credal nets, on which
we have focused so far: the strong extension is assumed to have a finite number
of extreme points; and the variables to take finitely many possible values. Both
are related to the definition of strong extension and hence it is useful, and even
necessary for the second question, to extend such a definition. What seems to be
the natural way to extend it, in our view, is just adopting in its place the definition
of strong product given in Section 8.1.1. This choice allows us to propose, for the
first time, a definition of credal nets for general spaces; moreover, it allows us,
through Theorems 7 and 8, to immediately prove the coherence of credal nets in
the general case (i.e., any kind of possibility spaces involved, and possibly infinitely
many extreme points in the generalised strong extension), which appears to be an
important outcome.

More generally speaking, we should like to point out that the approach used to
prove the coherence of credal nets can be replayed with opportune changes also in
other important contexts. For example, some recent work [37] has again exploited
coherence graphs together with the strong product to prove the coherence of some
very general statistical models: it has been shown that imprecise-probability based
forms of statistical inference, such as some generalised parametric inference and
pattern classification, are coherent. These models generalise Bayesian inference
by using sets of priors to model prior knowledge (which can also correspond to
a condition of near-ignorance) and use sets of likelihood functions to model very
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flexibly the possible presence of a process responsible for missing values. Also in
this case, coherence graphs are a key tool to prove in a relatively easy way the
coherence of the mentioned models, despite their generality and complexity.

A final point seems to be particularly worth of interest: both in the statistical
case and with credal nets, the coherence graphs naturally originated are only of type
Al. Remember that Al graphs lead to coherence irrespective of the numbers that
make up the related lower previsions (provided that they are separately coherent);
in other words, in the case of Al graphs coherence is a structural component of the
collection. With more general graphs this is not necessarily the case: the related
collection might no longer be coherent with very small changes in the numbers
making up the lower previsions, in a way that might make the check of coherence
problematic due to numerical instabilities. Therefore, it is interesting to observe
that some of the most commonly used models in artificial intelligence and statistics
have naturally been selected with the property that their coherence is relatively
insensitive to the mentioned instabilities. On the other hand, this confirms the
importance of Al graphs.

8.2. Compatibility of marginal and conditional probabilistic assessments.
The results in this paper allow us to provide new insight and solutions to the prob-
lem of the compatibility of a collection of marginal and conditional previsions. This
problem has received a long-standing interest in the literature, since the seminal
works by Boole [6], Hoeffding [16], Fréchet [14] and Vorobev [32]. See [9] and the
references therein for recent works in the subject. It is related via Sklar’s theorem
to the notion of copulas [28], which has applications in economics [25].

Consider variables X7, ..., X, taking values in respective sets X71,...,A,. Con-
sider I;,0; C {1,...,n} such that I; N O; = 0, for j = 1,...,m, and conditional
lower previsions P;(Xo,|Xy;) for j = 1,...,m. As we have mentioned before,

P;(Xo,|X1;) models the information that the variable X;, := (X;);cr; provides
about the variable Xo, = (X;)ico,. If in particular I; = (), then Bj(Xoj) is
simply the marginal information that we have about the variable Xo,.

We formulate the compatibility problem, in a very general way, as studying
whether there is an extension P on X™ of the (marginal and conditional) lower pre-
visions in a collection {P;(Xo,|X1,), .-, P,,(Xo,,1X7,, )} In the case of marginal
lower previsions, this means obviously that P is an extension of them to the set of
all gambles. The situation for conditional lower previsions is a bit more involved:
we shall interpret compatibility of P and P(Xo|X) as coherence of these two lower
previsions, in the sense considered throughout this paper (note that, as we have
remarked in Section 2, in the particular case of a conditional and an unconditional
assessment weak and strong coherence are equivalent).

Note that the study we make for lower previsions is of course also valid for
the particular case where the assessments are precise, that is, when we have linear
conditional and unconditional previsions P;(Xo,|Xr;), j = 1,...,m. Insuch a case,
we look for a precise joint, that is, for a linear prevision which is compatible with all
these assessments. Coherence implies now (and, in the finite case, is equivalent to
the fact) that the joint P induces all the conditionals by means of Bayes’ rule when
conditioning on an event of positive probability (see for instance [2, Chapter 10]).
The more traditional formulation of the problem is a special case of the previous
formulation obtained by restricting the attention to marginal previsions only, and
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amounts to study whether there is a compatible joint P on X" whose O;-marginal
is P(Xo,), for j=1,...,m.

Our first, and important, result for the general compatibility problem is just
Theorem 1 (see also Remark 1): from this theorem, we know that the lower pre-
visions Py (Xo,|Xn,), ..., P..(Xo0,, X1, ) are compatible if and only if they are
weakly coherent. This makes of weak coherence a very general characterisation of
compatibility. We are not aware of any other work that has given such a charac-
terisation in the general case that we consider, although a similar result has been
given in [20] for the particular situation made of unconditional linear previsions,
and of finite sets X7, ..., X,.

Theorem 1 is a key result also because it allows us to exploit in a direct way the
outcomes from this paper, obtained for weak coherence, in the case of compatibility
problems. For instance, we can use Proposition 4 to deduce that weak coherence,
and hence compatibility, is implied by the separate coherence of P,(Xo,|Xr,),
.oy P (Xo,.1X1,,) alone (i.e., without any other information about the numbers
that make up the previsions) if and only if the coherence graph associated to this
collection template is A1.1% This means that if a collection of lower previsions is
Al-representable, we immediately know that they are compatible; this gives us a
graphical criterion that is sufficient for compatibility. The criterion becomes easier,
and more obvious, if we focus on the simpler compatibility problem made only of
unconditional lower previsions. In this case, the coherence graph cannot possess
cycles; hence, it will be Al if and only if there are no actual nodes with more
than one parent, which in turn means that the sets {O1, ..., O,,} must be pairwise
disjoint.

The above graphical criteria may of course not be met in practice; in this case
one should study the specific problem at hand in order to be able to check compat-
ibility. Yet, without going into the detail of the numbers that make up the lower
previsions, one can still take advantage of coherence graphs to optimally decom-
pose a compatibility problem into simpler ones, i.e., those related to the subsets of
the graph’s minimal partition. Actually, this is the situation in which coherence
graphs may prove to be more helpful, by having the potential to greatly reduce the
complexity of the original task. Also, in our knowledge, this appears to be quite an
original avenue for compatibility problems.

Let us stress also that these results are very general compared to the ones es-
tablished in the classical works for the compatibility problem, because they can
be applied to marginal and conditional lower previsions, instead of linear. Hence,
they are also valid in situations of ambiguous or scarce information, where the use
a precise probability model is not possible (or adequate). Furthermore, in the case
of infinite spaces X71,...,X,, our work is based on finitely additive probabilities
on the class of all subsets of X7,u0,, for j = 1,...,m, which allows us to avoid
topological and measurability assumptions on the domains.

8.3. Coherence-based probabilistic satisfiability. The compatibility problem
is close to a different and well-known problem called probabilistic satisfiability [15,

1OMoreover, we have proven that when the coherence graph of the collection template is of
type Al, we not only deduce that these previsions are weakly coherent, but also that they are
(strongly) coherent. This allows us to give them a behavioural interpretation in terms of betting
rates, as in the works by Walley [33] and de Finetti [13], and connects the compatibility problem
naturally with decision making.
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17]. A major difference is that latter is usually defined only relative to variables
with finite support (it is often defined only with respect to events). In the following
we shall therefore make this assumption, too.

Let us consider precise probabilities for a moment. In this case, probabilis-
tic satisfiability consists in checking whether a number of precise conditional and
unconditional probabilities is consistent with a joint. This is usually done via al-
gorithms based on linear programming. Probabilistic satisfiability is tightly related
to probabilistic logic [26]. In fact, the above check is often a first necessary step to
be able to compute, again using linear programming, the probabilistic implications
of the initial assessments on new events, which is the goal of probabilistic logic.

Probabilistic satisfiability has been extended to deal also with imprecise proba-
bilistic assessments, and even with lower and upper previsions in some recent work
by Walley, Pelessoni and Vicig [34] (from now on we refer to this paper by WPV
for short). This work is somewhat atypical as it is based on a coherence-based view
of probability rarely employed (another approach in a similar spirit is [5]) in prob-
abilistic logic. And yet the authors of that paper show that relying on coherence is
just the key to fix some of the problems of probabilistic logic and to develop truly
general and powerful methods. These two characteristics make of WPV a natural
candidate to bridge our results and probabilistic satisfiability.

To this aim, in Section 8.3.1 we first consider WPV in some detail. In particular,
we consider the specific notions of consistency used there, and give new results that
make it easy to move back and forth from those notions and the more traditional
ones used in probabilistic logic. Moreover, we extend some of the theory for coher-
ence graphs to show that they can decompose, in Section 8.3.2; some instances of
the consistency problem of WPV into smaller ones. This is an important result be-
cause probabilistic satisfiability is an NP-hard problem [5]; when coherence graphs
allow for reducing one such problem into smaller ones, we immediately obtain the
possibility to solve bigger problem instances than it was possible before. (For an
alternative, and possibly complementary approach, see [3]; in this case the focus is
on heuristic considerations to reduce the computational burden.)

8.3.1. Sufficient conditions for avoiding partial and uniform sure loss. The WPV
work is made of a first part related to the satisfiability problem and a second one
for the extension of the assessments to new events or gambles. In the language
of that paper, the first problem is one of checking whether the assessments avoid
uniform loss; the second is the natural extension of the assessments.

These notions are taken from the seminal work of Williams [35] about lower
previsions. In the setup that we shall consider, they are equivalent to the related
ones from Walley [33, Section 7.1]. From this, it follows that avoiding uniform loss
is a weaker requirement than (strong) coherence. We recall that in the case of finite
spaces of possibilities, which we are considering, avoiding uniform loss is equivalent
to the notion of avoiding partial loss, introduced in Section 2. The conclusion
follows because coherence is indeed defined as a strengthening of avoiding partial
loss.

At first it may look surprising that WPV focuses on a consistency notion that,
being weaker than coherence, leaves room to inconsistencies in the original assess-
ments. The reason is related to the second part of that work, i.e., the natural
extension. Walley shows that for the natural extension to be well defined, it is nec-
essary that the original assessments avoid partial loss. Remember that the natural
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extension is a procedure that allows one to compute the (tight) probabilistic impli-
cations of the original assessments on any new event or gamble, and in particular
even on the original ones themselves. In this case such a procedure automatically
corrects the possible inconsistencies left among the original assessments, making
them (strongly) coherent. In WPV coherence is, in other words, a byproduct of the
natural extension.

WPV discusses at different points the relationship with former approaches, espe-
cially those based on probabilistic logic, pointing to some of their problems. Here
the key to understand the difference between the approaches is in the different
notion of loss used. Unlike WPV, which is based on avoiding uniform loss (i.e.,
avoiding partial loss), most of the other approaches are based on the weaker no-
tion of avoiding uniform sure loss given in Definition 3. To make the connection
with the mentioned approaches more explicit, in the following proposition we give
an equivalent formulation of avoiding uniform sure loss based on the existence of
dominating conditional lower previsions which are weakly coherent.

Proposition 5. Let {P,(Xo,|X1,),.-.,P,,(Xo,. |X1,,)} be a collection of sepa-
rately coherent conditional lower previsions. If all the spaces X1, ..., X, are finite,
then they avoid uniform sure loss if and only if there exist weakly coherent domi-
nating conditional linear previsions {P1(Xo,|X1,), ..., Pmn(Xo,,1X1,,)}-

This proposition can be easily given an intuitive meaning. The existence of
dominating linear previsions means that there must be precise probabilities in the
feasible set determined by the constraints (on conditional and unconditional proba-
bilities) that define a satisfiability problem; in other words, the feasible set must be
non-empty. But this is not enough: the fact that they are weakly coherent means,
through Theorem 1 and Remark 1, that there must be a joint mass function from
which one can derive, via Bayes’ rule and marginalisations, those precise proba-
bilities. Stated differently, if we use a number of conditional lower previsions as a
means to express bounds on conditional probabilities, the property of avoiding uni-
form sure loss is equivalent to the existence of a joint mass function that satisfies all
these bounds. This should make it clear that avoiding uniform sure loss is just the
implicit condition that the more traditional approaches to probabilistic satisfiability
try to test (these questions are discussed at some length in [34, Section 2.4]).

