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Abstract

Knowledge-based systerase computer programs achieving expert-level compe-
tence in solving problems for specific task areas. This @rapta tutorial on the
implementation of this kind of systems in the frameworlcoeddal networks Credal
networks are a generalization of Bayesian networks wtrexdal setsi.e., closed con-
vex sets of probability measures, are used instead of grpoidabilities. This allows
for a more flexible model of the knowledge, which can repreaearbiguity, contrast
and contradiction in a natural and realistic way. The disimrs guides the reader
through the different steps involved in the specificatioradystem, from the evo-
cation and elicitation of the knowledge to the interactigthihe system by adequate
inference algorithms. Our approach is characterized byagpgfistinction between the
domain knowledgand the process linking this knowledge to the perceivedendd,
which we call theobservational processThis distinction leads to a very flexible rep-
resentation of both domain knowledge and knowledge abeuwvdly the information
is collected, together with a technique to aggregate in&ion coming from differ-
ent sources. The overall procedure is illustrated througtite chapter by a simple
knowledge-based system for the prediction of the resultfobtball match.

1 Introduction

Knowledge-based systerti6BSs, [40]) are computer programs that achieve expedtlev
competence in solving problems on specific task areas. KB®ased on a coded body
of human knowledgeepresented through a mathematical model. The task of aznel

a KBS is generally known dsnowledge engineeringvhile the specific task of collecting

*E-mail addresses: alberto.piatti@supsi.ch, alessanidisi@ch, zaffalon@idsia.ch.
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human knowledge and representing it through a mathematicdél is known aslicitation.
The kind of human knowledge we consider in this chapter isnihaacorrespond to the
beliefs of a single expert or to the shared beliefs of a poekperts about a specific domain.
We refer to the single expert or to the pool of experts quetigihg the development of the
system by using the termxpertand the male pronouhe without any implicit reference
to the gender of the expert(s). Furthermore, we refer to liefs using the ternexpert
knowledge

When developing a KBS, one should select a mathematicaldissm for the represen-
tation of the expert knowledge. Research in elicitation thaimly focused on the quantifi-
cation of expert knowledge through subjective probabiitflike in Bayesian approachés).
In particular, the combination of knowledge representatfrough directed acyclic graphs
and conditional probabilities has led to the developmemayfesian network@N), which
are nowadays one of the most important mathematical fosmalifor KBS A BN is
based on a collection of variables and on a directed acyciiphy whose nodes are in
one-to-one correspondence with the given variables. Taghgis used to represent prob-
abilistic independence relations between the variablesrding to theMarkov condition
every variable is independent of its non-descendant noergsmconditional on its parents.
The Markov condition is clarified in Figure 1 by means of thexamples, illustrating the
meaning of the typical patterns that can be observed in &tdilegraph. More general
graphs can be understood on the basis of these three pafftimgraph associated with a
BN can be regarded as the qualitative part of the model, wihdayuantitative part is spec-
ified by means of conditional probabilities: for each valgsin the network, a conditional
probability mass function for each possible combinatiowvalfies of the parent variables
should be specified. Depending on the topology of the grapbcésted to the BN, the
amount of conditional probabilities to be specified can by \&rge and consequently the
specification of the quantitative part can become problemBesides this potentially huge
number of probabilities to be quantified, another issueas ¢éxpert knowledge is mostly
qualitative, while the approaches to BNs quantificatiorallguequire the expert, implicitly
or explicitly, to model his beliefs by “precise” (i.e., siegvalued) probabilitie§.

We agree with Walley [58] in saying that Bayesian precisdahilities are not the most
suited mathematical formalism for representing uncegaert knowledge in a KBS. Wal-
ley provides many motivations for that; among them the faat & proper measure should
be able to model partial or complete ignorance, limited orflocting information, quali-
tative judgments: all these features can be hardly reptedgén the Bayesian framework
without making some extra assumptions. Consider for ingtam expert claiming thdtis
more probable that a football team will win a match playingitmhome ground than away
how can we formalize this sentence in the Bayesian frame®vdrkis comparative judg-
ment defines a constraint between two (conditional) prditiasi which can be satisfied by
infinitely many assignments of their values. Thus, if we wantneet the requirement of
precisionof Bayesian probabilities (i.e., that a probability is dfied by a single number),

1See O’Hagan et al. [46] or Jenkinson [37] for an overview dcitetion of subjective probabilities.

2See Jensen and Nielsen [38] for an overview on BNs and Pairaét [48] for a list of applications.

3Given an arrow from nodel to nodeB, we call A parentof B, andB child of A. C is descendanof A,
if there is a directed path connectingandC'.

4See for example Van Der Gaag et al. [31, 32, 56], Druzdzel. 28] and Renooij et al. [49, 50].
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Figure 1: Three types of connections to interpret the cardit (in)dependence relations
in a directed graph with three variables according to thekigharcondition. In the first
case, on the left-hand sid€|is conditionally independent of given B and vice versa. In
other words, if we know the value @, then the variablesl andC are independent. Also
in the second case] andC' are conditionally independent giveB. The remaining case
illustrates a situation of conditional dependence betviBewariablesA andC given B. In
other words, ifB is known, thend andC are dependent, otherwise they are independent.

we need some additional assumption in order to select apkatiassignment among the
feasible ones. Similar assumptions cannot always be allawgustified, as the arbitrari-
ness they involve could unpredictably bias the conclusiofesred by the system. This is a
common problem encountered in the elicitation throughipesprobability models, which
is related to the qualitative (and hence imprecise) nattitiesoexpert knowledge.

In order to cope with problems of this kind, a number of apphes relaxing precision
in probabilistic assessments has been proposed in thegpastg them Choquet capacities
[14], belief functions [30], possibility measures [26]daWalley’s theory of coherent lower
previsions [57]. Under the subjective interpretation afhability, these theories can be all
regarded as modelling beliefs loyedal setCSs) [42], i.e., closed convex sets of precise
measures; in particular, Walley’s theory includes all thieecs as special cases [23, 24,
58]. The combination of knowledge representation througbacted acyclic graphs and
knowledge quantification by CSs has led to the developmemtratfal networks(CNs)
[16, 17], which can be regarded as a generalization to CShlef Blso CNs are represented
through a qualitative and a quantitative part.

The qualitative part of a CN consists of a directed acyclaprrepresenting indepen-
dence relations between a collection of discrete variathliemugh the Markov condition.
The only difference with respect to BNs is in the notion ofépdndence. The standard
notion of stochastidndependenceemployed for BNs can be extended to the case of CNs
in many ways. Among the different notions of independenaesicered in the literatur@,
two of them seem to be particularly suited for the modellifigeal problems:epistemic
independencand strong independenceThe former is appealing because of its intuitive
behavioral interpretation, while the interpretation of ltter is more related to a sensi-
tivity analysis approach. Loosely speaking: two varialaesepistemically independeift
the observation of one of the two variables does not affecbeliefs about the other vari-
able, while they arstrongly independerit their joint probability according to thextreme
points’ of their (joint) CS obey the standard notion of stochastitejpendence. Strong inde-

>Two variables are stochastically independent if theirtjpimbability factorizes.

See Couso et al. [15], Moral and Cano [45] and Cozman [17] tiseussion and further references.

"An extreme point of a CS is an element that cannot be expressednvex combination of other points in
the set.
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pendence is a particularly suitable assumption if the béegare assumed to be described
by a probability measure whose numerical values are notgaigdknown [45]. It can be
shown (e.g., [45]) that strong independence implies apisténdependence: the latter is
therefore a less committal assumption than the former. ielp less intuitive interpreta-
tion and its strength, strong independence is the most ustazhrof independence for CNs.
In fact, several exact and approximate inference algosthave been developed for CNs
under strong independence, while algorithms for CNs undistemmic independence have
been developed only for particular caSesccordingly, in this chapter, we only consider
CNs with strong independence.

The quantitative part of a CN consists in a collection of dodal CSs, i.e., convex
sets of conditional probability mass functions, one forhewariable in the network and
state of its parents. BNs are very useful tools for the modglbf KBSs, in particular
thanks to the graphical representation of the variabled their independence relations),
which is considered as particularly intuitive by the experCNs maintain this desirable
feature, allowing at the same time for a more suited and @asitapproach to the elicitation
task? Accordingly, we regard CNs as an effective and flexible matitical tool for KBSs
construction.

Here we present a procedure for building KBSs based on tiealgam of CNs, which
has been proved to be effective in practice, like for exanpégrspace surveillance [1] and
environmental monitoring [3]. The approach we proposesBasi several conditions that,
according to our practical experience, are important foeffective representation of the
expert knowledge in a KBS. The conditions are the following.

e Imprecision: it should be possible to model qualitative expert knowkeagthout
introducing unrealistic assumptions.

e Aggregation: if knowledge comes from many experts, it should be possibkese
the different pieces of information into a single repreagah, again without forcing
unrealistic assumptions.

e Modularity : an easy identification and modification of specific part$efrepresen-
tation should be possible, without requiring the modifimatdf the rest.

e Transferability : the final representation of knowledge should be easilyesgnted
by a computer.

e Observation: it should be possible to provide a realistic descriptiorihef way the
evidence is collected. For example, this should hold alssdéasors fusion, even if
they are reporting contrasting or missing values.

e Separation the expert knowledge can be divided in two parts: a partriseg
the theoretical knowledge, which we call themain knowledgeand the knowledge
about the process linking this knowledge to the perceivedeaee, which we call
the observational processOften, in practice, the same domain knowledge is used
in situations characterized by different observationakcpsses. For this reason, it is

8See for example de Cooman et al. [21], where an exact algofiis been developed for dealing with
epistemic irrelevance in tree-shaped CNs.

The counterpart of such a higher expressive power is andserkcomputational complexity in the infer-
ences [17]. Yet, as shown in Section 4, this does not preheriniplementation of KBSs based on CNs.
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convenient to separate the specification and represemtatibomain knowledge and
observational process. In this way, it is possible to ad#®B & to practical situations
characterized by different observational processesowitthe need of redefining the
domain knowledge.

e Reasoning the representation should offer a valid support to the gxeasoning,
by inducing a further elaboration and organization of thevidedge.

e Completeness the representation should allow for a complete speciticatif the
relevant knowledge in the problem under consideration.

e Ontology: the representation should be accessible and understendabout par-
ticular technical skills.

The imprecision, aggregation modularity and transferability conditions are automat-
ically satisfied by CNs, while the other conditions are $igisbecause of the particular
procedure proposed here. As discussed in Walley [58], CS&patticularly suitable for
representing qualitative knowledge, and therefore theregipion condition is satisfied.
Aggregation can be considered as a special case of immmedi)] and is satisfied as well.
The modularity condition is satisfied by probabilistic gnagal models in general, and in
particular by CNs, because these models represent knogvisjtarately for each variable
in the network given the parents: the quantification of aalde can be therefore changed
without the need of modifying the rest of the network. FipalNs satisfy transferability
for the simple reason that graphs and CSs can be easily stodeglaborated by a computer.
The observation and theseparation conditions are satisfied by our particular approach,
thanks to the sharp distinction we adopt betweendibrmain knowledgand theobserva-
tional process Thereasoning completenessaindontology conditions are satisfied by the
proposed elicitation procedure, because we focus not anth@translation of beliefs into
CSs, but also on a preliminary evocation, organization apdesentation of them in natural
language. In fact we have introduced an intermediate stepelea the specification of the
gualitative part of the CN and the quantification of the C8ayhich the beliefs of the ex-
pert are listed in an organized way, using arguments as aigéminal language [54]. As
highlighted by Helsper and Van der Gaag [35], during the ifigation of a probabilistic
network the expert knowledge is often elicited by directying mathematical formalisms,
without constructing an (intermediatekplicit knowledge modei.e., anontology [54].
The task to explicitly reconstruct the knowledge embedded probabilistic network can
be therefore difficult and time consuming, especially fooge without technical skills.
Accordingly, the knowledge embedded in a large and compdéwark may often become
inaccessible to people which have not been involved in ¥gld@pment from the beginning,
with consequent problems in its documentation, maintemama adoption by new users.
The combination of the qualitative part of the network anel ltkt of arguments produced
in the proposed elicitation procedure can be regarded astatogy providing an explicit
model for the knowledge embedded in the network. This ogiolallows non-experts to
access the expert knowledge in the KBS without the need @fsaarg and interpreting the
CSs. At the same time, the construction of this ontology $héie expert to recall in mind
and focus on all the aspects that are relevant for the probteter consideration, through
reasoning and judgement.
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The outline of the chapter is as follows. In Section 2 we dletad motivate the dis-
tinction between domain knowledge and observational @ck Section 3 we describe a
procedure for the elicitation of a CN satisfying all the citioths stated above. The different
elicitation steps are illustrated through the constructba CN for predicting the result of
a football match. The developed model is then used in Sedtionllustrate how CNs are
used in practice. Concluding remarks are finally reporteSiantion 5.

2 Domain Knowledge and Observational Process

In this section, we introduce and motivate the conceptioafiain knowledgandobserva-
tional processdy means of the following example.