There is a further point of interest. It is possible to show that in a probabilistic
satisfiability problem, avoiding uniform loss and avoiding uniform sure loss coincide
if the (lower) probabilities of all the involved conditioning events are positive. This
is related to the existence of the joint mass function mentioned above: in fact,
since the joint mass function must be related to the conditional assessments of the
problem via Bayes’ rule, it turns out that there is no relation when Bayes’ rule
cannot be applied, i.e., when the (lower) probability of a conditioning event is zero.
It follows that avoiding uniform sure loss does not capture specific inconsistencies
in the original assessments that arise on top of those zero probabilities (such as
in the example presented in the Introduction). This is, in particular, a source of
criticism in WPV of the approaches based on avoiding uniform sure loss (see [34,
Section 3.7] for a discussion about this point). It is indeed a considerable feature
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of the WPV approach that it does not suffer for these kinds of inconsistencies, nor
can draw wrong conclusions because of them.!!

At this point that we have some insight about the WPV approach and its rela-
tionship with ours and others, we can move to work more closely on the relationship
between coherence graphs and WPV. Our final aim is to be able to use coherence
graphs to simplify the check of avoiding uniform loss in WPV. The following result
is what we need to reach our goal.

Theorem 9. Let {P,(Xo,|X1,),.--, P, (X0, |X1,,)} be a collection of separately
coherent conditional lower previsions, and let B be their associated minimal parti-
tion, given by Definition 15.
(1) If{P;(Xo,|X1;)}jen avoid partial loss for any B € B, then the conditional
lower previsions {P,(Xo,|X1,),--., Pn(Xo,,|1X1,, )} avoid partial loss.
(2) If {P;(Xo0,|X1,)}jen avoid uniform sure loss for any B € B, then the
conditional lower previsions {P,(Xo,|X1,), ..., P,,(Xo,, X1, )} avoid uni-
form sure loss.

This theorem states that the properties of coherence graphs that we have inves-
tigated in the case of weak and strong coherence hold similarly also in the case of
the losses under consideration. The similarity goes even further, as discussed in the
next remark.

Remark 3. In the particular case where the coherence graph is A1, it follows from
Theorem 9 that we can deduce that the conditional lower previsions avoid partial
or uniform sure loss just from their separate coherence; to see that being Al is
also necessary for this property, it suffices to notice that the counterexamples in
the proof of Theorem 4 are linear conditional previsions, for which weak coherence
is equivalent to avoiding uniform sure loss and coherence is equivalent to avoiding
partial loss. Hence, the partition is minimal in the case of A1 coherence graphs.

For general (not necessarily A1) coherence graphs, the partition may not be min-
imal if we want to deduce the avoiding partial loss condition: if we consider the pre-
visions in Example 2, it is not difficult to show that if P(X3|X;) and P(X2, X3|X1)
avoid partial loss, then they also avoid partial loss with P(X;). With respect to
avoiding uniform sure loss, using again that the previsions in the counterexamples
in the proof of Theorem 4 are linear conditional previsions, it follows that the par-
tition is the minimal one from which we can deduce the avoiding uniform sure loss
condition. ¢

8.3.2. Bridging coherence graphs and probabilistic satisfiability. We can finally ex-
ploit coherence graphs in WPV. We focus in particular on using WPV to the extent
of checking whether a collection {P,(Xo,|Xr,),-.., P (Xo,,| X1, )} of separately
coherent lower previsions avoids uniform loss. Recalling that we are considering
finite spaces of possibilities, this can be re-phrased as using WPV to check whether
a collection of closed and convex, conditional and unconditional, sets of mass func-
tions, avoids uniform loss.

This task can be particularly onerous for WPV. Let us recall that WPV checks
that the assessments avoid uniform loss by running a linear program (or more than

HFor instance, in [34, Section 3.8, Example 10] it is presented a case in which the mentioned
inconsistencies lead traditional probabilistic logic to deduce that a given event is certain a poste-
riori whereas the methods in WPV more correctly deduce that there is complete ignorance about
it, i.e., that the posterior probability for such an event lies in the interval [0, 1].
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one). But probabilistic satisfiability is an NP-hard problem. This means that
in practice the size of the linear program, corresponding to [34, Eq. (1)], grows
exponentially large with the size of the input. In the setup that we consider, this
is a consequence of the number of linear constraints in the program which grows
according to the size of the joint possibility space X", i.e., as an exponential function
of n.

Consider for example the collection of lower previsions that gives rise to the
graph in Fig. 1. Say that each of the sixteen variables under consideration takes
values on a set with three elements. Then the number of constraints in the program
is about 43 millions, quite a prohibitive one.

But we know that we can apply Theorem 9 at this point. Theorem 9 allows
us to decompose the above linear problem into two much smaller ones, according
to the superblocks in Fig. 5: one superblock of six variables and another of five.
That is, in two linear problems with about 700 and 240 constraints, respectively.
In this example, coherence graphs make it possible to solve efficiently something
that would be intractable otherwise.

This is not an isolated case: every time a coherence graph allows some proper
superblocks to be isolated, the size of the largest linear program decreases accord-
ing to an exponential function of the number of variables contained in the largest
superblock: then, similarly to what happens also in the case of Bayesian nets, the
computation is no longer exponential in a global feature of the model, such as the
number of variables, but in a local one, which has the potential to lead to efficient
solutions in a number of real-world problems. There is also another advantage:
using smaller linear programs reduces the risks originated by numerical instabil-
ities: both those involved in using collections that are more general than Al, as
mentioned at the end of Section 8.1.2, and those more strictly related to the kinds
of linear problems needed to check avoiding uniform loss, as reported in [34].

9. SOME POSSIBLE EXTENSIONS OF OUR RESULTS

This work is focused on the problem of the coherence of a collection of closed and
convex sets of distributions. The formalism that we have introduced is consequently
based on some constant related features. One is that we work with variables.
Another one is that the joint space of possibilities X™ for these variables is the
product of the spaces of the individual variables. A final one is that every lower
prevision that we consider is defined on the set of all the gambles relative to the
involved variables. Although this setup is the more general one for our aims, it is
not the more general that one could consider.

In this section, we briefly investigate to what extent our results could be ex-
tended to more general setups. This could be useful in particular for problems of
probabilistic satisfiability /logic. In fact, in such a field it is not uncommon to focus
on problems where the lower previsions are not defined on all gambles; and also on
problems where the joint space of possibilities X™ is not a product space because
there are so-called logical constraints between the possible values of the variables
under consideration that make some of the joint values impossible. This holds for
WPV but also for more traditional approaches in artificial intelligence, e.g., [19, 31],
as well as other approaches based on coherent probabilities [7].
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Actually, the problems of probabilistic satisfiability are usually not even ex-
pressed in the language of previsions conditional on variables that we have con-
sidered in this paper, and are rather defined using events. Nevertheless, it is not
difficult to consider variables that take values in the conditioning events in order
to express everything in our language. Let us give an example of this:

Ezxample 3. Let us consider three events A, B and C, and assume that we are given
the probabilities P(A|B), P(C|A N B), P(B|C). Define the variables X1, X2, X3,
where X takes values in { B, B¢}, X5 takes values in { ANB, A°NB, ANB¢, A°“NB°}
and X3 takes values in {C, C°}. In the language of this paper, the above assessments
could be expressed as P(X35|X1), P(X3]|X2) and P(X;|X3), where these previsions
are defined, respectively, on I 4, I and Iz. In this case, the associated coherence
graph is as in Fig. 10. Since we have a cycle in the coherence graph, we can only

Xl*—O—Xg
X

FIGURE 10. Coherence graph of {P(X2|X1), P(X3|X2), P(X1]X3)}.

know that these assessments are not always coherent. Note however that if we were
given the probabilities P(A|B), P(C|AN B) and P(B), they would be expressed in
terms of the above variables as P(X5|X1), P(X3|X2) and P(X;). Their associated
coherence graph is Al and as a consequence they are always coherent. ¢

The following sections detail our investigation on the remaining problems. Sec-
tion 9.1 deals with the case when the lower previsions P;(Xo,|Xr;), j =1,...,m
are defined on domains HJ that are subsets of the sets K7 of Xo,u1,-measurable
gambles. Section 9.2 discusses the problem of logical dependence. We also report
on a further possible extension in Section 9.3 that is concerned with the case when
we know the coherence of some subsets of the collection of lower previsions, and
these subsets do not make up a partition as we have always assumed so far. Finally,
we give some concluding remarks in Section 9.4.

9.1. Considering smaller domains. One of the assumptions we have made in
this paper is that the domain of the conditional lower prevision P,(Xop,|Xr,) is
the whole set K of Xp,_r,-measurable gambles, i.e., the set of gambles which de-
pend on the value that the variables Xo,, X, take. Although when the domain of
P,(Xo,|X1,) is a subset K of K we can always extend it to K using the procedure
of natural extension, we think it is also of interest to discuss in some detail this
case.

To simplify our reasoning, we are going to assume that K% is a linear subset of
KC?. Tt is not difficult to extend our reasoning to the case where K't is a non-linear
set (for instance a finite set), using the work in [22].

The first important thing to remark here is that the sufficient conditions we give
in this paper for coherence, weak coherence and avoiding partial and uniform sure
loss in Theorems 2, 3 and 9 also hold if the domains are smaller. For this, it suffices
to consider that the only assumptions in the domains we make in their proofs are
that for any f € K'* and any subset A of A7, the gamble fI4 is also in K'%; but this
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can be assumed without loss of generality as a consequence of separate coherence
[33, Lemma 6.2.4].

With respect to the necessary condition we establish in Theorem 4 for deducing
weak coherence, it does not generalise to conditional lower previsions with arbitrary
linear domains: if we think for instance of conditional lower previsions defined on
constant gambles only, they are coherent as soon as they are separately coherent
(i.e., as soon as they satisfy P,(u|X,) = p for any constant p € R). This holds
irrespective of their coherence graph, so this does not need to be Al.

If we want Theorem 4 to hold in this more general situation, we need to impose
some additional constraints on K'%. It can be checked that all the results hold if for
alli=1,...,n, P,(Xo,|X;,) satisfies the following two conditions:

(SD1) For any subset A of Xp,u;,, its indicator function T4 belongs to K.

(SD2) For all gambles f € K'% and all subsets A of Xo,ur,, the gamble fI4 belongs
to Kt

Note that if P,(Xo,|X1,) is separately coherent, we can assume without loss of
generality that its domain K't includes all constant gambles. In that case, condi-
tion (SD1) is a consequence of (SD2). Note moreover that (SD2) cannot be seen
as a consequence of separate coherence, because [4 may not only depend on the
conditioning variables, but also on the conditional ones. The proof of Theorem 4
implies also that when conditions (SD1) and (SD2) hold, the partition we define is
the minimal one which allows to deduce the property of avoiding uniform sure loss.

9.2. Adding logical dependence considerations. Another important issue for
the applicability of our results is that of logical independence. In this paper, we have
assumed that the variables X, ..., X,, are logically independent, meaning that we
consider any combination (z1,...,z,) in X™ as a possible value for the joint variable
X™. Tt is not uncommon, however, to consider variables that satisfy some kind of
logical dependence assumption, which in the end will imply that some elements
in X™ are ‘structurally’ impossible values for the joint variable (X1,...,X,) and
therefore they should be removed from the joint possibility space.

With respect to this, the first observation we have to make is that the partition
of the conditional lower previsions associated to the superblocks is not enough to
deduce weak or strong coherence (or avoiding partial or uniform sure loss) when we
have in addition some logical dependence considerations; and this can happen even
with finite spaces and precise conditional previsions, as we show in the following
example:

Ezample 4. Consider two binary variables X1, X», and take the previsions P(X3), P(X1)
determined by P(X; = 1) = 1 = P(X; = 0). These previsions are coherent be-
cause their associated coherence graph is Al; however, they are incompatible with

the logical dependence assumption X; = X5, because any compatible model P will
satisfy P(X; =0,Xo=1)=1. ¢

One way to model the fact that some of the joint values in X" are impossible
is to use unconditional lower previsions, by giving upper probability zero to the
impossible combinations. If we know for instance that the variables Xi, X5 can
only assume together values in the subset A of Xy, 2y, we can make the assessment
P(A) = 1. This can be expressed by the unconditional lower prevision P(X7, X5)
on Ky 2y given by P(f) = inf,eca f(w). We discuss the use of this method to-
gether with coherence graphs below. There is a cautionary note, however: strictly
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speaking, the fact that some joint values are given zero upper probability is in gen-
eral only one implication of logical dependence, in the sense that the converse is
not necessarily true: an event with upper probability zero needs not be regarded
as ‘structurally’ impossible. In the following we shall refer to the case where some
joint values are given upper probability zero as practical impossibility to distinguish
it from logical dependence. The following discussion leads then to sufficient condi-
tions to check coherence (or loss) notions under practical impossibility. When the
focus in on logical dependence instead, and the difference between this and practi-
cal impossibility is enforced in applications, our results below should be regarded
as necessary conditions. Whether these are also sufficient conditions in general for
logical dependence is an open problem that should be considered in future work.