Example 2.1 (Cold or flu?) Suppose that a kid shows the symptoms of a chill and his
mother wants to verify whether these symptoms are due togesould or to a flu (other
possible causes are excluded for sake of simplicity). Thbend&nows that the presence
of a flu is typically associated with a high body temperatdex€r), while a simple cold
usually is not. To verify the presence of a high body tempezathe mother can simply put
her hand on her kid's forehead, or measure his body temperaitmough a thermometer. If
the perceived (or measured) temperature is high, usuaflynibther concludes that the kid

is having a flu, while if the perceived (or measured) tempeesais low, the mother excludes
the presence of a flu.

This example can be described by the following four variable

e Cold or flu. This variable describes the presence of a cold or of a flu, pagsible
valuescold andflu.

e Fever. This variable describes the presence of fever, with passiluesyesandno.

e Temperature (hand) This variable describes the result of the measurement of the
temperature by hand, with possible valyes if the perceived temperature is high,
no if the perceived temperature is not high, amissingif the temperature has not
been measured by hand or it has been measured but the remitlbigilable.

e Temperature (thermometer)This variable describes the result of the measurement
of the temperature by a thermometer, with as possible valagsf the measured
temperature exceeds 37 Celsius degreed,the measured temperature is below 37
Celsius degrees, amdissingif the temperature has not been measured by thermome-
ter or it has been measured but the result is not available.

The theoretical knowledge relevant for this example cpwed to the assessed relation-
ships between the first two variables. These variables ¢d@ndirectly observed: they are
latent variables [51] whose actual values are directly inaccéssibhe values of the latter
two variables describe how information about the latenortéical variables is gathered.
The value of these variables is always known: they are ther@hanifestvariables [51].
More specifically, the two manifest variables are observedrder to gather information
about the latent variableever, that in turn is related to the latent variable of inter€sid

or flu.
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Now suppose you want to build a CN describing the situatioounexample. Zaf-
falon and Miranda [60] have proposed an approach to the mmtistn of CNs based on
the distinction of two information levels: tHatentand themanifest level The latent level
consists of (theoretical) latent variables that are relevar the problem but that cannot
be observed directly. The manifest level consists of manhifariables that are observed
in practice to gather information about the variables of Itient level. In our case, the
variablesCold or flu and Fever belong to the latent level, while the other two variables
belong to the manifest level. The combination of the vadahif the latent level and their
conditional (in)dependence relations is calilmmain knowledgeln general, the domain
knowledge is used to represent the theoretical knowledggeishrelevant for the problem
under consideration. A CN describing the domain knowledgafir example is in Figure
2(a). Suppose now that the temperature is measured onlyebytither's hand: we can
extend the network in Figure 2(a) in order to include a desion of how evidence about
the presence of fever is gathered in practice. A possiblensian is illustrated in Figure
2(b). In general, the combination of the variables of the ifieahlevel and the conditional
(in)dependence relations between latent variables anifesawariables used to gather in-
formation about them is calleabservational procesdn general, the observational process
is used to describe the relationship between theoretiaadlatge and perceived reality. In
this case, the observational process consists in the \afiamperature (handnd in the
link connecting it with the latent variableever.

In general, the construction of a CN based on the distindtietveen domain knowl-
edge and observational process consists of two steps. lirshetep the dependence re-
lations between the variables of the latent level are reptesl through a directed acyclic
graph and CSs are quantified for each variable. The resuiiedirst step is a CN describ-
ing the domain knowledge. In the second step, the graph ismentpd by the variables
of the manifest level and with arrows connecting each véiabthe latent level with the
variables in the manifest level that are used to gathernmétion about it. The correspond-
ing CSs are then quantified for each variable of the manita&l1° The result is a CN
describing both the domain knowledge and the observatipradess. This approach to
the construction of CNs has proven to be useful and convetdedeal with missing or
incomplete data [5, 22, 59, 60] and with multiple observaiand sensor fusion [1] and
satisfies consequently tlabservation condition. Furthermore, this approach satisfies the
separation condition: the same domain knowledge can be adapted taafifferactical
situations simply redefining the observational procesd,leaving the domain knowledge
unchanged. For example, in Figures 2(b)-2(e), severaraditsanal processes have been
defined for the same domain knowledge.

Although the steps required for the specification of the darkaowledge and the ob-
servational process are the same, the experts taking ctirerofare usually different. For
example, in the situation above, tdemain knowledgeonsists of the knowledge relating
illness (cold, flu) and body temperature. The expert resptnfor the specification of this
part could be, for example, a physician (or a pool of them)e dlbservational procesde-
pends on how the evidence about the body temperature istemllelf the mother measures
the temperature by using her hand, then the observationakgs consists in the relation

For a general philosophical discussion about the modetifriihe observational process see Bagozzi et al.
[9] and [27] and Borsboom et al. [12].
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Latent level Latent level Latent level
Cold

Flu

Yes

No

Cold
Flu

Temperature
Temperature (hand) (therr‘r)'nometer)

Yes Yes
No No
Missing Missing
Manifest level Manifest level Manifest level
(a) (b) (c)
Latent level Latent level

No
Temperature
(thermometer)

No

Yes Yes
No
Missing Missing Missing Missing

Manifest level Manifest level
(d) (e)

Figure 2: Several networks modelling the situation of Exen2pl. The domain knowledge,
describing the relationship between the presence of fluldrartd the presence of fever, is
the same for all the networks and it is displayed in Figuré. Z{he other networks represent
the combination of the domain knowledge with different glsaBonal processes. Figure
2(b) represents an observation through temperature negasat by hand only, Figure 2(c)
an observation through temperature measurement by thezteowwnly, Figure 2(d) an ob-
servation through temperature measurement by hand andebypdimeter where the two
observations are considered to be conditional indepergiean the (unobservable) value
of the variableFever, and finally Figure 2(e) represents an observation throegipérature
measurement by hand and by thermometer where the two obsassare considered to be
dependent. The latter structure could for example modelatgn where the temperature
is measured through thermometer only if the temperaturesuned by hand indicates fever.
In this case, if the measurement by hand indicatefever, then the temperature measured
by thermometer is surelpissingbecause it is not measured.
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between true and perceived temperature. The expert to beduhiring this part can be
the mother herself, as she knows by experience how her kadly bkemperature and her
sensation are related. In other cases, the body tempemittive kid could be measured by
a thermometer, and the observational process would be l&t@rebetween true and mea-
sured body temperatures. The expert to be queried for thafigpgion of this part would
be for instance the manufacturer of the thermometer, whav&rbe level of precision and
the drawbacks of the device.

3 Elicitation

In a definition shared by many authors [37, 46], Walley [57187] defines elicitation
as theprocess by which beliefs are measured through explicitjuglgts and choicesin
our procedure, we intend elicitation as a more general geotigat, apart from measuring
beliefs, is also concerned with their evocation and orgditin. We follow Benson et al.
[11] in distinguishing two sequential steps for a compléigtation process:

() thebelief assessmemwhich is the process of inducing the expert to recall in hilsdn
all the aspects that are relevant for the problem under @eregion through reasoning
and judgment;

(i) the response assessmgnwhich involves the measurement of the evoked expert knowl-
edge by an appropriate mathematical model, after the regessucturing of this
information.

Most of the existing procedures for elicitation focus onthgponse assessment step, while
the role of the belief assessment is often underestimatedording to our own experience,
belief assessment is crucial in order to make elicitatidecti’e and complete, and satisfy
the reasoningand completenessonditions without biases in the specification of knowl-
edge!! Furthermore, the belief assessment can be structuredén rgroduce an explicit
knowledge model, thus satisfying tbatology condition.

Our elicitation procedure, which is graphically depictad-igure 3, is divided in four
steps. In the first two steps the domain knowledge is desttir®ugh a complete CN. In
the second two steps, the former network is augmented by tielnof the observational
process. The final result is a new CN embedding both the dokrawledge and the
observational process, and an ontology describing thes@ants in natural language. The
four steps are the following.

1. Belief assessment for the domain knowledgen this step expert knowledge is re-
called, organized and finally represented through a dideatyclic graph and a list
of arguments.

2. Response assessment for the domain knowledge:this step, CSs consistent with
all the arguments expressed in the previous step are cotestrior each variable
(node) in the network.

3. Belief assessment for the observational proces this step, the way evidence is
collected in practice is described, for each variable irditrain knowledge, through

For a survey of the psychological aspects of elicitationrobpbilities see Daneshkhah [18] and Kahneman
et al. [39].
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an extension of the previous graph with variables modeliegyobservations and a
list of arguments describing them.

4. Response assessment for the observational procedmally, CSs consistent with
the arguments expressed in the previous step are constifocteach variable of the
observational process.

This procedure is particularly convenient if the domainarkpnd the observational process
expert are different individuals. If the expert is the saiie whole procedure can be
reduced to two steps: belief and response assessment fehthe network. Yet, according
to our experience, reasoning at the same time about domainl&dge and observational
process can be somewhat misleading and we therefore reawiimapply the four steps
procedure anyway. Inthe rest of this section, we descrildetiail each step of the elicitation
procedure and we illustrate them with the help of the follogvexample.

Example 3.1 (Football example)We consider the Swiss Football Super League. The goal
is to develop a KBS that predicts the result of a football idietween Bellinzona and
Basel, to be played next week, after some months from thertiegiof the championship.
The domain expert is supposed to be a person that knows théemts and the Swiss
football championship quite well. His knowledge is basedemhnical considerations and
on his own experience. The observational process expetpigosed to be a supporter
of the Bellinzona football team aiming to predict the resflthe match. His knowledge
consists in knowing where and how evidence about the domainl&dge can be gathered.

The complete CN for this example is illustrated in Figure 12.

3.1 Belief Assessment for the Domain Knowledge

We follow Browne et al. [13] in adopting a belief assessmentedure based on two com-
plementary evocation and organization technigkeswledge map representati¢?8, 36,
44] andreasoning-based directed questid29]. The knowledge magKM) consists, in
our case, of a directed acyclic graph in which the relevarilées are modelled through
discrete variables and depicted as nodes of the networke ddpendence relationships be-
tween the variables are represented through the arrowsdaegdo the Markov condition.
This type of KMs corresponds roughly to the one described bwatd [36]. Concerning
thereasoning-based directed questiptisey are a structured list of arguments reporting the
expert knowledge in an organized way using natural langu@ge result of the belief as-
sessment procedure is a directed graph whose nodes armatebte discrete variables and,
for each variable, a list of arguments summarizing the kedgé of the expert about that
variable. The combination of the graph, the descriptiorhef\ariables and their possible
values in natural language and the arguments can be coegideamntology providing an
explicit model for the expert knowledge. While the graphsataucture can be passed as itis
to a computer, the knowledge represented through argurnantst, and should therefore
be translated into a suitable mathematical model. Thisastbkthe task of theesponse
assessmentvhere the expert knowledge that is not explicitly contdiivethe KM, i.e., the
knowledge expressed through arguments, should be repedsimough CSs as described
in Section 3.2. Here, we begin by describing the belief assesat procedure followed for
the specification of the domain knowledge. The main feataresa construction method
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Belief assessment Response assessment
Step 1 Step 2
Blabla bla
% Blablabla L(A) LBIA)
£ 9
g E Blablabla ‘\A LCIAB) ‘\A
o
O ¢
D ~ Blabla bla ‘ L(ch) ‘
Output: qualitative part of the credal network for the domain Output: credal network for the domain knowledge.
knowledge and list of arguments for each variable in the network.
Step 3 Step 4
Bla bla bla L(EJA) L(F|A) L(G|A)
2 O®O® ®®O , ws
o L(BJA) @ L(BJA) @
= L(A) L(A)
> a
]
Q9 L(C|AB) Bla bla bla LCIAB) L)
Q9 Bla bla bl LMIL.D)
a bla bla L(l C)
©a L(D\C)‘—»@ | Lolo ‘—'@
Output: credal network for the domain knowledge extended Output: complgte credal network, ready to
with the qualitative structure of the observational process and be embedded into a KBS.
a list of arguments for each variable in the observational process.

Figure 3: The elicitation procedure proposed in this chastelivided in four steps. The
final result is a CN embedding both the domain knowledge aadbservational process.
The symbolL(- | -) is used to denote the set of conditional CSs associated adthariable
and it is defined in Section 3.2.

for KMs are described in Section 3.1.1, while the speciftcatf arguments is discussed in
Section 3.1.2.

3.1.1 Knowledge Maps
Vail [55] gives the following definition of KM.

“A knowledge maps a visual display of captured information and relation-
ships, which enables the efficient communication and legrioif knowledge
by observers with different backgrounds at multiple lewéldetail. The indi-
vidual items of knowledge included in such a map can be tiextes, graphics,
model, or numbers. [...] Knowledge mapping is defined as thegss of as-
sociating items of information or knowledge in such (prafdy visual) a way
that the mapping itself also creates additional knowl€dge.

As illustrated by Eppler [28], KMs have been applied in aefriof contexts, with different
purposes, contents and representation techniques. lohthpter, we consider the qualita-
tive part of the domain knowledge as a KM, focusing thus onpihwicular definition of
KM originally given by Howard [36] and further studied by Mdnofer [44] and by Browne
etal. [13].
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The first step in the construction of the KM in our case is tordeéixactly thdypothesis
variablg i.e., the variable that should be predicted (or evaluaigdhe KBS. In practical
problems, we can have many hypothesis variables, but faake of simplicity we assume
here a single hypothesis variable for the problem of interBer instance, in the football
example we consider, the variable that should be predistéikeiresult of the match of the
next week between Bellinzona and Basel. We caRésultand as possible outcomes we
assumavin, drawandloss An appropriate specification of the hypothesis variabtddarly
crucial. In practice, one should feel comfortable with thesen possible outcomes. On the
one side, they should be detailed enough in order to allowaspecify, ideally, everything
the domain expert knows about the problem under considergompletenesy On the
other side, they should be not too detailed, in order to atloéd the expert knowledge
would be insufficient to construct a KBS producing infornatiesults. An example of this
latter case would be a definition of the possible outcomebefiatch considering several
possible results, like for examplein 2:1, win 5:3, loss 1:2 etc..

The next step in the specification of the KM consists in thaiifieation of the variables
that the domain expert considers relevant for the problesrthay could have a (either
direct or indirect) causal influence on the state of the Hygsis variable. The procedure is
usually iterative: the variables having a direct influenodh®e hypothesis variable are first
identified, then the variables having an influence on thegahias, and so on. In this way
the expert adds variables until he feels comfortable wighdinected graph modelling these
relations. The only aspect the domain expert should taledning this specification is to
keep the graph acyclic. The procedure is illustrated byaleviing example.

Example 3.2 (Variables affecting the result) In the football example, assume that, in his
prediction of the result of the match, the domain expert ictans the following variables:

1. the relative ranking of the two teams in the championsRigdtive rankiny

2. the relative fitness of the two teams, defined as the cosgpakietween the fithess
state of the Bellinzona football team and the fithess statheoBasel football team
(Relative fitnesp

3. the level of support that can be expected from the supsai$eippor].

These variables are assumed by the domain expert to havea dausal influence to
the state of the variablResult These causal relations are depicted in Figure 4.

Relative fitness Relative ranking

Figure 4: A simple network modelling the football example.

Suppose now that the domain expert does not feel comforathi¢his model because
he needs other variables to represent his knowledge eféégtiHe has the possibility to add
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further variables, that can have a direct causal influencehenthree variables specified in
the first step, like for example the following.

e TheRelative rankingpf the two teams depends on the ranking of the Bellinzona foot
ball team Ranking.

e TheRelative fithessf the two teams depends on Fitnessof the Bellinzona football
team and on th&itness of the opponent

e The quality of theSupportdepends on the enthusiasm of the support8tgpporters
and on the place where the match is playeldihe match

Eventually, the domain expert can also add further varialileat are relevant for those
specified during the second step, like for example the follpw

e The enthusiasm of tf&upporterss influenced by thRecent performancef the team
and by theRankingof the team.

The graph in Figure 5 is obtained by considering these vdeisab

Top (from 110 3)
Medium (from 4 to 7)
Low (from 8-10)

ozm

883
g5
°g

Strongly in favour Strongly in favour
In favour In favour

f
Neutral Relative ranking
Against

Strongly against

Neutral
Against
Strongly against

Figure 5: A network modelling the football example.

The above procedure returns a directed acyclic graph niogdhe relevant variables
considered in the domain knowledge and their relationsimgsrms of causal influence.
The Markov condition allows for an interpretation of the gnain terms of conditional
independence relations. In order to verify whether of net tslations associated to the
graph are meaningful, the basic definitions and represensadf conditional independence,
depicted in Figure 1, can be used as a dictionary for thegrae&ation and validation. Let
us describe this process by a simple example.

Example 3.3 (Dependencies verification)Consider the variableRelative RankingRe-
sultand Relative Fitnessn the graph of Figure 5. They are linked by arcs reproducing t
pattern on the right-hand side of Figure 1. This correspotalthe assumption that, given
the Result the last two variables are dependent, and independentrwibe. Actually, a
good Relative rankingis often uninformative about the curreRelative fithessand vice
versa.
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Once the verification of the dependencies is concluded,astesktep for building the
KM is an explicit specification of the possible values of tlheiables in the graph (i.e., those
associated with the nodes of the graph). We model theseitiessatscategorical variables
This requires the specification, for each variable, of adisét ofpossible outcomesvhich
are assumed to xclusiveandexhaustive

Example 3.4 (Football example)A possible specification of the possible outcomes of the
variables considered in the domain knowledge is the foligwi

e Result Win, drawand loss

e Fitnessand Fitness of the opponeniThese two variables describe the fithess status
of the two teams with three possible valuegcellent if the current fitness state of
the team is extraordinarypormal if the current fitness state reflects what could be
expected from the team, abdd if the current fithess state of the team does not reach
what could be expected from the team.

e Relative fitness Strongly in favoury if the Fitnessis excellentand theFitness of the
opponentis bad in favour, if the Fitnessis excellentand theFitness of the opponent
is normalor if the Fitnessof your team ismmormaland theFitness of the opponeiig
bad neutral if the Fitnessis the same as theitness of the opponerthe two further
outcomesgainstand strongly againsare defined in a similar way.

e Ranking Top, from rank 1 to rank 3medium between rank 4 and rank lgw, from
rank 8 to rank 10-2

¢ Relative ranking Strongly in favour if the Rankingis top and theRanking of the
opponents low, in favour, if the Rankingis top and theRanking of the opponerig
mediumor if the Rankingis mediumand theRanking of the opponeris low, neutral
if the Rankingis the same as thRanking of the opponenthe two further outcomes
againstand strongly againsare defined in a similar way.

e Support Strong if the support is particularly motivating for the playersedium if
the support is as usualyeak if the support is absent, depressing or stressing.

e SupportersEnthusiasticnormal or disappointed

e Home match Yes if the match is played on the home football figid, if the match
is played on the home football field of the opporiént.

e Recent performancdPositive if the recent performance of the team has been above
the expectationsmedium if the recent performance of the team has reflected the
expectations, andegative if the recent performance has been unsatisfactory.

The list of possible outcomes is usually accompanied by ariggion of the different
outcomes, in order to be sure that all the persons involvatiaérspecification of the do-
main knowledge (the domain expert) interpret the possibeames in (approximately)
the same wayaggregation ontology). The definition of the possible outcomes completes
the specification of the KM. It is now interesting to illugavhat kind of knowledge the
map contains. A KM refers to knowledge in three ways: (i) intans knowledge ex-
pressed in an explicit way, (ii) it refers implicitly to tdadinowledge and (iii) it points to

12The Swiss Super League consists of ten teams.
13In the Swiss Super League matches are never played on niaatitadll fields.
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explicit knowledge represented outside the map [28]. Inpauticular case, the three types
of knowledge the network refers to are the following.

Knowledge expressed explicitly in the KM: our network describes explicitly what are
the variables the domain expert considers for the hypatresiluation and their dependen-
cies. The variables are defined using textual descriptiodstlarough their possible out-
comes, that are in turn also defined through textual desumgt As suggested by Helsper
and van der Gaag [35], a possible way to facilitate the unaeding of the KM, is to pre-
pare aglossary The glossary should explicitly specify the meaning of b# (technical)
terms used in the definitions of variables and possible owsoin order to avoid miscon-
ceptions and ambiguitie®iftology, aggregation.

Tacit knowledge the KM implicitly refers to: in the network the domain expert does
not explain why he has specified the given dependencies. ®ially these dependencies
do not need to be explained, because they are self-evidentexample, in our network,
the enthusiasm of thBupportersdepends on th&ecent performancef the team and on
the Ranking This is self-evident for every person who knows how a folbtimatch and a
football championship work. This is what we meanthagit knowledge evidence that is
readily available to every person looking at the Kdh{ology).

Explicit knowledge the KM refers to:  the network does not explain, given an arbitrary
variable, what the domain expert expects about this varigivken an arbitrary combination
of outcomes of its parents. Consider the former example.plinents of the variabl8up-
portersare the variableRecent performancandRanking Suppose that the domain expert
knows that thaanking is top and theRecent performancef the team has begmositive
what are his beliefs about the enthusiasm of the supporterspecify his knowledge about
the variableSupportershe has to answer questions of this kind for each possibldiram
tion of outcomes of the two variablé®cent performancandRanking(there are actually
9 possible combinations). This task is performed throughattyuments described in the
next section. The result is a list of arguments expressirggtéxtual way the beliefs of the
domain expert about the variable he is considering.

3.1.2 Arguments

As explained in the previous section, there is a kind of kreglgk that is not explicitly con-
tained in the KM, but which the map points to. In the CN, thigtjgthe expert knowledge
is coded through CSs and therefore is not easily accessiblgefsons without particular
technical skills. On the other hand, it can be very difficaitthe expert to specify his beliefs
directly through CSs. Therefore, to satisfy fleasoningand theontology conditions, we
have introduced an intermediate state in the elicitatimtgdure. This intermediate state
consists in specifying the expert knowledge that is notieitlyl represented in the quali-
tative part of the network through a list afguments By argument we intend a statement
of the domain expert that is based on practical reasoningg@eet al. [11], Browne et
al. [13]) or on logical deduction, in the light of his knowlgel In this section, we provide
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a theoretical description of the construction and the sirecof these arguments. Let us
introduce the discussion by the following example.

Example 3.5 (Football Example) According to Figure 5, the variabldgecent performance
and Rankinghave a direct influence on the enthusiasm of3beportersNevertheless, the
figure does not provide any further information about thiduience. Therefore, we should
still ask the domain expert about that, by means of quesliketswhat is expected about the
enthusiasm of thBupporterassuming @op Rankingand apositive Recent performanee

This task can be performed by reporting a list of argumentsessing in a textual way
the beliefs of the domain expert about the considered Jatidbach variable of the KM
points to a body of knowledge expressed in textual way thiarguments. Note that, for
each variableall the possible scenariose@soning completenesy corresponding to all
the possible joint states of the variables that directlgefthe variable under consideration,
should be considered. E.g., in the above example the ninkesjiites oRecent performance
and Rankingshould be considered. Expert’s answers to questions okitisare usually
based on arguments, whose truth cannot be demonstratedlifpri@onsider for instance
the following argument, based on technical consideratémson historical cases.

The Bellinzona football team will probably win playing atrhe, because play-
ing at home the support is stronger than playing elsewhéree $or the sup-
porters it is easier and cheaper to go to the stadium. Thésarhe supporters
are disappointed because of the recent bad performance te#a.

According to Toulmin [52], an argument is a statement coradasf at least three parts.
The first is thedata that is, the evidence on which the argument is based. Tlearlam,
which means the conclusion that follows from the data. Binttie warrant, which is the
explanation of the relationship between data and claimmiatly, the basic structure of an
argument is the following:

Givendata sincewarrant, thereforeclaim.
In our example we have:

Given that the team plays at homeata), since support playing at home is
usually stronger than elsewheigrran), it will win ( Claim).

There are also other components of an argument that can defumseded [52]. Namely:
() the backingis a further explanation of the warrant, in the form of a stegat or of an
entire argument. A backing is used when the audience sheuwdrivinced of the validity of
the warrant, or if for some reason the warrant should be he¢tailed. (i) Thequalifier is
a single word or an expression that is used to quantify temgth of the claim. A qualifier
is typically used for example if the domain expert is undartbout his argument. (i) A
rebuttal is used to take explicitly into consideration a special aasa scenario in which
the given argument does not hold. In our example we have:

Qualifier
—
The Bellinzona football team playing at honiggta), will probably win Claim),

because playing at home the support is stronger than pla&jsegvhere\(Var-
rant), since for the supporters it is easier and cheaper to goedatddium
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(Backing. This unless the supporters are disappointed because oétent
bad performance of the teaiR¢butta).

Often, arguments consist only in data and claim. In thesescé® warrant is considered to
be tacit knowledge. Consider the following example:

If the recent performance of the team is positilZaig), supporters are enthu-
siastic Claim).

In this case, it is self-evident that supporters are en#istisiif the performance of the team
is positive. Although the warrant is not explicitly statedthe statement, we consider
this an argument as well. The domain expert should avoithgtarguments without war-
rant, if he is not aware of the knowledge he shares with otsersuor developers of the
KBS. The knowledge engineer, who is usually aware of thdsséfl the different persons
involved in the specification of the model, can help the donexipert to decide which ar-
gument requires an explicit warramntology). In our specific problem, arguments should
be specified for each variable in the KM. The data of the argusnare a combination of
possible values of the parents of the variable under coraida. The claim expresses the
(uncertain) beliefs of the domain expert, given the dat#) vaspect to one or more possi-
ble outcomes of the variable. There are basically threeilpestypes of claims about the
possible outcomes, that we now describe in detail.

¢ Classificatory judgements: given a combination of valuethefparents of the vari-
able, the domain expert expresses his beliefs about ayartisutcome of the vari-
able. An example could bi¢ the team has a low ranking and has had a negative
recent performance, the supporters will probably be disapied

e Comparative judgements: given a combination of values efpdrents of the vari-
able, the domain expert compares two possible outcomes oftiable. An example
could beif the relative ranking of the two teams is strongly in favofithe opponent,
then a loss is much more probable than a win.

e Conditional comparative judgements: the domain expertpaoes his beliefs about
a given outcome of the variable with respect to two differ@rnbinations of values
of the parents of the variable. An example couldibthe support is strong, the
probability of winning is higher than if the support is weak.