As we said, we can model the practical impossibility of some combinations of val-
ues as additional unconditional lower previsions P, ..., P). Then we should like to
verify the coherence or weak coherence of the assessments P,,..., P, , P},..., P}.
For this, we can apply the reasoning in this paper and build the associated coher-
ence graph. Its superblocks will produce a partition of the set of previsions with
the property that it suffices to verify coherence (resp., weak coherence, avoiding
partial loss, avoiding uniform sure loss) within each of the elements of the parti-
tion to immediately deduce coherence (resp., weak coherence, avoiding partial loss,
avoiding uniform sure loss) of all the assessments.

Note that in order to do this the first thing we must verify is that we are still
working with a collection of previsions. If a practical impossibility assumption is
expressed in terms of an unconditional P’'(X;, X5) and we already have another
assessment P(X1, X5), then we should check whether also P(X7, X5) satisfies such
an assumption; if it does not, then our assessments are not coherent. If it does,
then we do not need to include B’(Xl, Xs) in our set of assessments.

Since we are working with more assessments now, the superblocks we have in the
coherence graph will be bigger in general, and therefore the associated partition will
be coarser. In the worst of cases, if we have a practical impossibility assumption that
involves all the variables, it will be expressed as an unconditional P'(X,..., X,),
and all the previsions will belong to the same superblock. In that case the coherence
graphs will not help to simplify the verification of coherence.

The other extreme case will be that when the practical impossibility assumptions
involve only the variables which are already in the same superblock, as in the
following example:

Example 5. Assume that we have variables Xi,..., X5, and that we make the
assessments P (X1|X3), Py(X2|X1), P5(X5|X3) and P,(X5|X4). Their associated
coherence graph is given in Fig. 11. If we make now the assumptions X; = X5 and

X1—0—>X2 X3 X4
X5
FIGURE 11. Coherence graph of the collection
{P;1(X1]X2), Py(Xa|X1), P3(X5]X3), Py(X5]X4)}-
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X3 # X4, they would be included in the graph by means of the unconditional pre-
visions P5 (X1, X32), Ps(X3, X4). The new coherence graph would be as in Fig. 12.
We see that P (X1|X2), Py(X2|X1), P3(X5|X3) and P,(X5|X4) are coherent and

N\ /\
Xi——Xy X5

\,_/\

Fi1GURE 12. The coherence graph in Flg. 11 modified so as to add
considerations of practical impossibility.

compatible with the practical impossibility assumptions if P;(X1]|X32), Py(X2|X1)
are coherent and compatible with X; = X5 on the one hand and P5(X5|X3) and
P,(X5|X4) are coherent and compatible with X3 # X4 on the other. ¢

Hence, in some cases we only need to verify the practical impossibility assump-
tions within each of the superblocks, and we should be able to deduce coherence.
We could expect that in a number of cases there will be a situation intermediate
between the two extreme ones just presented: the superblocks will grow by adding
practical impossibility considerations and the biggest one will not coincide with the
entire graph. In these cases, coherence graphs will be useful as they will still permit
to decompose the original problem in smaller ones to some degree.

The situation is a bit simpler if we focus on weak coherence instead of coherence.
Assume that we have a number of weakly coherent conditional lower previsions, and
that the practical impossibility considerations imply that only the valuesin A C X"
are acceptable for the joint variable (X1, ..., X,,). It can be checked that the uncon-
ditional lower prevision F defined in the proof of Theorem 1 is the smallest coher-
ent lower prevision which is weakly coherent with Py (Xo,|X1,), ..., P (Xo,,1X1,,)
[21]. If it also satisfies E(A) = 1, then we deduce that the assessments are also
compatible with the practical impossibility considerations, which is an alternative
and easier sufficient condition to check. Using Proposition 5, it should be possible
to simplify also the study of the compatibility of the avoiding uniform sure loss
condition with practical impossibility considerations.

9.3. Making non-disjoint assumptions of coherence. In this paper, we have
focused on the problem of deducing the coherence of a number of conditional lower
previsions from the coherence of the previsions that belong to some sets. In our
formulation, we have always assumed that we are given a partition of the set of
conditional lower previsions. We have proven that a tool for verifying coherence or
weak coherence can be to compare this partition to the minimal partition that we
can derive using the superblocks of the coherence graph.

It would be interesting, however, to consider also the case where the information
we are given is not made in terms of a partition, but that we are said that some
sets of conditional lower previsions are coherent, and these sets are not disjoint.
For instance, we may consider the assessments P(X1, X2), P(X2|X1), P(X1]|X32),
and we may be told that any two of these assessments are coherent. That is, we
know that P(X7, X3), P(X2|X1) are coherent, that P(X;, X3), P(X;|X2) are also
coherent (which implies then that the three assessments are weakly coherent) and
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also that P(X3|X;), P(X1]|X2) are coherent, and we would like to know if we can
deduce from this the (joint) coherence of P(X1, Xs), P(X2|X1), P(X1|X2). Such a
situation is considered for instance in [33, Section 7.9.1].

One way of using our results would be to consider partitions which are finer than
the information we are given, and to compare these with the minimal partition. This
would provide us with a sufficient condition for deducing coherence. Nevertheless,
this approach is not always fruitful: in the above example, we should not be able
to derive coherence, even though it has been established in [33, Section 7.9.1]. A
thorough study of this matter would be one of the main open problems to consider
in the future.

9.4. Concluding remarks. We summarise here the three main outcomes of the
previous sections.

The first is a positive answer for the extension to problems based on smaller
domains: coherence graphs can be used as before to decompose also those problems.
What we lose in general here is the optimality of the decomposition in the case
of weak coherence, but this does not seem to be critical especially if we regard
coherence (resp. avoiding partial loss) as the consistency notion on which to focus
rather than weak coherence (resp. avoiding uniform sure loss).

The second outcome concerns what we have called statements of practical im-
possibility, which is a concept related to logical dependence. In this case we can
well include this kind of statements in a coherence graph, but we do not know in
general how much this will affect the topology of the graph, and hence the mini-
mal partition. It is possible that the partition stays the same (and even that the
resulting graph is A1), that it grows, and in the worst case that it coincides with
the entire graph. Therefore in some cases coherence graphs will still prove to be
useful also under considerations of practical impossibility; but the prospect to fully
exploit them together with such considerations is an open problem at this time.

It is also an open problem to extend our results to the case when we know that
some subsets of the assessments are coherent and they do not form a partition.

10. DiscuUssION

Coherence can be regarded as the very essence of a theory of personal probability.
But working directly with coherence can be particularly onerous. The present paper
is an attempt to deal with this difficulty in the case of Walley’s important notion
of (strong) coherence, and to deliver tools that make easier to check it. We have
been inspired in this by the lesson of graphical models, and have indeed defined a
new graphical model called a coherence graph.

Coherence graphs are means to render explicit the structure behind the notion of
coherence. We have shown that such a structure induces a minimal partition of the
available collection of lower previsions, with the characteristic that the coherence
within each set of the partition implies the coherence of the overall collection. This
result is very general: it holds for lower previsions and for any cardinality of the
possibility spaces involved. In particular, since it holds for lower previsions, it is also
applicable to determine the coherence of a collection of conditional linear previsions,
and therefore is also useful in the precise context. The generality of the results is also
what has enabled us to apply them to problems as diverse as proving the coherence
of Bayesian and credal networks, and decomposing problems of compatibility or
probabilistic satisfiability into smaller ones. On the other hand, such a generality
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has needed proofs that are somewhat long and technically involved. This is also due
to the fact that graphs are naturally models of distributed computation and this
clashes with the global nature of coherence. This nevertheless, the presented results
are easy to exploit in practice, as we have provided a polynomial-time algorithm
that computes the minimal partition of a coherence graph very efficiently.

On a more theoretical level, our results appear to shed light on specific aspects
of coherence, thanks especially to coherence graphs of type Al. These graphs cor-
respond to collections of separately coherent lower previsions that are coherent
irrespective of the numerical values that make them up. They are related to the
generalisation of the marginal extension theorem established in [23]: the relation-
ship arises because from the Al condition we can establish a total order on the
conditional lower previsions in our collection template, and such an order is just
what allows us to use the generalised marginal extension theorem. In this way,
we have also given an easy graphical characterisation of the extent to which the
theorem can be applied: to Al-representable collection templates. Moreover, when
the associated coherence graph is A1, the conditional lower previsions in the tem-
plate are lower envelopes of coherent linear previsions. This does not hold for all
collections of coherent conditional lower previsions, as is shown in [33, Section 6.6].
So it is remarkable that our results lead naturally to a Bayesian sensitivity analysis
interpretation of the collection of conditional lower previsions.

Remember that we have shown that there are important conceptual differences
between the notions of weak and strong coherence proposed by Walley. Weak
coherence is equivalent to the existence of a joint lower prevision that is coherent
with each of the assessments. In the particular case of conditional linear previsions
and finite spaces, this is equivalent to the existence of a joint mass function inducing
each of the conditionals by means of Bayes’ rule. The introduction of the notion
of strong coherence is needed because some conditional lower previsions can have
a common joint and still be clearly incoherent with one another. Remarkably, this
happens even in the linear and finite case mentioned above.

Taking this into account, we find it noteworthy that, for the problem tackled
here, weak and strong coherence exhibit a similar behaviour: if we have a number
of assessments and all we know about them is that each of them is separately
coherent, we can guarantee that they are weakly coherent exactly under the same
conditions for which we can deduce their joint coherence: we just need the graph
representing the collection template to be A1l. More generally, we have established
a partition of the graph for which weak coherence inside implies weak coherence
of them all, and we have proven that strong coherence inside this partition also
implies the strong coherence of all the assessments. It may be also useful to recall
that completely analogous considerations hold when we consider loss notions, such
as avoiding partial, or uniform sure, loss. We should also recall that there are
differences: for example, we have shown that the minimal partition obtained using a
coherence graph is indeed minimal in the case of weak coherence and not necessarily
so for strong coherence.

There are some important open problems related to this paper. One would
be the possibility to fully exploit coherence graphs under considerations of logical
dependence, as we have proposed a partial solution to this problem. It seems to us
that to extend our proposal it will be necessary on the one hand to investigate its
theoretical properties, and on the other hand to specialise the models used in this
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paper. This could be done, for example, by strengthening the notion of collection
template so as to insert some knowledge about the numbers that make up the lower
previsions in the collection; or it could be done by focusing on coherence graphs
with special topologies or dealing with variables taking values on finite sets (or even
binary variables). These considerations could also simplify problems in probabilistic
logic, different from those we have considered in this paper. As another topic for
future research in this respect, we suggest the study of the optimisation compatibility
problem [15, 34], where one looks for the smallest joint which is compatible with
a number of assessments. We think that the functional E defined in the proof of
Theorem 1 should play an important role here.

One possible extension we have not discussed yet would be to consider an infinite
set of variables in our assessments; if we still have a finite number of conditional
lower previsions, we think it should be possible to use coherence graphs to determine
their coherence and their weak coherence, by making compact representations of
the variables. The problem is more complicated if we consider an infinite number of
variables and assessments; in that case, we should first of all generalise the coherence
notions in [33] to an infinite number of assessments, and such a generalisation may
not be immediate.
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APPENDIX A. PROOFS

Proof of Theorem 1. (=) This part of the proof is very similar to the one that
Walley gives in [33, Theorem 8.1.8] for coherence. For this reason, we only give a
brief sketch of this part.

Assume that P,(Xo,|X1,), ..., P (Xo,,|X1,,) are weakly coherent. Let us de-

fine the lower prevision E on £(X™) by

E(f) :=sup{a:3f; € Ki,j=1,...,m,s.t. Seual.? [ZGj(fj|XIj)—(f—a)](x) < 0}.
x nj:l

To see that E is well-defined, it suffices to note that sup f > E(f) > inf f for any

gamble f: given a > sup f, there are no gambles fi,..., f,, satisfying the above
equation or we contradict the weak coherence of P, (Xo,|Xr,),.-.,P,.(Xo0,,1X1,.);
and for any o < inf f we can take f; = --- = f,, = 0. It is also easy to see

that E satisfies conditions (C1)-(C3), and as a consequence it is a coherent lower
prevision. Let us show next that E, P,(Xo,|X1,),--.,P,(Xo,, X1, ) are weakly

yom

coherent, i.e., that they satisfy Eq. (3). Consider f € L(X"), and gambles f; €
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K7,5=1,...,m. Consider ¢ > 0. Then the definition of £ implies that there are
g; €K7,j=1,...,m, such that

sup ZG (9;1X1,) - G - 5] <0, (10)

CEGX" 2

where G(f) = f— E(f) (just consider a = E(f) — § in the definition of £). Hence,
G(f) > XL Gilg|Xr,) — 5
There are two possible cases in Eq. (3): that jo € {1,...,m} (case (a) below) or
that it does not (case (b)).
(a) Consider fy € K%, 6z, € Ay, for some jo in {1,...,m}. Then, using
Eq. (10), the super-additivity of P;(Xo,|X;,) for j = 1,...,m and the
weak coherence of P,(Xo,|Xr,),. .., P, (Xo,, | X1, ) we deduce that

m
m

sup ZG (filX1;) + G(f) = Gjo (folz0)] ()

IGX"

m

> sup ZG (51X1,) + ZGj(gj\XIj)—g—Gjo(deo)Km)

IEX”

m

> G, ( X
PONIBVERE

— Gjy(folzo)(z) > fg.

Since this holds for any € > 0, we deduce that sup,e .y« [>-j—; G;(f;|X1;) +

G(f) = Gjs(folz0)](z) = 0.
(b) Take fo € L(X™). Then, using Eq. (10), we see that

m

sup > G;(f1X1,) + G(f) = G(fo)l(z) > —¢;

TeX™ j=1

otherwise, we should have

0> sup ZG (fj1X1,) + G(f) — G(fo) + €|(z)

IEX”

m m

> sup ZG (filX1;) +ZG (951X1;) — (f0)+%]($)

IEX” — J=1

30

> sup > G,(f;+951X1,) — G(fo) + %](33)7

reX™ J=1
where the second inequality follows from Eq. (10), and the third from the
super-additivity of the conditional lower previsions P;(Xo,|X;) for j =
1,...,m. But this means that we can raise the value E(fo) by §, which
contradicts the definition of E. Since this holds for any € > 0, we deduce
that sup,c v [3270 G;(f51X1,) + G(f) = G(fo)l(z) = 0
Hence, E, P{(Xo,|X1,),...,P,,(Xo,,|X1, ) are weakly coherent, and as a con-
sequence, for any j = 1,...,m, E and Bj(Xoj|X1j) are weakly coherent. From
[33, Section 6.5], we deduce that for any j = 1,...,m, f € K/, and any = € A7,
E(G;(f|X1;)) > 0 and E(Gj(flx)) =0
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(<) Take f; € KI,j = 1,...,m, fo € K7, 29 € Ay, for some jo € {1,...,m}.
Take g; = G;(f;|1X1,),5 = 1,...,m,g0 := Gj,(folz0). Then we deduce from
the assumption that P(g;) > 0 for j = 1,...,m, and P(gy) = 0, whence g; =
Gj(filX1;) = G(g;) = gj — P(g;) for j = 1,...,m and go = G}, (folz0) = G(g0) :=
go — P(go). As a consequence,

m

sup ZG (F31X1,) = Gy (fol=0))(x) > sup [> Glgy) ~ Clgn))(x) > 0,
zEX™ seXn i
where the second inequality follows from the coherence of P. We deduce that
P,(Xo,1X1,),--., P, (Xo0,,|1 X1, ) are weakly coherent.

For the second statement, let P1(Xo,|X1,), .., Pn(Xo,,| X1, ) be weakly coher-
ent conditional linear previsions. Use [33, Section 6.5.5] to deduce that any linear
prevision P that dominates the coherent lower prevision P, that exists because of
the first part of the theorem, will satisfy P(G;(f|Xz,)) =0 for any j = 1,...,m
and any f € K7, whence P(f) = P(P;(f|Xy,)). The converse implication follows
trivially from the first part of the theorem. [

Proof of Proposition 1. The direct implication is a consequence of Theorem 8.1.8 in
[33], taking into account that we can always include in this family an unconditional
lower prevision P defined in the constant gambles. The converse implication is
trivial. O

Proof of Corollary 1. The direct implication has been established in the proof of
Theorem 1. The converse implication is trivial. (Il

Before we prove Proposition 3, we are going to give three lemmas that show
how we can constrain the probability of any actual node in a block. The first two
lemmas will be applied to blocks associated to a node with more than one parent,
while Lemma 4 will be employed when dealing with blocks associated to a cycle.
Lemma 2 will also be employed when we show how the notion of weak coherence
can be verified through smaller parts in Theorem 4.

Lemma 2. Let us consider z%,24 € X; for i = 1,...,n. Define the previsions
P (Xo,|1X1), .-, Pn(Xo,,|X1,,) with respective domains K1, ..., K™ by'? P;(f) :=
f(xY)ico,) if 1; =0, and
f(@)ico,y)  ify = (@),
Pi(fly) = e Cue
f((xh)ico,,y)  otherwise,

if Ij # 0, for any j = 1,...,m, y € X, and f € K. Then the previsions
P (Xo,|X1,),--, Pn(Xo,,|X1,,) are coherent.

Proof. First of all, it follows immediately that these previsions satisfy conditions
(SC1)—(SC3) in Section 2, and are therefore separately coherent. Moreover, since
they are all linear, coherence is equivalent to avoiding partial loss (Eq. (2)). Hence,

we must prove that for any f; in K7, j = 1,...,m, not all of which are equal to 0,
there exists some B in UL, 5;(f;) such that

sup > G5(f;|1X1,)(x) >0, (11)
xij:I

12\We use here the one-to-one correspondence between gambles on /\’oju I; and gambles in k7.
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where, in order to simplify the notation, in the case where I; = @ we also use
G;(f;1X1,) to denote G;(f;).

If there is some j € {1,...,m} such that I, = () and f; # 0, then S;(f;) = X"
and Eq. (11) becomes

m
sup Y G5(f5]X1,) (@) >0,
TEX™ j=1

and this condition holds trivially by considering = := (z});=1, ., for which all the
terms in the sum are equal to 0.

Let us assume next that I; # 0 for j = 1,...,m, i.e., that we are dealing
with conditional linear previsions only. Note that we can assume without loss of
generality that f; > 0 for all j =1,..., m: otherwise, it suffices to consider for each
j the gamble fi = f; —inf f; > 0, which satisfies G;(f}|X1,) = G;(f;1X1,)-

For any j =1,...,m, let us define the sets A; := Waquj (A}), where

A = {(@})ico,un,} U (ehico, x (X, \ {(@h)ier, D)
and the gambles g; := f;I4,, where [ 4, is the indicator function of A;. Since both

Jj and I4; are Xp,ur,-measurable, we deduce that g; belongs to KC7. Moreover,
given y € Xy,

g; ((zé)z‘eoj ) y) otherwise,
whence P;(g;|X1,) = P;(f;|X1,). Since g; < f; forany j = 1,...,m because f; > 0,
this implies that G;(g;|X,) < G;(f;|X1,) for all j. Moreover, given y € Aj, we
have that G;(g;|X1,)(y) = 0, and if y & A;, G;(9;1X1,)(y) = —P;(g5lm1,(y)) =
—P;(fjlm1;(y)) < 0, taking into account that the gamble f; is non-negative by
assumption.

Now, if g; = 0 for all j = 1,...,m, then G(g;|X1,)(x) = 0. Since G;(f;|X1,) >
G;(9;1X1,), we deduce that G;(f;|X1,)(z) > 0 for any x € A™ and for all j =
1,...,m, and considering any element in the union of the supports we see that
Eq. (11) holds. Assume now that g; # 0 for some j € {1,...,m}. Since (z})1<;<n €
Aj forall j = 1,...,m, 37", Gi(g;|Xr,)(21)1<i<n = 0. Hence, if there is some
B € UL, 8;(gy) such that (2})i<i<, € B, then Eq. (11) holds.

If (21)1<i<n ¢ B for any B € UJL15;5(gs), let j1 be the smallest integer such
that g;, # 0. Consider By € Sj (gj,). Then there is some y; € A7, such that
By = {y1} x Are .

Let z1 := {y1} X (xé)ig;l € By. That is, the i-th component of z; is the i-th

Pi(g;ly) = {gj((ﬂf’i)ieoj,y) if y = (¢1)ier,

component of y; if i € I}, and is equal to z} otherwise. Note that y; # (ﬂ:ﬂi)ie[jl , or
we should have that (z%)1<;<, € Bi, a contradiction. As a consequence, z1 € Aj,,
and therefore G, (g5, | X1, )(21) = 0. Tf 3270, Gj(g;|X1,)(21) > 0, we deduce that
Eq. (11) holds. Tf 377", G;(g;|X1;)(21) < 0, then there is some jo € {1,...,m} such
that G, (gj2|X1j2)(z1) < 0. Since Gy, (gj2|X1j2)(z) = 0 for any z outside S}, (gj,),
we deduce the existence of some By € Sj,(g;,) such that z; € By. For this Bs,
there is some y» € A7, such that By = {y2} x X[]q2. Note that yo # (xﬁ)iteQ, using
the same reasoning as before. Let 23 1= {ya} x (2);c Ig,) denote the element of X"
whose i-th component is the i-th component of z; if i € I;,, and is x5 otherwise.
Then 23 € Aj,, whence Gy, (g;,|X1,,)(22) = 0. Moreover, for any i = 1,...,n, if the
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i-th component of z; is %, then so is the i-th component of z5 by definition; hence,
if we define the mapping h : X™ — {0,...,n} such that h(z) is the number of ¢ such
that 7;(2) is equal to x5, we have that h(zz) > h(z1). If we had h(z2) = h(z1), then
it would be zp = 21, whence 21 € Aj, and G}, (g;,|X1;,)(21) = 0, a contradiction.
Hence, it is h(z2) > h(z1).

Again, if Z;n:l G;(9;1X1,)(22) > 0, we deduce that Eq. (11) holds. If this sum is
negative, then there is some j3 such that Gy, (g;,|X1,,)(22) < 0. We define then 23
as the element of X" whose i-th component is the i-th component of 2, if i € I,
and is 2% otherwise. Then it belongs to the same element of Sj,(g;,) than 25, and
moreover h(zz) > h(za).

If we follow this procedure, we obtain a sequence of elements (z,) in the union of
the supports of g; such that h(z,) > h(z,—1) for all n. But since 0 < h(z) < n for all
z € X", this process must be finite. If we stop with some z for which h(z) < n, this
means that there is some z in UJ2,S;(g;) such that Z;nzl G(g9i1Xr;)(2) > 0. On
the other hand, if we stop with z such that h(z) = n, that is, with z = (2%)1<i<n,
this means that (5)1<i<n belongs to UJ,S;(g;) and, since it belongs to A; for
all j, we have 377", G;(g;|X1,)(2) = 0. As a consequence, 337" | G;(f;|X1,)(2) >
> im1 Gi(gj1X1,)(2) = 0. This shows that Pi(Xo,|X1,),. .., Pm(Xo,,|X1,,) are
coherent. O

Lemma 3. Take 2t # x5 € X; fori = 1,...,n. Let us define the previsions
P (Xo,1X1,),- -, Pm-1(Xo,,_,|X1,_,) with respective domains K',... . K™=1 by
Pj(f) = f((le)leoj) Zf—[] = 07 and

P(fly) == {f ((#})ico, y) iy = (a})ier,

3
1
f((xh)ico,,y)  otherwise,

if I # 0 for any y € X, f € K?. Let Py(Xo,,|X1,) be given by Pp(f) ==
f((@Y)ieo,,) for any f € K™ if I, = 0, and Pr(fly) == f((21)ico,.,y) for any
ye X, and f € K™ if I, # 0. Then Pi(Xo,|X1,),- .., Pn(Xo,, |X1, ) are weakly
coherent.