The distinction between the three types of judgement isqudarly important in the re-
sponse assessment, as illustrated in Section 3.2. Thegenigats are particular types of
argument. Throughout the chapter, we will refer to themraitangeably using the generic
word argumentsor using their technical name. The procedure that shouldl@nfed to
specify all the required arguments consists in considezah variable of the network and
in specifying, for each combination of its parents, theddsliof the expert about a given
combination using one or more arguments. The argumentsecarobe or less informative,
depending on the level of expertise about the given combimatnd, in case of an expert
consisting of many individuals, on the level of agreementhef different individuals. In
extreme cases, if the expert has no beliefs about the givaioation, or if the disagree-
ment between different individuals is such that no shargdraent can be specified, the
corresponding arguments can be completely uninformaliwes don'’t knowy.
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After having specified all the beliefs of the experts aboet\hriables in the network
through textual arguments, the belief assessment proeésifinished. The network struc-
ture can be indeed passed directly to a computangferability ), while the beliefs of the
experts, expressed in textual way, should be translatexpoessed through CSs. The latter
task is achieved by the response assessment proceduribegscrSection 3.2.

3.2 Response Assessment for the Domain Knowledge

After the belief assessment, the knowledge of the domaieréxp represented through a
KM and a list of arguments. The response assessment refgdbsienbody of knowledge
through a suitable mathematical formalism. The argumepgsiied by the expert are
characterized by imprecision and uncertainty, we neeetber a mathematical formalism
able to model these features. As already emphasized intilogllrction, we considerredal
sets(CSs) [42] as a very suitable and general tool for the reptatien of uncertainty in
KBSs. Actually, CSs have many features that are stronglyratge in order to develop
KBSs:

e They allow to model imprecision, being therefore suited wdel in a natural way

ignorance, vagueness and contrast (Walley [57, 58], CoZirvgh

e They allow to easily translate arguments into a mathematicalel (Walley [57, 58],
Cozman [17]).

e They are very general. Actually, the majority of the modededinowadays for the
representation of uncertainty can be considered as spadat of CSs (Walley [58],
Destercke et al. [23, 24]). Examples of such models areflfelietions, possibility
measures, probability intervals and Bayesian probadsliti

A CSis a closed convex set of probability mass functions. idiéa of modelling subjective
uncertain beliefs by convex sets of probability mass fumsticomes from Levi [42], who
has formalized the notion of CS. For the sake of simplicitg,a@nsider in this chapter only
finitely generatedCSs [16], i.e., obtained as the convex hull of a finite numiberabability
mass functions for a given variable. Geometrically, a fipigenerated CS is polytope
CSs of this kind contain infinitely many probability measyrbut only a finite number of
extreme mass functions, corresponding to \keicesof the corresponding polytope. In
general, given an arbitrary variablé, we denote withK (X ) the CS associated to it and
with ext[K (X)] the finite set of vertices of the CS. The following simple exdentaken
from Walley [57], explains how CSs can be obtained from arguis in practice.

Example 3.6 (Walley’s football example) Consider a football match. The possible results
are win (W), draw (D) and loss (). Suppose that the domain expert has specified the
following arguments: witis improbablewin is at least as probable deaw, drawis at least

as probable alwss | would bet againskossonly at odds that are no more than 4 toThe

CS corresponding to the arguments is the set of all the piitibatmeasures

P(W)
p= ( P(D) )
P(L)

that are compatible with the arguments. The above argumearisbe directly translated
into (linear) inequalities concerning the componentpofn particular we have,
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Win is improbable. Applying the conservative translation o termimprobable
given by Walley [57] we haveP (W) < 0.5.

Win is at least as probable @raw. P(W) > P(D).
Drawis at least as probable dsoss P(D) > P(L).

| would bet against_ossonly at odds that are no more than 4 to 4:- P(L) >
P(W)+ P(D), and henceP(L) > 0.2.

Furthermore, the components of the vegboshould satisfy the following consistency con-
ditions, P(W)+P(D)+P(L) =1, P(W) > 0, P(D) > 0, P(L) > 0. All the inequalities
specified above can be collected in the following system:

The above linear system of inequalities is already a repredion of the CS associated
to the arguments of the expert. Yet, another possible wagpmesent it is to solve the
system and represent the solution. Note that the solutiGudti a system, if the system is
not impossible, is a polytope defined by a finite number ofcer{i.e., a finitely generated
CS). Afinitely generated CS can be represented by enumgeatplicitly its vertices. There
exist algorithms that, given a linear system of inequalitiealculate the vertices of the
corresponding polytope. In this chapter, we have used aadWaiinplementation of the
Reverse Search Vertex Enumeration AlgorittAwis and Fukuda [8], Avis [7]), Irs in short,
based on Kovigec and Ribeiro [41]. Solving the system above we find theviiig four
vertices'4

P(W) P(D) P(L)
05 03 02
05 025 025
0.4 0.4 0.2
03 03 03

For a variable with three possible states, like for exampéevariable considered in the
example above, a particularly effective geometric repregmn is based on the use of
barycentric coordinategWalley [57]). In the barycentric representation, eachesenf a
triangle of height one is labeled with one possible outcofme variable considered and
a probability vector( P(W), P(D), P(L)) is represented through a point in the interior of
the triangle, whose distance from each edge opposite totexviabeled with a particular
outcome corresponds to the probability assigned to thengiwecome, as shown in Figure
6(a). Barycentric coordinates are based on the followirgpe@rty of equilateral triangles:

“We denote with).3 the number:.
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the sum of the distances of a point in the interior of the giarirom the edges of the triangle
itself is equal to the height of the triangle. In the case ofbantric coordinates, the height
of the triangle is 1 and the distances of a point in the intayfahe triangle from the edges
correspond to the probabilitig€s?(W), P(D), P(L)) assigned by a given mass function;
thanks to the above property, we haéiV') + P(D) + P(L) = 1. The CS obtained in
Example 3.6 is represented in Figure 6(b).

D D

(0.4,0.4,0.2)

PO e frsson P 659

(0.5,0.25,0.25)

(a) (b)

Figure 6: In barycentric coordinates, a probability vedtB{W), P(D), P(L)) is repre-
sented as a point in the interior of an equilateral triandlbeight 1, as shown in Figure
6(a). To represent a CS, it is sufficient to represent thetppéydefined by the vertices of
the CS. For example, The CS obtained in Example 3.6 is repexsén Figure 6(b).

Very often in applications, given a variablé and a CSK (X)), we are interested only
in thelower and upper probabilitie®f an outcome. Denoting witl an arbitrary outcome
of the variableX, these are defined by

P(z) = min P(z), P(x)= max P(z).

P(x)= min Px), Pz)= max P()
Because a CS is closed and convex, the lower and upper pliibalare attained at the
vertices; we have

Px) = min  P(z), P(z)= max P(x).
Plz) pEext[K (X)] (z) ( pCext[K (X)] (z)

For example, the lower and upper probabilities in ExampeaBe given byP (W) = 0.3,
P(W) =05, P(D) =0.25, P(D) = 0.4, P(L) = 0.2 and P(L) = 0.3.

In order to apply the approach in Example 3.6 in the geners#,08e need a procedure
to convert the domain expert's arguments into linear cairgs on probabilities. Walley
[57] has identified several types of arguments that can beesgpd by a domain expert, in
particular, he has distinguished betwedmssificatory probability judgemengdcompar-
ative probability judgementsThe translation of the judgements into constraints depend
the type of judgement expressed. Some judgements can loydiranslated into a con-
straint in a unique way, while other judgements require sprobability scale for the trans-
lation and are therefore subject to arbitrariness. In theviing, we illustrate the different
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types of probability judgements and their translation aeptesentation through linear in-
equalities. In particular, in Section 3.2.1, we discussgifecatory probability judgements,
while in Section 3.2.2 we discuss comparative probabilityjgements.

3.2.1 Classificatory Probability Judgements

Classificatory probability judgements refer to the (caodil) probability of a particular
outcome of the variable. An example could be the statemesd irsthe previous foot-
ball examplewin is probable In this kind of judgements often the degree of belief in an
outcome is quantified through a verbal qualifier lig@bable unlikely, etc. Several au-
thors!® like for example Walley [58] and Renooij [49, 50], have prepd verbal-numerical
scales for the translation of such type of judgements imteai inequalities. The verbal-
numerical scale proposed by Walley in [58] is representeigire 7. According to this
scale, the above judgement should be translated into tlpiadiey P(17) > 0.5. The
verbal-numerical scale proposed by Renooij et al. in [49j$illustrated in Figure 8. This
scale is not a proper verbal-numerical scale, because thisvaoe not directly translated
into probabilities. An expert using this scale to specifgqise probabilities should select a
single probability using the words as guide, but not as anpbimts. For example, accord-
ing to this scale, the above judgement should be translatedhe equalityP(1V) = «,
wherea € [0.75,0.85]. The scale can be used as a true verbal-numerical scale twly w
specifying imprecise probabilities. In this case, as sagggeby Cozman [17], it is sufficient
to assign to a given word the whole interval of possible v&llr exampleyin is probable
could be translated @75 < P(W) < 0.85. The translation of classificatory probability
judgements is strictly dependent on the verbal-numericalesthe domain expert refers to
and is therefore questionable.

There are also cases of classificatory probability judgésneshere the translation is
unique. In particular, it is possible to assign explicitlypeobability interval to a given
outcome. For example, the judgemehé probability of win is between 0.3 and (b
translated a®.3 < P(W) < 0.5. A special case of this type of judgements are precise
probability assignments, like for examplee probability of win is 0.8%hat can be trans-
lated asP(W') = 0.85. Precise assignments include also judgements of impbsémd
certainty, likewin is impossible P(W) = 0, andwin is sure P(W) = 1.

Example 3.7 Consider the football match between Bellinzona and Bas#i,pessible re-
sultswin (W), draw (D) and loss(L). Suppose that the domain expert has specified the
following argumentsyin is improbable, loss is probabl&o translate these judgements, we
have to refer to a verbal-numerical probability scale. Wesider the scale of Renooij [50]

in Figure 8 and we follow Cozman’s [17] approachVin is improbable is translated as
P(W) < 0.15, whileloss is probablés translated a$).75 < P(L) < 0.85. These inequal-
ities, combined with the consistency conditiahdV) + P(D) + P(L) = 1, P(W) > 0,
P(D) >0, P(L) > 0, define a CS with the following vertices.

15See Jenkinson [37] and O’Hagan et al. [46] for a review ofitalibn methods for precise probability
assessments.
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P(W) P(D) P(L)
015 010 0.75
015 0 085

0 015 085
0 025 075

Calculating lower and upper probabilities for each outcqomwe have tha’(L) € [0.75;0.85],
P(D) € [0;0.25] and P(W) € [0;0.15].

During several elicitation sessions with domain experts have noticed that it is not easy
for them to express classificatory judgements about a Jariabhis happens because of
several effects. First of all, we have experienced biasestathe problem ofvailability
(Kahneman et al. [39]), i.e., the tendency of the domain expeassign higher probability
to an outcome that he can display clearly in mind, for exarbpleause it has occurred re-
cently. Furthermore, we have observed that it is sometinfésult for the domain expert
to keep in mind all the possible outcomes of a variable andegumently to compare one
particular outcome with all the other outcomes togethertuélty, a classificatory proba-
bility judgement is the same as a comparative probabililggment between an outcome
and its complement, i.e., all the other possible outcomdss @&ffect is illustrated in the
above example, where the domain expert has specified atassifi judgements for the
two outcomeswin andloss but has neglected the outcordeaw. We argue that for the
domain expert it is easier to specify comparative probisfjilidgements on outcomes, than
to specify classificatory probability judgements.

| Verbal | Numerical |
x is extremely probable P(z) > 0.98
x has very high probability P(z) >0.9
x is highly probable P(x) >0.85
x is very probable P(x) >0.75
x has a very good chance P(z) > 0.65
x is quite probable P(z) > 0.6
x is probable (likely) P(xz) > 0.5
x has a good chance 0.4 < P(x) <0.85
The probability ofr is abouta a—01<P(z)<a+0.1
x is improbable (unlikely) P(z) <0.5
x is somewhat unlikely P(z) <04
x is very unlikely P(z) <0.25
x has little chance P(z) <0.2
x is highly improbable P(x) <0.15
x is has very low probability P(z) <0.1
x is extremely unlikely P(x) <0.02

Figure 7: The verbal-numerical scale proposed by Wallep&j.[
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Certain (almost) _ 100
Probable _| 85
Expected | 75
Fifty-fifty _1 50
Uncertain _| 25

Improbable _| = 15
(Almost) impossible _1 0

Figure 8: The verbal-numerical scale proposed by Renoaij. éh [50, 49].

3.2.2 Comparative Probability Judgements

Comparative probability judgements are based on the casgueof the (conditional) prob-
abilities for different outcomes of the variables. An exdngf such a judgement iwin

is at least as probable as drawThis type of judgement can be directly translated as
P(W) > P(D). We can also compare conditional probabilities. For example can
compare the conditional probabilities of two differentaarnes with the same conditioning
events event likplaying on the home field, win is at least as probable as. [@és can also
compare the probabilities of the same outcome with diffecemditioning events, like for
examplewin playing at home is at least as probable as winning on ofbetball fields A
comparison is possible also between probabilities of difieoutcomes with different con-
ditioning events, likewin playing at home is at least as probable as draw playing theo
football fields On the basis of our experience, this latter type of judgednsamot used very
often by the expert.