Proof. It is easy to see that these previsions satisfy conditions (SC1)—(SC3) in
Section 2, and are therefore separately coherent. Since moreover they are all linear,
they are weakly coherent if and only if for any f; € K7, j=1,...,m,

sup > G;(f;|1X1,) () > 0. (12)
rexn =1

Now, since G;(f;|X1,)(y) = 0 for y = (2)i=1,...n, and for all j =1,...,m, we de-
duce that Eq. (12) holds and therefore Py (Xo,| X1, ), ..., Pn(Xo,,|X1,, ) are weakly
coherent. 0

Next, we show that the value of a parent of a dummy node in a cycle which is
not in the cycle itself can also be determined by the previsions in the cycle:

Lemma 4. Consider indices ji, ..., jp satisfying Eq. (5), i.e., determining a cycle,
and let k € I;, \ O;,. Then for any x € X} there are weakly coherent previsions
P (Xo0,1X1),..-, Pn(Xo,,1X1,,) such that any joint prevision P which is coherent
with P, (Xo, |X1;,) fori=1,...,p satisfies P(x) = 1.
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Proof. Take ¢; € I;, N O;,_, for i = 1,...,p, where for simplicity of notation we
make jo := j,. For each i € {1,...,n}, let us consider =} # z} in X;, and such that
ok := 2. Let us define P;(Xo,|X1,),-.., Pn(Xo,,|X7,,) with domains K1, ... K™
by

f((z )zeo“,y) otherwise
forany y € Xy, , f € fCir,

P (fly) = {f ((@h)ico, ) it 71,(0) =ty # (e,
1

f((z)ico, y) if m, (y) = b
Py (fly) = 4 @0, )i e ) =)
f((z%)ico,,,y) otherwise
for any y € Xy, ,f € K/, s = 2,...,p and let us define, for j ¢ {j1,...,jp},
1)160 )

S
Pi(f) = f((x} for any f € K7 if I; = 0, and
Pi(fly) = {f((fzi)ieoj,y) if y = (21)ier,

f((fé)ieoj ) y) OtherWisea
if I; # 0 for any y € X7, and any f € KJ.

These previsions satisfy conditions (SC1)—(SC3) in Section 2, and are therefore
separately coherent. Moreover, they are also weakly coherent. For this, we have to
show that for any f; € K7, j =1,...,m, Eq. (12) holds. But it is easy to see that
G;(fi1X1,)(y) =0 for y = (2})i=1,....n, and this for all j =1,...,m

Next, we show that any joint P which is coherent with each of the conditional
previsions Pj, (Xo, [X1, ),..., P}, (Xojp|X1jp) must satisfy P(z¥) = 1. For this,
note first of all that for any i = 1,...,p, P(z}") + P(z) = P(P;,_, (a7 | X1, )+
P(Pji—l (wgl |X1_ji,1 )) =1, because P]z 1 ((E{’ |XIJ‘1‘71 ) + sz‘—l ($§7 |X1ji
i=1,...,p. In particular,

1= P(ay!) + Play') = P({z : 7o, (2) = 21", mi(2) € {af, 28} Vi € I;,}) + Play!),
where the second equality holds because P({z},z%}) = 1 for all i € I;,. We are

going to show that the first of these terms is equal to P((z})icz,,) and that the
second is equal to 0. In order to prove this, we are going to use that for ¢ = 2,...,p,

P({Z ISP A Ty (Z) 7£ e, (Z)}) = P({Z : ,/Tff,(z) € {‘Tfivxgi}vﬂfi+1(z) 7é 7”1(2)})
= P(Pj,({z : m,(2) € {at a5}, (2) # 7, (2)}X1, ) = P(0) = 0,
where we are using the notation £, := ¢;. Hence,
P(af,a5t!) = P(ay, ay*) =0, i=2,...p. (13)
The equality P({z%,z5}) = 1, valid for i = 1,...,p, implies that P(z{?) =
P({z : mp,(2) = %2, 7y, (2) € {x]',25},i = 3,...,p}). Take z such that 7, (2) =
a2 mp, () € {a% 2b},i = 3,...,p and such that z # (2);—o_,. Then there
is some 7 in {2,...,p — 1} such that 7, (2) = 2%, 7, (2) = xg”l, and Eq. (13)
implies that P(z) = 0. We deduce that P(z?) = P((z{)i=2.. ). A completely
similar argument shows that P( ) = P((a ) ,,,,, p)-
Now, P(z5,z%) = P(P;, (¢5', 252 1X1;,)) = O whence P(z5') = P(z%,z%) +
P(zb, x%?) = P(zb, 2%?). As a consequence,

P(ay') = P(ay', 1) = Pay', (21 )iz

) =1 for any

-1

.....
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using Eq. (13), and therefore P(z5') = 0. Consider on the other hand z €
X1, \e,y different from (z7)ier, \{e,3- Then Pz, 2) = P(z!, 2, 2%), because
P(ac[il,z,m[f) = P(P}, (x?,z,xfﬂXIjl )) = 0. Hence,

1 a1 23 1 i 1 ey
P(xi vZ) :P(fﬁ ,z,xé ) :P(xﬁ ,z,(xg )i:2 p) SP(%? y Lo ) =0,

.....

again using Eq. (13). Hence, P({z : m, (2) = 24, mi(z) € {a},2b} Vi € I},}) =
P((2})iez,,) and therefore 1 = P(z{) + P(z) = P((¢})ier,,). In particular,
P(zh) =1. O

Proof of Proposition 3. Let X, be a source of contradiction. Then, because any
source of contradiction has parents in the coherence graph, there exists some i; €
{1,...,m} such that £ € O;,. Apply Lemma 2 with { := 24 := 2. Then we obtain
a set of coherent conditional linear previsions, and any joint P which is coherent

with P;, (Xo, |X1,, ) satisfies P(z) = P(P;, (z| Xy, ) = P(1) = 1.
Consider next a node X, which is a predecessor of a source of contradiction, and

x € Xy. We have the following possibilities:

(1) Assume first of all that there is a successor X of the node X, which has
more than one parent. Let us consider a constraining sub-block for X, in
this block, i.e., different i1,...,4, in {1,...,m} such that s € O;; N O,,,
I,N0s #0,...,1;,_ NO;, #0,and £ € I;,. Apply Lemma 3 with m := i,
and xf := z; then any joint P which is coherent with Pi, (Xo,, | X1, ) will
satisfy P(z{) = P(P;,(z{|X1,)) = 1. As a consequence, we have that
1= P(a3) = P(P, (23] X1,,)) = P(af, (#})ier,, )» whence P((a})ier,,) = 1,
and in particular P(z}) = 1 for any ¢ € I;, N O;,. A similar reasoning
allows us to show that P((z{)ier,,) = 1, and by following this procedure

we also deduce that P(x{) = 1. Hence, in this case we can define weakly
coherent conditional previsions P, ..., P, such that any prevision P which
is coherent with P, (Xo,, [Xy, ),..., P, (Xo, Xy, ) satisfies P(zf) =1.

(2) Consider next the case where none of the successors of X, has more than
one parent. Then X, must belong to a block originated by a cycle. In
particular, X, is the predecessor of some node in an elementary cycle in
the block. If X, is a parent of a dummy node in the cycle but is not in the
cycle itself, the result follows from Lemma 4.

If neither of the previous possibilities holds, then there must be a path
in the graph connecting X, with a dummy node in the elementary cycle.
We consider then a constraining sub-block for X, in the block associated
to this cycle. Take then ji,...,j, in {1,...,m} such that O;, N I;, #
0,05, I, #0,...,05, NI #0, and ki,..., k. in {1,...,n} such that
{k1,.. . kr—1} C{1,...,n}\ {jl,...,jp}, L€ Ok, NIk, Ok, NI, # 0,
veey O, NIy # 0, and k. = j;. Let us consider t; € O, N Iy,,, for
i=2,...,7— 1

Take xf # xb € X; for i = 1,...,n, and let us consider the previsions
P (Xo0,1X1,)s-- -, Pm(Xo,,|X1,,) defined in the proof of Lemma 4. Then
these previsions are weakly coherent, and any prevision P which is coherent
with P, (Xo, [X1, ), ..., P, (Xo,, |Xy,, ) satisfies P((21)icr;,) = 1. As a
consequence, we have that P(m?’l) =1, because t,_; € I}, = I;,, whence

1= P(ay™") = P(Pe,_, (7' Xy,, ) = Play ™, (#])ier,, ), whence
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P((2})ier,, ,) = 1, and in particular P(z}) = 1 for any t € I, _, N Ok, _,.
A similar reasoning allows us to show that P((z{)ier, ,) = 1, and by

following this procedure we also deduce that P(x%) =1 for any P coherent
with

Pj1 (Xojl |XI]'1 ), ) Pjp (Xojp |X1jp)> Pk?1 (Xokl |XIk1 ), ) Pqu (XOk,,,l |X1k,7,,1 )
This completes the proof. O

In order to simplify the proofs of Theorems 2 and 3, we are going to establish a
couple of results (Lemmas 5 and 6) that will be common to these proofs.

Lemma 5. Let us consider a non-empty subset J of {1,...,m}. Let By be a
partition of J, and define, for each C € By, the set B¢ = {Ujcc(L; UO;)}. Then,
if the sets {Bc : C € By} are pairwise disjoint,'3 the following statements hold:

(1) If{P;(Xo,|X1;)}jec are coherent for all C € By, then the lower previsions

{P;(Xo,;|X1,)}jes are coherent.

(2) If {P;(Xo,|X1,)}jec are weakly coherent for all C' € By, then the lower

Proof.

previsions {P;(Xo,|X1,)}jes are weakly coherent.

(1) Consider f; € K7 for j € J, fo € K%, 29 € X, for some jo € J.
Assume that I; # 0 for any j such that f; # 0; otherwise, the result
follows from the second statement and the reduction theorem [33, Theo-
rem 7.1.5]. Let Cy be the element of By that includes jo. The coherence
of {P;(Xo,|X1,)}jec, implies the existence of some D¢, € Ujec,S;(f;) U
{z0} x Xre such that

sup | Y G;(f51X1,) — Gy (folzo) | () = 0;

JZEDC’O jeCo

hence, for any € > 0 there is some z¢, € D¢, such that

> Gi(f1X1) = Gjo(folzo) | (zcy) > —e. (14)

j€Co

On the other hand, for any C # Cy in By, there is some Do € UjecS;(f5)
such that

sup » G(f;1X1,)(x) = 0;

z€Dc jec
hence, given € > 0 there is some x¢c € D¢ such that
> GilfilXp)(ze) = (15)
jec

Let us consider now an element z € X™ satistying np.(2) = g, (z¢)
for any C' € By; such an element exists because the sets {Bo : C € By} are
pairwise disjoint. Then we deduce from Eq. (14) and (15) that

ST G(fi1Xr) = Gio(folz0) | (2) = —|Bule,

jeJ

L3 This assumption means that given C1 # C2 € Bj, the subgraphs associated to B¢, and Bc,
are not connected.
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and moreover z € D¢ for any C € By (and in particular for one of them).
Since we can do this for any € > 0, we deduce that the conditional lower
previsions {P;(Xo,|X1,)}jes are coherent.

(2) Using a similar reasoning and the notations from the previous point, we
deduce that for any € > 0 there is some z¢, such that

Z G;(filX1,) — Gy (folzo) | (zc,) = —e.

j€Co

On the other hand, for any C # Cy in By, there is some z¢ such that
> Gi(fi1X1) (o) > —e.

jec
Now, since the sets {B¢c : C € By} are pairwise disjoint, we deduce from
these two equations that for any element z of X™ such that mp.(z) =
e (zc) for all C € By,

> GiIXL) = Gjo(folo) | (2) = ~[Bule.
JjeJ
Again, since we can do this for any ¢ > 0, we deduce that the conditional
lower previsions {P;(Xo,|X1,)}jes are weakly coherent.
O

Lemma 6. Let {P,(Xo,|X1,),..., P (X0,,1X1, )} be a separately coherent collec-
tion template whose graph is Al. Let I be a non-empty subset of {1,...,n} which
is disjoint with U7, 0;, and let x € X;. Then for any f; € Ki,j=1,...,m,
joef{l,...,m}, fo e Ko,z € X1, ,

m

sup | Y G;(f51Xo0,) — Gy (folz0) | (y) > 0. (16)

yer; () | j=1

Proof. We are going to assume that the gamble G}, (fo|z0) is not identically equal
to zero; the result when G, (fo|z0) = 0 follows as a corollary. From Lemma 1, we
can assume that O N (U?;lllj) = for any k = 1,...,m. For any such k, let us
define the set Ay := U¥_; (O4UIy), and the previsions Q,(Xo,|X1ur,ua,_,) on the
class H* of X7, -measurable gambles by

Q,(flz) == By (f (2, )71, (x)).

Note that this is well-defined because (I U Ax_1) N Oy = 0.

For any k = 1,...,m, Q, (Xo,|Xrurua,_,) satisfies conditions (SC1)-(SC3)
and is, therefore, separately coherent. This follows from the separate coherence
of P{(Xo,1X1,),..., P, (Xo0,,1X1,,). On the other hand, they are conditional on
an increasing sequence of variables. Applying the marginal extension theorem for
variables in [23], we conclude that @ ,...,Q, are coherent.'4

MEor this, note that the domain H* of Qk(XOkIXIUIkUAk—1)7 which is the set of X1ya,-
measurable gambles, is included in the set of X1U1k+lu,4k-measurable gambles, and that the

partitions on the conditioning side are increasingly finer.



COHERENCE GRAPHS 49

Consider f; € K7,j = 1,...,m, jo € {1,...,m}, fo € K, 20 € X, . Let
us define the gambles hy := 270 LG(f1X,) and hy = 3Gy f]\XI ) —
Gj,(folz0). Let us also define g, := f;I () for j =1,...,j0—1. Then, since both
f; and ]I_n_l—l(w) belong to H7, it follows that g; € H’ for j =1,...,jo — 1. Moreover,
any set E in the X7ur,u4,_,-support of g; is included in ﬁ]l(x). Besides, for any
y € m7 (@), 95(y) — Q. (951 X1ur,ua,) (W) = fi(y) — B;(f;1X1,)(y). We deduce
from the coherence of @ ;... ’ijl that there is some E € Ugoz—llsj (gj) such that

Jo—1
sup | > 95— Q, (91X 1ur04,0) | (1) 20,
yeE j=1
whence
_Jo 1
sup  hi(y) = sup Zf]— (FIX) | (v) =
yEw;l(m) yEﬂl_l(x)
Jo 1
= sw Zgj QJ‘XIUIJUAJ | () = 0.
yer; (z)

Consider € > 0, and let y; € F satisfy hi(y1) > —e. Let Eq := W;L}Ajwl(yl). Note
that if jo = 1 then we simply have h; = 0 (it vanishes from the following equations)
and E; := 77 *(x). There are two possibilities:
o If F ﬂ7r1_j1 (20) = 0, then let us define g; := f;1g, for j = jo,...,m. Then
0

g; € H’ for all j = jo,...,m, and any element in the support of g; is
included in F;. We deduce from the coherence of Qjo’ cee Qm that there

is some E» € UJL; S;(g;) such that

sup > 9i = QUuilX1unua,) | () =0, (17)
YEE2 | j=jo

— sup hi(y) + haly) > —e,

taking into account Eq. (17), that the gamble hy is identically equal to

hi(y1) on Ey and that sup,cp, ha(y) > sup,ecp, ha(y) > 0. As a conse-

quence,

sup  hi(y) + ha(y) = sup hi(y) + ha(y) = —e,
yenr () yer

and since we can do this for any € > 0, we deduce that Eq. (16) holds.
o If 5 N WI_j;(Z()) # (), we consider z; in this intersection, and let ys =
o (y2) C By ﬂﬂl_ji(ZO)- Let
us consider the gambles g; := f;Ig, for j = jo,...,m. It follows from the

-1
WjujjouAjoil(Zl) Note that Ey := Tru1, JUA,
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coherence of @ ..., @, that thereis E3 € UjL; S;(g;) leuI LJUA,

(y2)

Jjo—1
such that
Sup > 95— QUailX1urua,_,) — Giolgolyr) | () > 0; (18)
yeks :
J=Jo
note that it follows from the definition of the gambles g;, 7 = jo,...,m and

of y; that E3 C F», and as a consequence also E3 C Fy C 71';1($). Hence,

sup ny (fi1X1,) = G (folz0) | ()
yem; (z)

j=1
> sup Z P, (fj|X1;) — Gjo (fol20) | (v)

yEE3

= sup Zgg (931X 10r,04,-0) = Gi(90ly1) | (9)
yeks

= sup hl( )+ ha(y) > —e¢,
yEEs

taking into account that the gamble h; is identically equal to hyi(y;) on Fy,
which is a superset of Fs5, and Eq. (18). Since we can do this for any € > 0,
we deduce that Eq. (16) holds.

This completes the proof. O
Corollary 3. Let {P,(Xo,|X1,),.... P, (Xo,,|X1,)} be a separately coherent col-

lection template whose graph is Al. Then, for any f; € K7,j = 1,...,m, jo €
{17' .. 7m}af0 € ICJO)'ZO € X[].O,

m

sup | > Gj(fi|Xo,) — Gjo(folz0) | (y) =0

yeB j=1

for some B € U7X, S;(f;) U WI_J; (20)-

Proof. The result follows by using the same reasoning as in the previous proof, now
with I = (. The main difference is that now 7;'(z) = X", and we should have

g; = fj for j=1,...,jo — 1. By repeating the same arguments we conclude that
sup | > Gj(filXo,) = Gy (folz0) | (y) > 0
yeEE> i=1
for some Fy included in some B € U™ S;(f;) U ﬂ'I_jl (z0). O
0

Proof of Theorem 2. Let us consider gambles f; € KJ for j = 1,...,m, jo €
{1,...,m}, fj, € K and 2y € A7, , and let us show that

m

sup | > Gj(filXo,) = G (folzo) | () 20 (19)

z€E j=1

for some E € UJL,S;(f;) U Wl_ji(ZO).
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Let B; be the subset of B given by the sets C with |C| > 1, i.e., those associated
to superblocks. Assume that By # 0; if By = 0, then the result follows from
Corollary 3. For any C € By let us consider the set B¢ := Ujec(I; U O;). Then
it follows from the definition of the superblocks that the sets {B¢ : C € By} are
pairwise disjoint subsets of {1,...,n}. Let us define J := Ugep, C. Define the
gambles hy 1= 3", ; G;(f;1X1,) — 1(jo)Gjo (fol20) and ha =37, ;e Gi(f51X1,) —
Ly (Jo)Gjo (fol 20)-

From Lemma 5, the previsions {P;(Xo,|X1,)}jes are coherent. As a conse-
quence, there is some E € Uje;9;(f;) U HJ(jO)ﬂ'I_j; (z0) such that

sup hi(x) > 0.

zeE
Consider € > 0, and let z1 € E satisfy hy(z1) > —e. Let us consider I := Ucep, Be
and y; := m7(x1). Note that the gamble h; is AXj-measurable, and that 7r;1(y1) is
included in E because I; C I for any j € J.

The coherence graph of the previsions {P;(Xo,|X1;)}jese is Al because they
do not belong to any superblock. Moreover, for any j € J¢, I N O; = 0, because
of the comments at the end of Section 5. Hence, we can apply Lemma 6 to deduce
that

sup  ho(x) = sup > G(f51X1,) = L (jo)Gjy (folz0)(z) > 0.

zemy H(y) zen; (1) jege

Since h; is identically equal to hy(z1) > —e on 77 ' (y1), SUD ¢ o1 () hi(z) +

ha(z) = —€ + sup, ¢ -1,y ha(z) = —¢, and because 77 H(y1) is included in E we
I

deduce that sup,c g hi1(z) + ho(z) > —e. Since we can make a similar reasoning for

any € > 0, we deduce that Eq. (19) holds. O

Proof of Theorem 3. We proceed in the same way as in the proof of Theorem 2.
The main difference is that, instead of Eq. (19), we now only need to prove that

m

sup > G;(f51X1,) — Gy (folz0)](2) > 0 (20)

reEX™ =1
for any f; € K4,5=1,...,m,j0 € {1,...,m}, fo € K% and z, € X, -

Using the notations from the previous proof, if B; = ), then the result follows
from Corollary 3. Assume then that B; # (). We deduce from Lemma 5 that the
previsions {P;(Xo,|Xr;)}jes are weakly coherent. As a consequence, for any € > 0
there exists some x; in X" such that hy(z1) > —e. Let yy := m7(x1) € X7. Now,
since the coherence graph of the previsions {P;(Xo,[X1,)}jese is Al because they
do not belong to any superblock, we can apply Lemma 6 to deduce that

sup  ho(x) = sup > G(f51X1,) = L (jo)Gjy (folz0)(z) > 0.

z€my H(y1) IETrfl(ln)jeJc
hy is identically equal to hy(z1) > —e on 77 '(y1), whence SUP ¢ 1 () hi(z) +
ho(z) > —e+ SUD e () ha(x) > —e. Since we can make a similar reasoning for
any € > 0, we deduce that Eq. (20) holds. O

Proof of Theorem 4. The sufficiency part is a consequence of Theorem 3. Let us
show the necessity part.
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Assume ex absurdo that B is not finer than B’. Then there exists some B € B
with non-empty intersection with more than one B’ € B’. It follows that B must
be the set of indices of the lower previsions in a superblock of the coherence graph:
otherwise, the cardinality of B would be 1. We shall identify the subset B of
{1,...,m} with the corresponding superblock in the coherence graph. Then B is
the union of a finite number of different blocks, Bz, , ..., Bz, , which are originated
by different sources of contradiction. We shall denote by J; the set of indexes of
the lower previsions represented in the block Bz, fori =1,... k.

One of the following possibilities must hold:

(a) There exists some i € {1,...,k} such that J; has non-empty intersections
with different Bf, B} in B'.

(b) Condition (a) does not hold and there are é; # i in {1,...,k} such that
Ji, € By, Ji, C Bj for different By, B} in B'.

In case (a), we have two possibilities: that the block associated to J; is related to a
node with more than one parent (points (al) and (a2) below), or that it corresponds
to a cycle (points (a3) and (ad) below).

We are going to prove that in any of these cases there is a collection of separately
coherent conditional linear previsions {P(Xo,|X1,),..., Pn(Xo,, X1, )} that are
not weakly coherent and such that for any B’ in B', {P;j(Xo,|X1,)}jep’ are weakly
coherent.

(a) Assume that J; has non-empty intersections with different B{, Bj in B'.
Then one of the following possibilities must hold:

(al) There exists an actual node X in Bz, with two or more parents, cor-

responding to lower previsions in different elements of B’ (see Fig. 13).

FIGURE 13. An example of thg( éraphical situation considered in
point (al). In this case X7 has two parents in different sets of B’,
and we can create a contradiction on it by inducing two different
marginals through the two different parent previsions. We use the
dashed line to denote that one of the parent previsions is in an
element of B’ and the other is in another element.

Formally, this holds if and only if there are i; # i € J; such that
s € 05 NOy,, and iy € By, iz € B for B] # Bj. Consider y§ # y5 in
Xs.

Define coherent (and in particular weakly coherent) conditional pre-
visions Py(Xo,|X1,),. ., Pmn(Xo,,| X1, ) by means of Lemma 2 such
that P, (y7|X7, ) is identically equal to 1, whence any joint P that is
weakly coherent with P;, (Xo, |Xr, ) satisfies P(y;) = 1 (use 27 :=
x5 = yj). Apply Lemma 2 again with x§ := x5 := y5 to define
coherent P[(Xo,|X1,),..., P, (Xo,,|X1,) such that P/ (y5X7,,) is
the constant gamble on 1, whence any joint P weakly coherent with
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P}, (Xo,,|X1,,) satisfies P(y3) = 1. Define now the conditional previ-
sions Ql(X01 |AX]1 ), ey Qm(XOm |X[m) by

Pj(Xo,|X1,) ifjeBj

(Xo. | X1.) =
Q]( O]| I]) {PJ’»(XO]-XIJ-) otherwise.