Finally, there is a particular type of comparative prokabjudgement that occurs very
rarely in practice: it consists of comparisons betweenaugs of different variables, like
for examplewin playing at home is at least as probable as having a stramqpert when the
supporters are enthusiastic playing at handdthough there are particular special cases in
which such judgements are meaningful, we do not considen thehe present discussion.

Comparative probability judgements should not necegsadmpare probabilities of
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outcomes, they can also compare in general probabilitiegasits. Yet, in practice, domain
experts often prefer to consider only single outcomes. Mhjgpens because considering
events in general, the domain expert can incur the samedisfayed above for classifica-
tory probability judgements, i.e., neglecting some outeoffor example, if the expert says
thatwin is much more probable than not winninge cannot be sure that he consider the
eventnot winningas the set containing draw and loss, maybe he is focusingeasuticome
loss and he is neglecting the outcome draw. For this reasdrfpathe sake of simplicity, in
the rest of the section we focus on the specification of inggsrepresenting comparative
probability judgements on outcomes.

Example 3.8 (Assessing a conditional CSTonsider the simplified football network dis-

played below.

The possible values dflome matchare H if the match is played on the home football
field andH if not. The possible values &esultare Win (W), Draw (D) and Loss(L).
We should specify the set of all the vectors

that are consistent with the arguments reported by the domgpert. This set is denoted as
L(Result Home match. The setZ(Result Home match is not itself a CS, because a CS
is a convex set of probability measures, while a point in deisdescribes two conditional
probability measures at the same time. Loosely speakiegsetl (Result Home match
defines two CSs. Suppose th&Result Home match should be constructed according to
the following arguments specified by the domain expénthe match is played at home,
win is more probable than loss, draw is more probable thas dosl win is probable. If
the match is not played at home, win is more probable than trssv is more probable
than loss and draw is probabl&hese arguments should be translated into a system of lin-
ear inequalities. We have two classificatory probabilitdgements and four comparative
probability judgements. The comparative judgements camamslated directly, while the
two classificatory judgements require some verbal-nurakgcobability scale for trans-
lating the termprobableinto a humber. In this example, we interpret the tggrbable
according to Walley [57]: win is probable iP(WW) > 0.5. The above arguments can
therefore be translated as follows:
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|H) > P(L|H)
| H) > P(L|H)
|H) > 0.5
|7H) > P(L|"H)
P(D|7H) > P(L|H)
P(D|"

P(W
P(D
P(W
P(W
D
D

)
H) >0.5.
To the above inequalities, we should add the following testy constraints:

PW|H)+P(D|H)+P(L|H)=1
P(W|H)>0, P(D|H)>0, P(L|H)>0
P(W|H)+ P(D|H)+ P(L|"H) =1

P(W| H)>0, P(D|"H)>0, P(L|H)>0.

We are now ready to solve the system of inequalities correlipg to the specified ar-
guments. The sdt(Result Home match is the convex set defined by the following nine

vertices.

P(W|H) P(D|H) P(L|H)|P(W| 'H) P(D| H) P(L|H)
0.5 0.25 0.25 0.25 0.5 0.25
0.5 0.5 0 0.25 0.5 0.25

1 0 0 0.25 0.5 0.25
0.5 0.25 0.25 0.5 0.5 0
0.5 0.5 0 0.5 0.5 0

1 0 0 0.5 0.5 0
0.5 0.25 0.25 0 1 0
0.5 0.5 0 0 1 0

1 0 0 0 1 0

In this case, there is also an easier way to obtain the vestafd.(Resulj Home match.
The system is the union of two disjoint systems. This is dtleetabsence, in the list of
arguments of the expert, of judgements comparing protigsilivith different conditioning
events. The two systems can be solved separately, obtaimiag CS for the probabilities
conditioned onH, denote it byK (Resultf H), and a CS for the probabilities conditioned
on H, denote it byK (Resul} "H). The vertices of the sét(Result Home match can
then be obtained combining the vertices of the two separ&® i€ all the possible ways.
The CSK (Result] H) can be obtained solving the system consisting of the equsatibthe
previous system containing the probabilities conditionedd, i.e., P(W |H), P(D| H)
and P(L | H). We obtain thatx (Result| H) is defined by the following three vertices.

P(W|H) P(D|H) P(L|H)

0.5 0.25 0.25
0.5 0.5 0
1 0 0

Similarly, K (Result "H) is defined by the following three vertices.
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P(W | H) P(D| H) P(L| H)

0.25 0.5 0.25
0.5 0.5 0
0 1 0

More generally speaking, consider a variallleand denote bya(X) its parents and with
{z1,...z,} the joint values of the parents. Denote By X | Pa(X)) the set defined by all
the possible combination of vertices of the CSs

K(X |Pa(X) =x1),..., K(X |Pa(X) = z,).

If the vertices of L(X |Pa(X)) coincide with K (X | Pa(X)), we say that these CSs are
separately specifiedOtherwise, we say that the CSs defined jointly/lyX | Pa(X)) are
extensively specified

If the expert specifies only classificatory probability jedgents and comparative judge-
ments comparing probabilities of different outcomes buhwhe same conditioning events,
as is the case above, then the CSs corresponding to the arguane automatically sepa-
rately specified because the corresponding system of ilitgsi@ecomposes into subsys-
tems, one for each possible combination of the values of ghenps. If the expert spec-
ifies also comparative probability judgements for probaed with different conditioning
events, then the corresponding system of inequalitiesatamm further decomposed. To
obtain a CS that is not separately specified, an expert stspelcify arguments comparing
probabilities with different conditioning events that aret already implied by the clas-
sificatory probability judgements and the comparative gbility judgements comparing
probabilities with same conditioning events, as illugtdain the following examples.

Example 3.9 (Redundant constraint) Consider the situation of the previous example. Sup-
pose that the domain expert adds the following argumenttathuments listed previously:
the probability of win if we play at home is at least as largdhasprobability of win if we

do not play at homeThis argument compares two probabilities with differemditioning
events. It corresponds to the inequality:

P(W|H)>P(W|H).

To find the sef.(Resul Home match, we consider the system used previously to compute
L(Result Home matchusing in addition the above inequality. In this way, the eystan-

not be decomposed into two separate systems. But the sohaidind solving it is exactly
the same.(Resultf Home match with nine vertices as in the previous case. It follows that
the CSs are howeveeparately specifiedlthough the domain expert has specified a com-
parative probability judgement comparing probabilitiegwdifferent conditioning events.
This happens because the additional condition stated alsoaleeady (implicitly) satisfied

by the arguments specified in the previous example and ceubdriitted.

Example 3.10 (Extensively specified CSsLonsider again the situation of the previous
example with the following additional argument of the damexpert: the probability of
winning if we play at home is at least three times as large @apthbability of winning if
we do not play at homeThis argument corresponds to the inequality

P(W |H) >3- P(W|H).
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To find the sef.(Result Home match, we consider once more the system used previously
to computeL(Result Home match using in addition the inequality above. In this case
the system cannot be decomposed into two separate systeensoltition of this system is

a polytope defined by twenty vertices, and therefore thisssadt the same that we have
obtained in the previous example. In this case, the additiangument is not redundant
and therefore the CSs corresponding to those argumentsxaemsively specified

A CN whose quantitative part consists only of separatelgifipe CSs is said aepa-
rately specifiedCN. If the quantitative part of a CN contains both separately extensively
specified CSs, then the CN is said extensively specified.nExtely specified networks are
a special ohon-separately specified CNghich are networks where there are relationships
between the specifications of the conditional CSs. Theiegisiigorithms for the updating
of CNs have been developed only for separately specified Ebisnon-separately speci-
fied CNs, there is a procedure that has been recently profysAdtonucci and Zaffalon
[6], that transforms an arbitrary non-separately speci@iddinto an equivalent separately
specified CN allowing thus to make inference also in this ceitle the same algorithms
employed for CNs with separately specified CSs (see [4] fanample of this approach).
It follows that, when a CN is extensively specified, it shob&ltransformed according to
[6] in order to update it with available updating algorithms

In the above examples, comparative probability judgemeatsbe immediately ex-
pressed through inequalities, but this is not always the.c&or example, we could say
thatwin is much more probable than drawn this case, it is necessary to refer to some
verbal-numerical scale and also the translation of contiparpudgements can be subject to
arbitrariness. In particular, we have noticed, during aaicpical sessions with the domain
expert queried for the development of a KBS for airspaceesllance [1], that the use of a
verbal-probability scale is not ideal in a multilingual ¢est like for example the Swiss one.
Actually, in Switzerland, it occurs very often to have meg§ with people having three or
more different mother tongues and the use of verbal scald#fisult. Also the use of a
neutral language, like English, has proved not to be effecbecause of the different inter-
pretations assigned to the same words by different perSdmese considerations have led
us to conceive a procedure for specifying comparative pntibajudgements through in-
equalities without referring to a verbal-numerical scaMe explain our procedure through
the following examples.

Example 3.11 (Football example)Consider the variablé&Supportin the KM in Figure 5.

The variable has three possible valuetrong(S), medium(M) and weak(K). The par-

ents of the variabl&upportare the variableSupporterswith as possible valuenthusiastic

(E), normal(N) and disappointed), and the variabldHome matchwith as possible val-
uesyes(H) and no ("H). The possible combinations of the parents @ ), (H, N),
(H,I), ("H,E), ("H,N), ("H,I). Suppose that the domain expert has expressed the
following arguments about this variable.

Playing at home with supporters that are not disappointexkgect the support
to be strong, in particular if the supporters are enthusiastA weak support
is extremely unlikely, although not impossible. If the supfs not strong, |
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expect much more a normal support than a weak one. If the stgupare dis-
appointed, the probability of having a strong support at leaslow. | expect
in this case a medium or weak support. Not playing at homhbeistupporters
are enthusiastic, | expect however a strong supgart,in this case the proba-
bility of having a medium and a weak support are higher thagipy at home

If the supporters are normal, then | expect a weak or mediympait; a strong
support is extremely unlikely-he probability of having a strong support in this
case is lower than playing at home with normal supportérthe supporters
are disappointed and we are not playing at home, then | exgpecsupport to
be weak; if it is not weak then | expect it to be medium, but@nsgtisupport is
almost impossibleln general, assuming the same state for the other variables,
the probability of having a strong support is higher playatdgiome than not
playing at home. At home, the probability of having a strongsort is higher
with enthusiastic supporters than with normal ones, anslhigher with nor-
mal supporters than with disappointed ones. The same hdlda wot playing
at home.

Our aim is to construct.(Support Home matchSupporter$ according to the arguments
of the domain expert. The arguments above contain sevetginsents comparing the dif-
ferent outcomes of the variable given a particular comborabf parents (in italic) and
several statements comparing the same outcome for diffecenbinations of parents (not
in italic). We see immediately that arguments of the secgpe tan be immediately trans-
lated as follows.

Not playing at home, but with enthusiastic supportéh® probability of having a
medium and a weak support are higher than playing at home

{ P(M | H,E) > P(M |H,E)
P(K|"H,E) > P(K |H, E).

Not playing at home with normal supportethe probability of having a strong sup-
port is surely lower than playing at home with normal supgart

P(S|7H,N) < P(S|H,N).

Other things being equal (same supporters), the probabflhaving a strong support
is higher playing at home than not playing at home.

P(S|H,N) > P(S|TH,N)

P(S|H,E) > P(S|H, E)
{ P(S|H,I)> P(S|H,1I).

Playing at home, the probability of having a strong supoigher with enthusiastic
supporters than with normal ones, and it is higher with nbsuaaporters than with
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disappointed ones. The same holds not playing at home.

P(S|H,E) > P(S|H,N)
P(S|H,N) > P(S|H,I)
P(S|7H,E) > P(S|H,N)
P(S|7H,N) > P(S|H,I).

The rest of the arguments of the domain expert cannot bel#t@asdirectly, and also the
selection of a verbal-numerical scale does not help in thisec A possible specification of
the inequalities describing the remaining arguments idbed in the following.

We propose a procedure for the specification of inequaliliescribing comparative
probability judgements based on the specification of lowet apperprobability ratios
(Walley [57, chapter 4.6.2]). l.e., given two possible amesA and B, the expert has to
specify two numbers: a lower raticand an upper ratio such that

P(4)

1 < ﬁ <u
In principle, for each combination of the outcomésnd« can be arbitrary positive real
numbers (provided thdt < w). But, to simplify and accelerate the procedure, we advise
the use of a scale with only finitely many possible ratios. Theice of a discrete scale
is supported by Ofir and Reddy [47] who have shown, in the ca$leeospecification of
probabilities, that using a discrete scale with seven wlostead of a continuous scale
does not reduce significantly the quality of the specifiedesl We argue that this could be
the case also specifying probability ratios, althoughhattest of our knowledge, nothing
has been published on this topic. A possible probabilitipretale is represented in Figure
9. In this scale, the ratios are graphically depicted thhoaigisual proportion between the
two probabilities and each possible ratio is associated avgymbol. The use of this scale
allows the domain expert to specify his beliefs without tleech of using words, avoiding
thus the problem related to the use of verbal-numericakscdl is important to remark that
the scale used for this procedure, i.e., the symbols, thdauof ratios and their values can
be chosen arbitrarily by the domain expert. A practical @ggibn of this scale is illustrated
in the following example.