These previsions are separately coherent and moreover for any B’ € B/
the previsions {Q;(Xo,|X1,)} e’ are weakly coherent. Given any co-
herent prevision P on L(X™) such that P(f) = P(Q;(f|Xy,)) for
any f € K’ and for any j = 1,...,m, we should have P(yj) =
P(Qll (yﬂXIll)) = 1 on the one hand, and P(yS) = P(le (y§|X112)) =
1 on the other; hence, P(y;) = P(y5) = 1, a contradiction. Using
Theorem 1, we deduce that Q1(Xo,|Xr,),-..,@m(Xo,, |X1,,) are not
weakly coherent.

Assume that for any node X, in the block Bz, with more than one
parent all the previsions corresponding to its parents belong to the
same element of B’. Then there must be an actual node X, in the
graph which is a predecessor of a node X with more than one parent
and such that the previsions in a constraining sub-block for X, in the
block associated to X belong to the same element Bf of B’, and there
is another arc pointing at X, whose associated prevision belongs to
some Bj # B} in B’. See Fig. 14 for an example.

- --- X,

X3 Xy

~/

X3

FIGURE 14. An example of the graphical situation considered in
point (a2). In this case we can create a contradiction on Xi, (i.e.,
X/) by inducing two different marginals, one from its parent and
the other one from X3 through the constraining sub-block con-
necting X; and X3 via Xg (i.e., X5). We use the dashed line to
denote that the prevision having X; in the conditional side does
not belong to the constraining sub-block.

Formally, this holds if and only if there are ¢1,...,%p,%p+1 in J; such
that s € Oi1 n Oi271i2 N Ola # @,...,IiIFl n in 75 [Z),Iip n O¢p+1 #
0,0 e Iip N in+1’ and {il, R ,ip} € Bi,ip_,_l S Bé

Consider zf # 2§ in X,. Use Proposition 3 to define weakly coher-
ent Py (Xo,|X5),-..,Pn(Xo,, X1, ) such that any joint P weakly co-
herent with {P;, (XOij |Xlij)}j:1,.-.,p satisfies P(x%) = 1. Apply now
Lemma 2 to define coherent Pj(Xo,|Xy,),..., P, (Xo,,|X1,) such
that any joint P coherent with P (Xo,  |Xr, ) satisfies P(zh) =
1.

Define Q1(Xo0,1X1,), .-, Qm(Xo,,

P;(Xo,|X1,) ifjeB,
Pi(Xo,|X1;) otherwise.

ipt1 ipt

X1,,) by

Qj(XOj |X1j) = {
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Then these previsions are separately coherent and moreover for any
B' € B' we have that {Q;(Xo,|X7,)}jep are weakly coherent. Now,
given any coherent prevision P on L(X™) s.t. P(f) = P(Q;(f|X1,))
for any f € K7 and for any j = 1,...,m, we should have P(z%) =1 =
P(z5), a contradiction. Using Theorem 1, we deduce that the con-
ditional previsions Q1(Xo,|Xrn,),...,@m(Xo,,|X1,,) are not weakly
coherent.

(a3) Both (al) and (a2) do not hold. This means that the block Bz,, whose

set of indices J; has non-empty intersections with different B{ and Bj,
is not generated by an actual node with more than one parent, but by
a cycle. Take any elementary cycle in such a cycle.
Assume first that not all the dummy nodes in the elementary cycle
belong to the same element of B’. This implies that there are two
adjacent dummy nodes in the elementary cycle that belong to different
elements of B’ (see Fig. 15 for an example).

FIGURE 15. An example of the graphical situation considered in
point (a3). In this case we can create a contradiction because
the parent of X4 is in a different element of B’ compared to the
previous dummy node in the elementary cycle, as denoted by the
dashed lines.

That is, assume the existence of different j;,...,j, in J; such that
Oj, NI, # 0,05, N1, #0,...,0;, N I; # 0 and such that j; €
Bi,j2 € By. Take ¢; € I;, NO;, , for i =1,...,p, where for simplicity
of notation we make jo := jp.

Consider xi # 24 € X; for i = 1,...,n, and apply Lemma 2 to define
coherent Py (Xol ]le ), ceey Pm(XOm |ij).

Define then y},y5 in &; for i =1,...,n by

i xh if i =4y . zdifi =t
Yy = i . Yo = i .
x§ otherwise, x4 otherwise.

Apply again Lemma 2 with these values to define coherent conditional
previsions P (Xo,|X1,),-.., P (Xo,,|1X1,,), and define then the con-
ditional previsions Q1(Xo,|X1,), .., Qm(Xo,,1X1,,) by
Py(Xo,|X1,) i j € B
Pi(Xo,|Xr;) otherwise.
Let us show that Q;, (Xo,, |X1,, )., Qj,(Xo,, |X1,, ) are not weakly
coherent: assume ex-absurdo that they are. Then, from Theorem 1,

there is a coherent prevision P that is coherent with Q;,,...,Q;, . For
any ¢ =1,...,p,

P(ay') + P(ry) = P(Qj,_, (27 1X1,, ) + P(Qj_, (23 |Xp,, ) =1,

Q] (Xoj |X]j) = {
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because Pj,_, (¢4 X1, ) + P, (25| X1,
L;

P

jSfl(‘rquIji,l) =1forany i=1,...,p. Hence, fori =2,...,p,

Tli41 (Z) 7é A (Z)}) = P({Z LTy (Z) € {x{”,xé"},miﬂ(z) 75 sz(z)})

£
) = P
£

1'7:—1)+
)+

—1

5,_,)=1foranyi=1,...,p, whence Q;, ,(

= P(Q]Z({Z LT, (Z) € {xiiazgi}vﬂ'fﬂ-xz) 7é e, (Z)HXIh)) = P(O) =0,

where we are using the notation ¢, := ¢;. Hence,
P(af',2;"") = Py, 2)™") = 0 (21)

fori=2,...,p.

The equality P(z?) + P(xgi) =1, valid for i = 1, ..., p, implies that
P(z'?) = P({z : m,(2) = 242,10, (2) € {2¥, 25 },i = 1,...,p}). Take
z such that 7r42(z) =22 7y, (2) € {«¥, 25}, = 1,...,p}, and such
that z # (xl')l 1,...p- Then there is some ¢ in {2,...,p} such that
w0, (2) = 2t »7%+1( ) = x;“ and Eq. (21) implies that P(z) = 0. We
deduce that P( 2) = P((«}")=1...,). A completely similar argument
shows that P(z%?) = P((xg')l L. ,,p).

Now, P(z4, 42 ) = P(Qj, (z%", 12|X1j1)) = 0, and as a consequence
P(z%?) = P((z{)i=1.. ) = 0. A completely similar argument shows
that P(zh',z?) = 0, whence P(z%?) = P((x%)i=2..,) = 0. But
this implies that 1 = P(z%2) + P(z?) = 0, a contradiction. Hence,
Qj (Xo,, [ X1,), .-, Q;,(Xo,, |Xy,,) are not weakly coherent.
Assume next that all the dummy nodes in the elementary cycle cho-
sen in the previous point belong to the same Bj, but that there is a
predecessor Xy of one of these dummy nodes which belongs to another
Bl (see Fig. 16 for an example).

Xs--¢-» Xg

XlO _—

X3+ Xy

FIGURE 16. An example of the graphical situation considered in
point (a4). In this case all the dummy nodes in the elementary
cycle belong to the same element of B’, but a dummy predecessor
of the elementary cycle belongs to a different element, as denoted
by the dashed line. We create then a contradiction on X; = Xj
by inducing a marginal from its parent that is different from the
marginal induced through the elementary cycle.

Consider then different ji,...,j, in {1,...,m} such that O;, NI;, #
0,05,N1;, #0,...,0; NI; #0, and assume that X, is a predecessor
of the dummy node j;. Then there are k1,...,k, in {1,...,m} such
that {k17~-~;kr—1} Q {1,...,m}\{j1,...,jp}, l e Okl mIkQ, Ok2 N
I, # 0, ..., O, , NIy, # 0, and k. = j;. That is, the indices
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{ko,...,kr_1,41,...,Jp} determine a constraining sub-block for X, in
the block associated to the elementary cycle.

Assume that ji,...,jp,k2,...,kr—1 € B} and ki € B) for B) # Bj.
Take x§ # x4 in X,. Then we can use Proposition 3 to define weakly
coherent conditional previsions P (Xo,|Xy,),. .., Pn(Xo,, X1, ) such
that any P coherent with P;(Xo,|X,) for j € {j1,...,jp, k2, ..., kr_1}
satisfies P(x%) = 1. Similarly, we can use Lemma 2 to define co-
herent conditional lower previsions Pj(Xo,|Xr,),- .., P (Xo,,|1X1,.)
such that any joint P which is coherent with P (Xo, X1, ) satisfies
P(z8) = 1. Let us consider then Q1(Xo,|X1),--.,Qm(Xo,, |X1,,)
defined by

o ,

Q(Xo, ;) = § PAFOITL) 1S € B
{(Xo,;|X1;) otherwise ;

then it follows that for any B € B’ the previsions {Q;(Xo,|X1,)}en
are weakly coherent. However, any coherent prevision P which is co-
herent with each of them should satisfy P(x{) = 1 on the one hand,
and P(x5) on the other. Hence, Q1(Xo, |X1,),--.,Qm(Xo,,|X1,,) are
not weakly coherent.

(b) If (a) does not hold, then for any ¢ = 1,..., k, the set of indices associated

to the block By, is included in some B’ € B’. Since B has non-empty
intersection with different elements of B’, and the definition of B implies
that any block Bz, in B has another block Bz, in B such that Bz, and
By, share an actual node, we deduce that there are 1 < iy # is < k such
that J;, C By, Ji, € By and the blocks Bz, , Bz, share some actual node
Xy: we can start with a block of B and move to the adjacent blocks until
we arrive to one which is not included in the same element of B’. The result
then follows from the fact that two adjacent blocks share at least one actual
node. See Fig. 17 for an example.

X, X X,

N 4
\/ o o
4

X; X

FIGURE 17. An example of the graphical situation considered in
point (b). In this case we create a contradiction on X; = X3, which
is a node shared by two adjacent blocks, as denoted by the dashed
lines. The contradiction is obtained by inducing a marginal from
one block and a different marginal from the other block.

Consider two different values z{ # 2% in &,. Then applying Propo-
sition 3, there are conditional previsions Py (Xo,|X1,),..., Pn(Xo,,1X1,,)
that are weakly coherent and such that any joint that is weakly coherent
with {P;(Xo,|X1;)}jes, satisfies P(zf) =1.

The same proposition guarantees the existence of weakly coherent con-
ditional previsions P;(Xo,|Xr,),..., P, (Xo,,|Xr,, ) such that any joint P
that is weakly coherent with {P}(Xo,|X1,)} ey, satisties P(zf) = 1.



COHERENCE GRAPHS 57

Define now conditional previsions Q1 (Xo,|Xr,),-..,@m(Xo,,|X1,,) by

Pj(XOj|XIj) lf] S Bi

(Xo. | X1.) =
Qg( O]| I]) {P;(Xoﬂxlj) otherwise.

Then these previsions are separately coherent and moreover for any B’ € B’
we have that {Q;(Xo,|X1,)}jep are weakly coherent. Now, given any co-
herent prevision P on L£(X™) which is coherent with all these conditional
previsions, we should have P(z%) = 1 = P(x%), a contradiction. Using The-
orem 1, we deduce that Q1(Xo,|X1,),...,Qm(Xo,, | X1, ) are not weakly
coherent.

O

Proof of Proposition 4. 1t is trivial that the first statement implies the second.
That the second statement implies the third follows from Theorem 4, once we
remark that the coherence graph is of type Al if and only if the minimal partition
is B={1,...,m}. Finally, Corollary 3 guarantees that the third statement implies
the first. O

Proof of Theorem 5. For each i € {1,...,m}, the separate coherence of the condi-
tional lower prevision P,(Xo,|X7,) implies that it is the lower envelope of a family of
separately coherent conditional previsions M; := {P;(Xo,|X1,)}. Now, if we select
a conditional prevision in M, for each i = 1,...,m, they belong to the same collec-
tion template as {P,(Xo,|Xn,),..-,P,(Xo0,,|X1,)}. Proposition 4 implies then
that they are jointly coherent, and therefore {P;(Xo,|X1,),-..,Pn(Xo,,|X1,,)} is
the lower envelope of a family of coherent conditional previsions. O

Proof of Theorem 6. We start by defining a bound on the number of arcs in a
coherence graph. Remember that a coherence graph can be regarded as the union
of its D-structures. Since a D-structure can be made of n arcs at most, we deduce
that the number of arcs in a coherence graph is bounded by m - n.