Example 3.12 (Football example)Consider once more the variab&ipportand suppose
that the domain expert has specified the following arguntélaging at home with support-
ers that are not disappointed, | expect the support to begtio particular if the supporters
are enthusiasticThe argument is not a comparative judgement, and therefanaat be

translated directly. This argument is a sort of summary &f khowledge of the domain
expert for the given combination of parents and should barmotgd into more explicit ar-
guments about the probabilities of the different outconme®rder to express it through
inequalities. To do this, the domain expert can use the scakgure 9 to express his
knowledge more precisely through comparative probabhjlilgements. Given a particular
combination of parents, he should fill some cells of the faistet of Figure 10, using sym-
bols of the probability ratio scale, where the symbol spedifin the left of a particular cell
corresponds to the lower probability ratio between the ouate in the row (numerator of
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P(A)>>>P(B) ‘ P(A) ‘ P(B) ‘

P(A)>>P(B) ‘ P(A) ‘ P(B) ‘

P(A)>P(B) ‘ P(A) ‘ P(B) ‘

P(A)=P(B) ‘ P(A) ‘ P(E) ‘

P(A)<P(B) ‘ P(A) ‘ P(B) ‘

P(A)<<P(B) ‘ P(A) ‘ P(B) ‘

P(A)<<<P(B) P(B) ‘

Figure 9: A possible symbolic-visual-numerical scale toe specification of probability
ratios between the different outcomes of a variable. Thegdietween probabilities are
represented through visual proportions. the first row i&gmes a proportion betwedn(A)
andP(B) of 9to 1 (9:1). The other proportions are 4:1, 2:1, 1:1, 1:2,anhd 1:9.

the ratio) and the outcome in the column (denominator of #im®Y, the symbol specified
on the right of a particular cell corresponds to the upper ipability ratio between the out-
come on the row (numerator of the ratio) and the outcome orcdfigmn (denominator of
the ratio). The cells on the diagonal of the table are exatlidecause because they would
be comparisons between equal probabilities. Note thatci§peg ratios for an ordered
combination of outcomes, ratios are (implicitly) specifaso for the same combination in
reverse order. Consider for example the psirongand weakand suppose that we know
that

P(stron
l S u < u’
P(weak
then we know automatically that
1 < P(weak < 1

u — P(strong — [’
Suppose that the ratios specified in the first table of Figlredrrespond to ratios specified
by the domain expert considering a situation where the sappoare enthusiastic and
the match is played at home. Each filled cell in the table catrdmgslated into a linear
inequality taking into consideration the ratios in the padiility ratio scale corresponding
to the symbols used by the domain expert. We obtain the fotlowequalities,

S|H,E)>4-P(M|H,FE)
S|H,E)<9-P(M|H,E)
S|H,E)>9-P(K|H,FE)
M|H,E)>4-P(K|H,FE)
P(M|H,E)<9-P(K|H,E).
Solving the above system of inequalities with the usualismey conditions, we ob-
tain the following vertices that define the GSSupport H, E).

P(
P(
P(
P(
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P(S|H,E) P(M|H,E) P(K|H,E)

0.76 0.19 0.05
0.89 0.10 0.01
0.78 0.20 0.02
0.88 0.10 0.02

In the same way, the domain expert can also specify inestibmparing probabilities of
the same outcome with different conditioning events or gdsdlties of different outcomes
with different conditioning events. Suppose for examp tile domain expert needs to
specify inequalities describing his beliefs about theediffice between playing at home or
away if the supporters are enthusiastic. He can fill a talke the second table of Figure
10. In this case the cells outside the diagonal are excludethibse the domain expert
is comparing probabilities of the same outcome with difiereonditioning events. The
second table of Figure 10, combined with the probabilityaaicale, defines the following
inequalities, that have been already specified in Examlg: 3.

P(S|H,E) > P(S | H,F)
P(M| H,E) < P(M|H, E)
P(K|H,E) < P(K|H,E).
Strong Medium Weak
Strong >> >>> >>>
Medium >> >
Weak
2 Home match? Yes
% Strong Medium Weak
© |Strong =
OEJ Medium =
£ |Weak =
2

Figure 10: The tables of Example 3.12.

So far, we have illustrated the construction of the CSs dssutwith a single variable
of the domain knowledge. Consider now a whole KM construdigtihg the belief assess-
ment procedure for the domain knowledge. Because we ex@laiigements comparing
probabilities of different variables, the specificationtioé CSs associated with a variable
is independent of the specification of the CSs associatdd twit other variables of the
network. This procedure for the specification of the condil CSs for a single variable
should then be simply iterated for all the variables in the .KIMis ends the work of the
domain expert.

3.3 Belief Assessment for the Observational Process

The domain knowledge describes the (theoretical) knovdedthe domain expert, but does
not describe how information about the (theoretical) \a@ea considered by the domain
expert is gathered in practice. Roughly speaking, the ctidle of domain knowledge could
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be completely unrelated to the process in which the evidencellected. This is shown in
the following example.

Example 3.13 (Sources of information)In Section 3.1 and 3.2 we have reported the spec-
ification of the domain knowledge by a hypothetical domapegx regarding the football
match of the next week between Bellinzona and Basel. Seettherk in Figure 5. Suppose
now that a supporter of the Bellinzona football team aimssag this domain knowledge
to predict the result of the match in the light of the evidetiha he has collected about the
variables in the domain knowledge. Suppose that he deschisesources of information
about the different variables as follows.

e Fitness the source of information are three persons that follow titaéning of the
Bellinzona football team. Their opinion about the fithesdesbf the team is usually
reliable. The three persons do not know one another.

e Fitness of the opponenthe source of information is a newspaper supporting, in a
moderate manner, the Basel football team.

¢ Relative ranking, Home matadnd Ranking the source of information is a newspa-
per reporting the championship ranking and the matchesehtxt week.

e SupportersSupportand Relative fithessno source of information about these vari-
ables.

e Recent performancehe source of information is a person that is neither supgor
of Bellinzona, nor a supporter of Basel. He is a person thata# informed about the
Swiss football championship in general. His opinion abdngt tecent performance
of the different football teams is usually reliable and alijee.

How can we link these sources of information with the exgstiomain knowledge, in order
to be able to issue a prediction?

In general, we calbource of informatiombout a variable a person, sensor, or any entity pro-
ducing an evidence that is related in some probabilistic teathe underlying (unknown)
value of the variable. The main aim of the specification of dlvservational process is
exactly to describe how the availabdeurces of informatioproduce information about
the latent variables of the domain knowledge. The obsemwatiprocess should be speci-
fied by an expert, calledbservational process expefften, in practice, the observational
process expert is different from the domain expert. The sdomeain knowledge can be
used under different practical circumstances specifyiiffgrdnt observational processes.
To specify the observational process, the procedure timatighpe followed by the obser-
vational process expert is the same used by the domain egpehte specification of the
domain knowledge. In thbelief assessmenie should complete the KM defined by the
domain expert with discrete variables modelling the saiafeinformation for each vari-
able in the domain knowledge. Furthermore, he should desctirough arguments, the
link between the conceptual variables in the domain knogéeahd their sources of infor-
mation. In theresponse assessmetiie arguments describing the sources of information
should be translated into inequalities and used to corts@i8s for each variable modelling

a source of information.
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The first task to be performed by the observational procegsrein the belief assess-
ment is to complete the KM assessed by the domain expert afdgorical variables mod-
elling the sources of information and to connect them with variables of the domain
knowledge. In this tutorial, we model the observationalcpss through eeflective model
[12], i.e., a model in which the arrows go from the latent te thanifest level. See Bors-
boom et al. [12] for further details about the (philosophi@ssumptions underlying this
particular way of modelling. This is done variable by vahglfor each variable in the
domain knowledge.

Example 3.14 (Single source of information)Consider the (latent) variablEitness of the
opponentin the football example in Figure 5. From Example 3.13, wevkitimat the source
of information about this variable consists of the fithessesteported by a newspaper sup-
porting, in a moderate manner, the Basel football team. TBitisation can be modelled
by the network in Figure 11(a), where the values reported tiea nodes are the possible
outcomes of the variables. The possible outcomes of theféegrvariable modelling the
source of information are the same of the underlying (I3tgatiable with in addition the
valuemissing The outcomenissingmodels the situation in which the source of informa-
tion does not provide any evidence about the variable oféstefor example because the
newspaper does not report any information about the fithéseoBasel football team, or
even because the newspaper has not been received by thef tisemetwork, that in this
case is the observational process expert himself. If theiblesoutcomes of a manifest
variable are the same of an underlying latent variable withaddition the valuemissing
then the former variable is called abservatioror measurementf the lattert®

In Example 3.14 we have modelled a situation in which only smarce of information is
available. Often, in practice, there are several sourcagaimation for the same variable.
In practice, the evidence provided by the different souafé@sformation can be contrasting
or even contradictory. The problem of assessing the evaeoming from many sources of
information is callednformation fusion Our formalism allows to address the problem of
information fusion in a flexible way, allowing to model caamt and contradiction through
imprecise probabilities. This issue is further discusseféction 4.

Example 3.15 (Independent sources of information)Consider the variabl&itnessn Fig-
ure 5. According to the observational process expert in Epdar3.13, the sources of in-
formation about this variable consists the opinions of ¢hrveell informed persons. The
three persons do not know each other, and therefore, giverutiderlying fitness of the
team, their opinions are independent. This assumption g frequent in measurement
models with latent variables and it is calléocal independence assumptiaee Skrondal
and Rabe-Hesketh [51] for details. This situation can be efied by the network in Figure
11(b), which is a straightforward generalization of thewetk presented in Example 3.14
and illustrated in Figure 11(a).

The case in which the local independence assumption holegsyigasy to be modelled, but,
as shown by the following example, the sources of infornmasice not always independent
given the underlying latent variable.

185ee Skrondal and Rabe-Hesketh [51, Sect. 1.2] for a dissussiout measurements model with latent
variables.
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Example 3.16 (Dependent sources of informationSuppose that the sources of informa-
tion about the variablé-ithessconsist of two persons, and that the opinion expressed by the
second person is not only influenced by the underlying sfateedatent variable, but also

by the opinion expressed by the first person. Then the lodapendence assumption does
not hold. It follows that the influence of the opinion of thstfigerson on the opinion of the
second person should be modelled explicitly as representeigure 11(c).

In the examples above, the variables modelling the souifdefoomation about a variable
were always characterized by the same outcomes of the lagable with in addition the
valuemissing But this is not always the case, as shown by the followingrgnte.

Example 3.17 (Cold or flu?) Consider the situation described in Example 2.1. The sit-
uation can be modelled, depending on the way temperaturee@suned, by one of the
networks in Figure 2. In this application, the only sourcardgbrmation are the measure-
ments of the temperature. The varialleld or fluhas no direct source of information, and
therefore the only way to gather information about it is tdlect evidence about another
latent variable (in this case thbody temperatuie that is related toCold of fluin some
(probabilistic) way.

Finally, we can now complete the KM of the football exampleading to the instruc-
tions of the observational process expert reported in El@®i3. The complete network
modelling the domain knowledge and the observational @®oéthe football example is
displayed in Figure 12. After having completed the KM, eamtirse of information should
be described by the observational process expert throughmants. Some example of
arguments are reported, together with their translatiom linear inequalities, in the next
section.

3.4 Response Assessment for the Observational Process

In the response assessment step, the observational pexgpess should translate the argu-
ments expressed for each source of information into inérsabhnd obtain in this way the
CSs required for the quantification of the network. The pdoces are exactly like those in
Section 3.2.

In the literature, KBSs are often developed by taking intasideration only the domain
knowledge, without any explicit modelling of the observatil process. Yet, as shown
in [2], these approaches are implicitly assuming that: H§ bbserved variables whose
observations report non-missing outcomes are observegetigctly reliablesources of
information; (ii) the non-observed variables, and the ol ones whose observations
report missing outcomes, armissing at randon{MAR) (see Little and Rubin [43] and
Gill et al. [33]). Let us first describe these two particulases by means of examples
and explain why they do not require an explicit responsesassent of the observational
process.

Example 3.18 (Perfectly reliable source of information) Assume that the observation of
the variableHome matchs achieved as follows: the expert goes to the stadium the day
of the match and, if the players and the supporters are theaeports the valugesfor

his observation, ando otherwise. Assume that this procedure is particularly safd it
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Figure 11: The networks of Examples 3.14-3.17.

cannot return wrong (or missing) values. Accordingly, tasponse assessment leads to the
following (precise) quantification df (Home match observatidiHome match

{P(H\H):l, PCH|H)=0, P(x|H)=0,
P(H|"H)=0, P(H|H)=1, P(x|H)=0,

wherex denote thanissingoutcome.