It is also useful to consider the number of different blocks in a coherence graph:
since a block can be identified with one the sources of contradiction that originates
it, and because a source of contradiction is an actual node, the number of different
blocks is bounded by the number of actual nodes, namely n.

Now, consider that one effect of the interplay between findMinPartition and
findBlock is a visit of the entire graph. This means that all its arcs are traversed
once and hence the visit has worst-case complexity O(m - n), given the previous
bound on the number of arcs. This complexity takes into account the fact that
findBlock stops its visit at a certain node if this is tagged already, thus preventing
an arc from being visited more than once.

To find out the overall complexity of the procedures, now we have to consider that
the second effect jointly produced by findMinPartition and findBlock, through
mergeBlocks, is to fill the array minPartition. This array is scanned every time
a new, different block is found. Since the size of the array is m and the number of
different blocks is bounded by n, as said above, filling the array minPartition has
worst-case complexity O(m - n).

Overall, we deduce that findMinPartition, findBlock, and mergeBlocks, have
a joint worst-case complexity given by O(m-n) (also considering that the remaining
calculations done by them have a complexity dominated by such an expression).
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Finally, in order to define the complexity to find the minimal partition, we must
consider that the three procedures above are based on the global data structures
described at the beginning of Section 7. Therefore, we have to calculate also the
complexity to create such structures. In this case the computation that dominates
the others, with respect to computational complexity, is the identification of the
sources of contradiction. Identifying the actual nodes with more than a parent is
easy, and takes O(n). Finding out all the nodes that belong at least to a cycle in
the graph is more complicated. Yet, as stated at the end of Section 7, this is an
immediate byproduct of the identification of the strong components of the graph;
and the latter is a task that Tarjan’s algorithm in [29] solves in time O(m+n-+m-n).

This complexity dominates the one arising from findMinPartition, findBlock,
and mergeBlocks, whence we obtain that the complexity to find the minimal par-
tition is just O(m +n +m - n). O

Proof of Theorem 8. We first consider how to convert the graph of a credal net into
the related coherence graph: it is sufficient, for each node X; of the credal net, to
insert a dummy node D; between X; and its parents X, so as to make D; parent
of X; and child of X;,, and to remove the arcs from X, to X;. It is immediate from
this conversion procedure to see that the coherence graph resulting from that of a
credal net is A1F: the coherence graph is acyclic because so is the graph of a credal
net; moreover, each actual node X; has exactly one parent. Another immediate
consequence of the procedure is that permuting the indexes of the conditional lower
previsions in the coherence graph as in Lemma 1 can be done simply by making
them consistent with the partial order entailed by the graph of the credal net.
Therefore, we can assume without loss of generality that the set A; defined in
Section 8.1.1 after Lemma 1 indexes exactly the non-descendant non-parents of X,
forall j=1,...,n.

Now we are ready to show that the strong extension of a credal network and the
strong product of the related coherence graph coincide.

Consider a prevision P dominating the strong extension obtained as in the defi-
nition of the strong product by applying Eq. (8) to a collection {P;(Xo,|Xa,ur,),
ooy Po(Xo,|Xa,ur,)}. Here the generic element Pj(Xo,|Xa;u1,) is a synthetic
expression for a set of separately coherent conditional previsions {P;(Xo,|z) €
ext(M(P)(Xo,|2))) : z € Xa,ur,, Pj(Xo,|2") = Pj(Xo,|2") if n,(2') = w1, (2")}.
For an x € X™, it holds that

Py(mj(x)|mr; (2)), (22)

—.

1

P(x) = HPj(Woj (@)|ma;ur, () =

where the first passage is just Eq. (8) and the second depends on two consider-
ations. The first is that O; indexes the variable X; alone when we deal with
the coherence graph obtained from a Bayesian net. The second is more impor-
tant: X; does not depend stochastically on its non-descendant non-parents (X4, )
given its parents (Xj,). This follows because we know that the chosen element of
M(P(Xo,|z)) must be the same over all the values that X4, can take, by defini-
tion of P;(Xo,|X,ur,); and because, by definition of B;-(Xoj | X a,u1,), an extreme
point of M(P}(Xo,|z)) is an extreme point of M(P;(Xo,|71,(2))), and this only
depends on Xj,.
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It follows that Eqgs. (9) and (22) coincide, and hence that the selected element P
dominating the strong product corresponds to the joint mass function of a Bayesian
net obtained choosing the assessments P;(X;|X;,) > P;(X;[X1;) j=1,...,n, ie,
to a compatible Bayesian net. Therefore P is a linear prevision that dominates the
strong extension. Since this holds for all the previsions P in the definition of the
strong product, then the strong product dominates the strong extension.

Now consider an extreme point of the strong extension, i.e., equivalently, a
joint linear prevision P. It is well known (see [1, Proposition 1] for a proof)
that P is obtained by applying Eq. (9) to mass functions corresponding to ex-
treme points of the local conditional credal sets, i.e., equivalently, to a collec-
tion {P1(X1]X1,),. ., Po(XulX1,)}, with Pj(Xj|z) € ext(M(P;(X;]z))) for all
z € Xr;, j = 1,...,n. From this, defining the new collection of conditional pre-
visions {P1(Xo,|Xa,un,),---, Pn(Xo, |Xa,ur,)} as in the definition of the strong
product, and applying Eq. (22), we see that there is an element of the strong prod-
uct that coincides with P. Since this holds for all the extreme points of the strong
extension, then the strong extension dominates the strong product. O

Proof of Proposition 5. We start by proving the direct implication. Assume that
{P\(Xo,|X1,),...,P,(Xo, X1, )} avoid uniform sure loss. Given f; € K7 for
j =1,...,m, this implies that sup,cyn >;—; G;(fj|X1;)(x) > 0. Let us define
D :={G,(f;|Xy,) : f; € K7 for some j}. Applying [33, Lemma 3.3.2], we deduce
the existence of a linear prevision P satisfying P(G;(f;|X;)) > 0 for all f; €
K7,j =1,...,m, and in particular P(G;(f;|z)) > 0 for all f; € K/, z € Xy,,j =
1,...,m.

Let us prove the existence, for every j = 1,...,m and every x € X; of a lin-
ear conditional prevision P;(Xo,|r) dominating P;(Xo,|z) such that P(I.(f —
Pj(f|x))) = 0 for all f € K7; from this, taking into account that the spaces are
finite, we shall deduce the existence of a conditional linear prevision P;(Xo,|X7,)
that dominates P;(Xo,|X7,) and is coherent with P for all j =1,...,m, and as a
consequence of weakly coherent P (Xo,|X1,),..., Pn(Xo,, | X1, ) dominating our
conditional lower previsions.

Consider then j € {1,...,m} and = € Aj,. There are two possibilities: if
P(z) > 0, then the conditional linear prevision P;(Xo,|x) is uniquely determined
by P using Bayes’ rule. To see that it dominates P;(Xo,|r), assume ex-absurdo
the existence of some gamble f € K/ for which P;(f|z) > P;(f|z). Then it follows
that 0 < P(L.(f — P;(flz))) < P(L.(f — Pj(f|r))) = 0, a contradiction. Finally,
it P(r) = 0 we simply consider any linear conditional prevision P;(Xo,|x) that
dominates P;(Xo,|r) and it is automatically coherent with P.

The converse implication follows once we realise that (i) weakly coherent condi-
tional previsions in particular avoid uniform sure loss, and (ii) if some conditional
lower previsions are dominated by others which avoid uniform sure loss, then they
also avoid uniform sure loss. ]

The next lemma is needed in the proof of Theorem 9. It is the counterpart, for
avoiding partial and uniform sure loss, of Lemma 5.

Lemma 7. Let us consider a non-empty subset J of {1,...,m}. Let By be a
partition of J, and define, for each C € By, the set B¢ = {U;cc(L; UO;)}. Then,
if the sets {B¢ : C € B1} are pairwise disjoint, the following statements hold:
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If {P;(Xo,|X1,)}jec avoid partial loss for all C € By, then the lower
previsions {P;(Xo,|X1,)}jes avoid partial loss.

If{P;(Xo,|X1,)}jec avoid uniform sure loss for all C € By, then the lower
previsions {P;(Xo,|X1,)}jes avoid uniform sure loss.

(1) Consider f; € K7 for j € J, fo € Ko,z € Xy, for some jo € J.
Assume that I; # () for any j such that f; # 0; otherwise, the result
follows from the second statement, using also the reduction theorem [33,
Theorem 7.1.5].

For any C' in By, there is some D¢ € UjecS;(f;) such that

sup »  Gi(f;1X1,)(x) > 0;

z€D¢c jec

hence, given € > 0 there is some x¢c € D¢ such that

S G510 @e) = —c. (23)
jeC
Let us consider now an element z € X" satistying mp.(2) = mp,(z¢)
for any C' € By; such an element exists because the sets {Bg : C € By} are
pairwise disjoint. Then we deduce from Equation (23) that

Y Gi(f1X1,)| (2) = —[Bile,

jeJ
and moreover z € D¢ for all C € B; (and in particular for one of them).
Since we can do this for any € > 0, we deduce that the conditional lower
previsions {P;(Xo,|Xr;)} es avoid partial loss.
Using a similar reasoning and the notations from the previous point, we
deduce that for any € > 0 and for any C' in By, there is some x¢ such that

> GilfilX1,)(we) = —e
jeC
Now, since the sets {B¢o : C' € By} are pairwise disjoint, we deduce from

this equation that for any element z of X™ such that wp,(2) = 7p,(zc)
for all C € By,

> G(filXn) | (2) = —[Bule.
jeJ
Again, since we can do this for any € > 0, we deduce that the conditional

lower previsions {P;(Xo,|X1;)}jes avoid uniform sure loss.
O

Proof of Theorem 9. We shall prove the result for avoiding partial loss; the proof
for avoiding uniform sure loss is analogous. Let us consider gambles f; € KJ for

j=1,.

..,m, and let us show that

sup |3 G,(/;1X0,) | () 2 0 (24)

zeE

for some E € UTL,5;(f;).



COHERENCE GRAPHS 61

Let B; be the subset of B given by the sets C with |C| > 1, i.e., those associated
to superblocks. Assume that B; # (); if By = (), then the result follows from
Corollary 3. For any C € By let us consider the set B¢ := Ujec(I; U O;). Then
it follows from the definition of the superblocks that the sets {B¢ : C € By} are
pairwise disjoint subsets of {1,...,n}. Let us define J := Ugep, C. Define the
gambles hy := 3. ; G;(f;|X1,) and ho =3, ;e G;(f;|X1,).

From Lemma 7, the previsions {P;(Xo,|X1,)}jes avoid partial loss. As a con-
sequence, there exists some E € Uj;cs5;(f;) such that

sup hi(x) > 0.

zeE
Consider € > 0, and let 21 € F satisfy hy(z1) > —e. Let us consider I := Ugep, Be
and y; := m7(x1). Note that the gamble h; is X7-measurable, and that 7rI_1(y1) is
included in F because I; C I for any j € J.

The coherence graph of the previsions {P;(Xo,|X1,)}jese is Al because they
do not belong to any superblock. Moreover, for any j € J¢, I N O; = 0, because
of the comments at the end of Section 5. Hence, we can apply Lemma 6 to deduce
that

sup  ho(z) = sup Z G;(f51X1,)(x) > 0.
J)E‘ﬂ';l(yl) J'EW;I(yl)jeJc

Since hy is identically equal to hy(z;) > —e on 77 (y1), SUDG e () hi(z) +

ho(x) > —e+ SUP e 1 () ho(x) > —¢, and because 7; ' (y1) is included in E we

deduce that sup,¢ g hi(z) 4+ ha(x) > —e. Since we can make a similar reasoning for
any € > 0, we deduce that Eq. (24) holds. d
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