As noted in this example, if the source of information detvéhe correct value of
the underlying latent variable in a perfectly reliable wine observational process can be
modelled through (degenerate) precise probabilistic tifieation. It is sufficient to assign
probability one to the outcome corresponding to the comdiitig outcome, and probability
zero to all the other outcomes (includingssing. The manifest variable is therefore just a
replica of the latent variable. Accordingly, the evidenbew the manifest variable should
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Figure 12: The CN modelling the football example.

be assigned also to the latent variable. Therefore, by #xgdhe separation properties of
CNs, we can remove the manifest variable from the network.

Example 3.19 (MAR source of information) Consider the situation of Example 3.14. The
source of information for th&itness of the opponelid a newspaper. The outcome of the
observation ismissingbecause the newspaper does not report any information aheut
fitness of the Basel football team. Assume that this lackfaifriration has no relation with
the level of fitness of the team. Accordingly, the responsesament leads to the following
quantification ofL(Fitness of the opponent observatidfitness of the opponent

P(x| X) = P(x|N) = P(«| B),

where X, N and B denote the outcomesxcellent normaland bad Note that the same
equality holds also in a situation where the newspaper hadeen received by the obser-
vational process expert (and in this case all those prolit#sl are equal to one).

The above example describes a source of information regoaiMAR missing out-
come. Loosely speaking, MAR assumes that the missing vategroduced by aon-
selectiveprocess, i.e., a process that does not take into accounedtieed value of the
latent variable to produce the missing observation. Inroflwds, the fact that a variable
has not been observed is uninformative about the underlyahge of the latent variable.
The probability of observing a missing value is therefore shhme for each possible un-
derlying value of the latent variable. A particular case afiable at the manifest level for
which MAR holds is a variable that is never known (e.g., beeawe just do not observe
it). In fact, in this case the probability of the variable tgimissingis one, independent
of the underlying value of the latent variable. In any cake, MAR assumption models
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a condition of conditional independence between the msinéed the latent variable [2].
The arc connecting the latent with the manifest variablé, llnce the manifest variable,
can be removed from the network.

Summarizing, for both MAR and perfectly reliable sourcég manifest variables can
be removed from the network, thus making an explicit modglf the observational pro-
cess unnecessary. Yet, these two cases reflect strong demsgrgbout the observational
process, which are not necessarily satisfied in practices[34 In the rest of this section we
illustrate through some other examples the response assesprocedure for more general
observational processes.

Example 3.20 (A malicious source of information) Consider the same situation as in the
previous example. THeitness of the opponeis reported by a newspaper, and this source
of information reports the outconmissing Yet, in this case, the newspaper has not re-
ported any information about the fitness of the team, bectheseditors of the newspaper
support the Basel football team and they prefer to not expregative judgements about
their team.

Unlike Example 3.19, in this example there is a relationdiépveen the missingness
and the realized value of the latent variable. This meartstiisaMAR assumption is not
tenable anymore. In these cases, an explicit quantificatidhe missingness process is
therefore required. As an example, the fact that the edibthe newspaper support the
Basel football team could be modelled by the following comists,

P(x|B) > P(x| N), P(x|B) > P(x| X).

Yet, there are situations where an explicit modelling ofrtiesingness process is not pos-
sible because we are completefynorant about the relation between the latent and the
manifest variable.

Example 3.21 (Ignorance about the source of information)Consider the same situation
of the previous example. Yet, in this case, no explanatiana\ailable in order to explain
the lack of information about the fithess of the opponenth&es the newspaper supports
the Basel team as in the previous example, or it supports éflmBona team, or it decides
to publish or not publish information about the fitness of Basel team on the basis of
same strange mechanism, which takes into account the ditheds of the team.

In a situation like the one in this example, there is not yeafly knowledge to be mod-
elled by the missingness process. What should be modelteddyén a sense, the condition
of ignoranceabout the reasons for why the outcome of the manifest varisbinissing.
Imprecise probabilistic approaches are particularlyesuifor the modelling of these situ-
ations: thevacuousCS made ofall the probability mass functions of a variable (i.e., the
whole probability simplex) can properly model the ignoraabout the state of the manifest
variable conditional to any value of the latent variable.céwlingly, the only constraints
we assign to the probabilities in the above example are thsist@ncy conditions:

0<P(x|B)<1, 0<P(x|N)<1, 0<P(x|X)<l.
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This represents the most conservative approach to the timgdef the missingness
process, and should be adopted when no information is blaitbout the reasons of the
missingness of the information returned by the source.

The approach has been formalized and exploited by de CoomthZafalon [22] in
their conservative updating rul€CUR). A consequence of this approach with respect to
updating is that the lower probability for a state of the abl& of interest conditional on a
CUR missing observation of a manifest variable is the mimmnuaf the lower probabilities
for this state conditional on all the possible values of Hterit variable (corresponding to
the CUR manifest variable). This is explained by the follogvexample.

Example 3.22 In the football example, assume CUR for the varidbiimess of the oppo-
nent observationGiven the missing outcome of this variable, consider thetgprobability
of the statawin (W) for the variableResult CUR implies that this lower probability is

min{ P(W | B), P(W | N), P(W | X)}.

Accordingly, if a source of information reports a missingamme and we want to model
this missingness by CUR, we can either adopttheuougjuantification as in Example 3.21
either consider all the possible explanations of the latariable as in Example 3.22. The
approach in Example 3.22 requires a number of evaluationrexgial in the number of
CUR variables, and it is therefore feasible only if few CURiables are present, while in
the other cases an approach as in Example 3.21 should berpdefe

In practice, we recommend to start with the response assaesdor the observational
process trying to model it explicitly. In this way, the obssional process expert has the
possibility of reasoning deeply about observations angimggess. If the expert remarks
that the process either produces correct observations ssingivalues, then the observa-
tional process is a missingness process. In this case, flestaan continue by modelling
explicitly the process, or he can assume some default asgumpke MAR or CUR. In
the following example, we show how to specify completely dhservational process for a
single variable of the domain knowledge.

Example 3.23 (A biased newspaper)Consider once more the newspaper of Example 3.14.
Suppose that the newspaper has been described by the dimes/parocess expert through
the following argumentghe newspaper is cautious in expressing extreme opiniongt ab
the fitness state of the Basel football team. If it is not sti@uéthe fitness state of the team,
it prefers not to express itself. It prefers in general toregp positive opinions. The prob-
ability of the newspaper expressing the right observatiohigher than the probability of
reporting something different or not expressing its8lfippose that the observational pro-
cess expert decides to translate his arguments using thmapiiity ratio scale in Figure 9
expressing the judgements given in Figure 13. Having egptesnly arguments comparing
different outcomes with the same conditioning event frangtrantification of thé&eported
fitness the CSs produced are automatically separately specifiedshrtenFitness of the
opponentwith Fitnessand Fitness of the opponent according to newspagién Reported
fitness The vertices of the CB (Reported fitnesgritnessexcelleny can be obtained by
solving the linear system of inequalities correspondinghio first table in Figure 13 and
are the following, where we denote the possible valudsittiessand Reported fitneswith
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X for excellent N for normal B for badandx for missing The letter on the left hand side
of the bar refers tdReported fithesand the letter on the right hand side of the bar refers to
Fitness

P(x|X) PX|X) P(N|X) P(B|X)

0.05 0.73 0.18 0.04
0.02 0.77 0.19 0.02
0.05 0.75 0.18 0.02
0.02 0.75 0.18 0.05

In the same way, the CE (Reported fitnesgFitness-normal) is defined by the following
vertices.

P(x|N) P(X|N) P(N|N) P(B|N)

0.09 0.09 0.78 0.04

0.09 0.04 0.78 0.09

0.08 0.08 0.75 0.09

0.09 0.05 0.82 0.04
0 0 1 0

Finally, the CSK (Reported fithessFitness-bad) is defined by the following vertices.
P(x|B) P(X|B) P(N|B) P(B|B)

0.16 0.02 0.16 0.66
0.29 0 0.14 0.57
0.28 0.03 0.14 0.55
0.25 0 0.25 0.50
0.24 0.03 0.24 0.49
0.17 0 0.17 0.66

To verify if the obtained CSs reflect the statements desgrithie newsletter, it is use-
ful to consider the lower and upper probabilities impliedthg above CSs. Consider for
example the lower and upper probabilities wHeimessis excellent we haveP(x | X) €
[0.02,0.05], P(X | X) € [0.73,0.77], P(N | X) € [0.18,0.19], P(B | X) € [0.02,0.05].
We see that there is a non-negligible probability that thevsietter reports that théit-
nessis normal although the true fitness stateagcellent This reflects the caution of the
newsletter in expressing extreme opinions. We can alstyytm example, if in this cagbe
probability of the newsletter expressing the right obseoweis higher than the probability
of reporting something different or not expressing itsatftually, P(X | X) = 0.73. Itis
interesting to verify the behavior of the newsletter whaenttiie underlyingFitnessstate
is bad We haveP(x | B) € [0.16,0.29], P(X | B) € [0,0.03], P(N | B) € [0.14,0.25],
P(B|B) € [0.49,0.66]. We see that in this case there is a non-negligible probighbilf
missing This reflects the cautiousness of the newsletter in eXpgesestreme opinions and
its preference for positive opinions. If it is not sure abthé true state and it supposes that
the true state is negativddd, then it prefers not to express itself.

Under particular conditions, the quantification procedigecribed in the previous example
can be significantly simplified, as shown in the following ryde.
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Example 3.24 (A simplified procedure) Consider once more the opinion of a single per-
son about thé&-itness Suppose that in this case the level of expertise of the péssiefined
by the following qualitative statements:

e The probability of the person reporting the correct valu¢hefFithessis much higher
than the probability of reporting something different.

e If he does not report the correct observation, he reportsallgla value near to the
correct one (small error).

e The probability of committing large errors or of not expriegsany opinion are much
smaller than the probability of reporting the correct valaeof committing a small
error.

The main difference with respect to the previous exampleaisthe level of expertise of
the person in this case is described with respect to the plessipes of error that could be
committed by himself, without referring to the particularderlying value of thé-itness

In this case, the quantification can be simplified, speaifyinly the possible types of error
and comparing the probabilities of the different types aber Suppose for example that
we divide the possible observations into three categorestectwhen the reported value
corresponds to the true underlying valsmall errorwhen the expert reports a value that is
close to the correct one arldrge errorwhen the expert reports a value that is not close to
the correct one. The classification of the possible comlmnatreported value/true value
can be specified usingsamilarity matrix like the one displayed in Figure 14.

Instead of filling three tables as in the preceding exampéecan now fill only one table
comparing the probabilities of the different types of eras in the last table of Figure 14.
Combining the information of the similarity matrix with thidormation in the latter table,
we can (automatically) fill the three tables required for theantification of the observation.
Consider for example the second table, when we comgparellentwith normalwith as true
underlyingFitnessstatenormal In this caseexcellentcorresponds to a small error, while
normalis the correct observation. The values to be inserted in ablsof the table are
therefore the same as specified for the combination smalt/eorrect in the latter table of
Figure 14, i.e.<< and <.

The assumption underlying the simplified approach is thatdweaot distinguish between
errors of the same type. This assumption is reflected for phalwy the fact that for a
combination of errors of the same type, we do not specify alyey like for example
for the combinationexcellent/badin the second table of Figure 14. It follows that this
assumption is tenable only when we are dealing with sourciedosmation whose attitude
is independent of the underlying value and without prefeesrbetween the possible values.
For example, this approach would not be justified in the cdgbheobiased newspaper of
the previous example. Actually, calculating the lower apgear probabilities when the
underlying trueFitnessstate isnormal we obtainP(x | N) € [0.04,0.07], P(X |N) €
[0.14,0.25], P(N | N) € [0.50,0.64], P(B|N) € [0.14,0.25]. We see that, as expected,
the lower and upper probabilities assigned to the reporduakgexcellentandbad are the
same, because both are considered to be small errors inathés(second column of the
similarity matrix in Figure 14). While, for the biased nevager of the previous example,
confoundingnormal with excellentwas not the same as confoundingrmal with bad,
because of its preference for positive opinions.
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Example 3.25 (Football example)The sources of information in the football example in
Figure 12 can be defined combining the three examples abbeethtee sources of infor-
mation about thd-ithessand the source of information about tRecent performancare
considered to be experts of the type described in Exampte J.Re newspaper reporting
the Fitness of the opponetias been described in Example 3.23. The sources of informa-
tion aboutRanking Relative rankingand Home matchare perfectly reliable information
sources. FinallyRelative fitnessSupportersaand Supporthave no source of information.

The response assessment of the observational processidesche specification of the
KBS, which can be regarded as a single CN over both the latetdhbtes of the domain
knowledge and the manifest variables associated with tieomes of the observations.
The KBS can now be used to extract posterior probabilisfmrination about any variable
in the domain knowledge given some evidence specified aicgptd the observational
process, as shown in the next section.

True fitness state: excellent

Missing Excellent | Normal Scarce
Missing <<< << | <<
Excellent >>> >> >>> >>>

Normal >> >>> <<< << >>> >>
Scarce | | <<< << <<<

True fitness state: normal
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Missing
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Scarce < =
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Normal Scarce

> << <
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<
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Figure 13: The tables describing the newspaper reportiadgrithess of the opponerin
Example 3.23.

4 Interaction with the Knowledge-Based System

The procedure described in the previous sections implesyeiBS through a CN. From
a theoretical point of view, the combination of the condiibindependence relations de-
picted in the graphical structure of the network and the GSised for each variable defines
a joint CS over the whole set of variables, calledstreng extensionf the CN [16], which
models the knowledge of the domain expert and the obsenatmrocess expert about the
particular problem under consideration.

The kind of knowledge we typically want to extract from the &Bequires thepdating
of the CN, i.e., the calculation of the (posterior) probitie$ for the hypothesis variable
given some evidence reporting the values of some otherblasian the network. In our
particular case, the evidence used for updating consistsatue for each variable involved
in the observational process, while the hypothesis varigblbne of the variables in the
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True fitness state: excellent
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Figure 14: The tables describing the observation ofRieessthrough a neutral person.
The table comparing the probabilities of the different typéerror (a), the similarity matrix
classifying the possible combinations of true underlyiatiie and observation with respect
to the defined types of error (b), and the three tables oltaiombining the information of
the table below and the information of the similarity matigX.

domain knowledge which usually (but not necessarily) hankaready identified during
the construction of the KBS. For example, in the example gufg 12, the evidence used
for the updating consists of a value for each one of the viasah the observational process,
while the hypothesis variable is tfesult

From a theoretical point of view, as illustrated in Antonuand Zaffalon [6], a CN
under strong independence is equivalent to a set of BNs. rAougly, it would be possible
to employ algorithms used for BNs updatligo update CNs, by simply updating each BN
in the set. Yet, this approach is feasible only for very sraatll simple CNs: the number
of BNs corresponding to a CN increases exponentially in tinaler of vertices of the
CSs and variables in the network, being therefore too langmast of the cases. Thus,
standard algorithms for BNs cannot be easily applied to Q¥svertheless, in the recent
times, several exact and approximate procedures for CNatingdhave been proposed,

17see for example Jensen and Nielsen [38].
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see for example de Campos and Cozman [19] for exact algaritomd Antonucci et al.
[4] for approximate algorithms. This makes it possible talate CNs of medium size in
reasonable time (e.g., [1],[3]).

In this section, we show several examples of updating foiRen Figure 12. In each
example, we report the posterior probabilities computethbyexact algorithm proposed in
de Campos and Cozman [19] and the approximate algorithrrideddn Antonucci et al.
[4]. The computational times of the exact and approximagerithms are very different:
about one hour for the exact procedure and few seconds fapir®ximate (on a 2.8 GHz
Pentium 4 machine). In practice, for small and medium sizedats, the choice between
exact and approximate algorithms depends on the time aracthegacy constraints of the
particular problem.

Example 4.1 (A favorable scenario)In this example we illustrate the case corresponding
to the most favorable evidence for the Bellinzona footkediht. In the following table,
we indicate in the right column the evidence provided by theces of information about
the latent variable on the left. For the latent varialifféness we report three values cor-
responding to the opinions of the three persons represemsesburces of information in
Figure 12.

Latent variable Evidence

Fitness excellenexcellent excellent
Fitness of the opponent bad

Relative ranking strongly in favour

Ranking top

Recent performance positive

Home match yes

The results of the updating are lower and upper probab#itiee., a probability interval,
for the outcomes of the hypothesis variaBesult In the table below, the probability
intervals produced with exact algorithms [20] and the prbbiy intervals produced with
the approximate algorithm called GL2U [4] are displayed. tBlthat the results produced
by the approximate algorithm are a good approximation ofakact ones. This has actually
occurred in all the examples illustrated in this section.

Outcome| Exact | GL2U
win | [0.88,1.00] | [0.87, 1.0O]
draw | [0.00,0.12] | [0.00,0.11]
loss | [0.00,0.12] | [0.00,0.12]

Given the posterior probability intervals returned by tlpelating algorithms, we need
now a criterion for identifying one or more outcomes of th@dipesis variable to be con-
sidered as the most plausible given the available evidérathis aim, different approaches
have been proposed in literature. In the case of CNs, as threalgorithms for updating
return probability intervals, thmterval dominances the most common approach and the
easiest to understand: the outcomes of the hypothesibiamdnose upper probability is
smaller than the lower probability of some other outcomerejected. Figure 15(a) reports
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the (exact) posterior probability intervals for the exaengbove. According to the interval
dominance criterion, the outcomdsaw andlossshould be rejected, as their upper prob-
abilities are smaller than the lower probability win. Thus,win should be regarded as
the only acceptable option. Other decision criteria, liedxamplemaximality[57, chap-
ter 3.9], could be also adopted. For a review of decisioeatwith imprecise probabilities
see Troffaes [53].

Example 4.2 (An unfavorable scenario)In this example we illustrate a situation in which
evidence is against the football team of Bellinzona.

Latent variable Evidence
Fitness badbad bad
Fitness of the opponent excellent
Relative ranking strongly against
Ranking low

Recent performance negative
Home match no

The results, which are depicted in Figure 15(b), are theofelhg.

Outcome| Exact | GL2U
win | [0.10,0.39] | [0.09,0.37]
draw | [0.09,0.37] | [0.08,0.37]
loss [0.42,0.81] | [0.40,0.83]

It follows that the result produced by the KBS in this cadess

Example 4.3 (An ambiguous scenario)in this example we illustrate a scenario in which
the evidence suggests that that the two teams are equiyedenthe point of view of ranking
and fitness.

Latent variable Evidence

Fitness excellenexcellent excellent
Fitness of the opponent normal

Relative ranking neutral

Ranking medium

Recent performance normal

Home match yes

The results, which are depicted in Figure 15(c), are theofelhg.

Outcome| Exact | GL2U
win | [0.36,0.75] | [0.35,0.74]
draw | [0.12,0.51] | [0.12,0.53]
loss | [0.13,0.52] | [0.12,0.53]

We see that the three probability intervals are overlappinthe situation in which the
probability intervals associated with two outcomes arertaping models a situation of
doubt between the two outcomes in the light of the availabideace. In this case, the
absence of a dominance means that the KBS is unable to prasogle outcome as
result.
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The possibility of representing ambiguity and indecisias,in the example above, is
one of the major advantages of CNs with respect to BNs. Algtuifloccurs very often
in practice to have situations of ambiguity, while a BN instisase would produce how-
ever a precise probability for each outcome and thereforedigiion, a CN refrains from
producing a prediction highlighting a situation of ambigamr poor evidence. This fea-
ture of CNs makes them suitable for modelling informatiosida in case of contrasting or
contradictory evidence, as shown in the following example.

Example 4.4 (Partial indecision) In this example we illustrate a scenario where the fitness
and the ranking of the two teams are similar, but the matchageaml in the home field.

Latent variable Evidence

Fitness normalnormal normal
Fitness of the opponent normal

Relative ranking neutral

Ranking medium

Recent performance positive

Home match yes

The results, which are depicted in Figure 15(d), are theofelhg.

Outcome| Exact | GL2U
win | [0.41,0.57] | [0.43,0.58]
draw | [0.32,0.44] | [0.35,0.42]
loss | [0.11,0.24] | [0.13,0.22]

The outcoméossis dominated bylraw (and also bywin). According to the interval domi-
nance criterion, we should therefore reject this option agghrd this scenario as a condi-
tion of partial indecision betweewin and draw.

Example 4.5 (Disagreeing sources of information)n this example we illustrate a case in
which the three persons, whose opinions are used to collmtrnation about thé-itness
disagree.

Latent variable Evidence

Fitness excellenmedium bad
Fitness of the opponent bad

Relative ranking strongly against
Ranking low

Recent performance negative

Home match no

The results are the following.

Outcome| Exact | GL2U
win | 0.10,0.49] | [0.10,0.49]
draw | [0.06,0.51] | [0.05,0.51]
loss | [0.28,0.84] | [0.26,0.86]
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Figure 15: Histograms modelling the (exact) posteriorrivts for the variabldResultac-
cording to the scenarios described in Example 4.1 (a), El@amg (b), Example 4.3 (c),
and Example 4.4 (d). The colors red, yellow and green coorespespectively to three
outcomeswin (W), draw (D) andloss(L).

The three probability intervals are overlapping also inghiase, denoting a situation of
doubt. The width of the intervals highlights a situation mfaj ambiguity.

In general, the ambiguity, the contrast and the eventudtadiction of different sources
of information have a negative effect on the width of the aiaility intervals produced.
This is for example the case when some sources of informatioducemissingvalues, as
shown in the following example.

Example 4.6 (Missing values 1)In this example we illustrate the effect mfissingvalues
on the results and in particular on the width of the probaiiintervals produced for the
hypothesis variable. Consider the following scenario.

Latent variable Evidence

Fitness excellenexcellent excellent
Fitness of the opponent excellent

Relative ranking strongly in favour

Ranking top

Recent performance positive

Home match no

The results are the following.

Outcome| Exact | GL2U
win | [0.82,0.96] | [0.81,0.98]
draw | [0.03,0.17] | [0.01,0.18]
loss [0.01,0.19] | [0.01,0.18]
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The evidence is clearly in favour ofan of the Bellinzona football team. Suppose now that
only one person has expressed his opinion aboufitreessand the opinions of the other
two persons arenissing then the results are the following.

Outcome| Exact | GL2U
win | [0.72,0.98] | [0.70,0.97]
draw | [0.01,0.25] | [0.01,0.29]
loss [0.01,0.27] | [0.01,0.29]

We see that the prediction remains the same, but the pratyaioitervals are larger, denot-
ing a situation of increased uncertainty. The same holdsstead of having twmissing
values, the three experts disagree completely, as in theque example, the results in this
case are the following.

Outcome| Exact | GL2U
win | [0.65,0.99] | [0.70,0.99]
draw | [0.00,0.31] | [0.00,0.29]
loss | [0.01,0.32] | [0.00,0.30]

Example 4.7 (Missing values 2)Finally, it is interesting to consider a case where the only
source of information about thEitness of the opponeris missing Consider once more
Scenario 1, the probability intervals fédresultare the following.

Outcome| Exact | GL2U
win | [0.88,1.00] | [0.87, 1.0O]
draw | [0.00,0.12] | [0.00,0.11]
loss | [0.00,0.12] | [0.00,0.12]

Suppose now that the newspaper reportingRheess of the opponewioes not report any
information. In this case the value associated with thisre®wf information ismissing
The probability intervals associated with tResultare the following.

Outcome| Exact | GL2U
win | [0.72,0.98] | [0.73, 1.00]
draw | [0.01,0.25] | [0.00,0.25]
loss [0.01,0.27] | [0.00,0.27]

Also in this case the intervals are larger than in the oridisaenario, reflecting thus the
increased uncertainty.

5 Conclusions

In this chapter we have described a step-by-step procedubriilding KBSs in the frame-
work of CNs. Our approach satisfies several conditions wiéems to be desirable for the
implementation of a KBS. They are the following.

e Imprecision: CNs allow to model qualitative expert knowledge withoutdalucing
unrealistic or unnecessary assumptions.
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e Aggregation: CNs allow to merge knowledge coming from different expeits
sources of information, in a realistic way. This feature dstigularly interesting
when the fusion of different sources of information shoutdntodelled.

e Modularity : the expert knowledge is specified separately for each bleria the
CN. This feature allows to modify the quantification of a atar variable without
the need of modifying the quantification of the others.

e Transferability : a CN can be easily represented in the memory of a computer. Th
qualitative structure can be passed as it is, while CSs cagpbesented through their
vertices or through the systems of inequalities generdkiag.

e Observation andseparatiort by specifying in a separate way the observational pro-
cess and the quantification of the expert knowledge through i€is possible to
achieve a realistic description of the way the evidence iected in practice. In
particular, it is possible to model the fusion of sensorpeeglly when they are con-
trasting or contradicting, and the processes producingings/alues. Furthermore,
the same domain knowledge can be adapted to different gabsituations by re-
defining only the observational process.

e Reasoning completenessaindontology. the representation of the expert knowledge
through the qualitative part of the CN and the lists of argntsérelp both the ex-
pert and other persons that have not directly participateti¢ development of the
KBS to access easily the expert knowledge. This featurertgcpkarly useful to im-
prove during the debug of the system and also in order to faa@macceptance by
human users of the outputs of the system. Furthermore, ithetsted specification
of arguments for each variable in the CN is helpful for theezkpo recall in mind
all the knowledge that is relevant for the given problem aveheually for detecting
contradictions, contrasting beliefs and partial ignoganc

Despite their desirable features, KBSs based on CNs areshetigespread in the Al com-
munity. Actually, modelling based on CNs for KBSs has beanitéd in the past years by
the lack of efficient inference algorithms. Nowadays theagion is different, and medium-
sized CNs can be efficiently updated with good accuracy [1,Nbre specifically, the
particular elicitation procedure described in this chaptes been successfully adopted for
the development of a KBS for airspace surveillance. ThiseadkNs a suitable alternative
to other probabilistic frameworks for KBSs developmenpessally if the expert knowl-
edge is expressed through arguments and the availableneeide characterized by many,
even contradictory, sources of information and by noridtimissingness processes.
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