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Wklv sdshu dgguhvvhv wkh sureohp ri frpsxwlqj srvwhulru suredelolwlhv
lq d glvfuhwh Ed|hvldq qhwzrun zkhuh wkh frqglwlrqdo glvwulexwlrqv ri wkh
prgho ehorqj wr frqyh{ vhwv1 Wkh frpsxwdwlrq rq d jhqhudo Ed|hvldq
qhwzrun zlwk frqyh{ vhwv ri frqglwlrqdo glvwulexwlrqv lv irupdol}hg dv d
joredo rswlpl}dwlrq sureohp1 Lw lv vkrzq wkdw vxfk d sureohp fdq eh uh0
gxfhg wr d frpelqdwruldo sureohp/ vxlwdeoh wr h{dfw dojrulwkplf vroxwlrqv1
Dq h{dfw sursdjdwlrq dojrulwkp iru wkh xsgdwlqj ri d sro|wuhh zlwk el0
qdu| yduldeohv lv ghulyhg1 Wkh ryhudoo frpsoh{lw| lv olqhdu wr wkh vl}h ri
wkh qhwzrun/ zkhq wkh pd{lpxp qxpehu ri sduhqwv lv �{hg1

4 Lqwurgxfwlrq

Ed|hvldq qhwzrunv kdyh ehhq uhyhdohg dv rqh ri wkh pdlq wrrov lq grpdlqv
zkhuh xqfhuwdlq uhdvrqlqj lv qhhghg ^45`1

Lq wkh glvfuhwh fdvh/ wkh prgho uhtxluhv wkh vshfl�fdwlrq ri d fhuwdlq qxpehu
ri suredelolwlhv wr eh hvwlpdwhg iurp gdwd ru iurp h{lvwlqj nqrzohgjh derxw
wkh grpdlq1 Yhu| riwhq/ wkh dvvxpswlrq ri dydlodelolw| ri vxfk suredelolwlhv lv
qrw uhdolvwlf1 Pdq| idfwruv olnh hfrqrplf dqg whpsrudo frqvwudlqwv/ ljqrudqfh
derxw wkh skhqrphqrq dqg jurxs ghflvlrq sureohpv pd| sduwldoo| lqklelw wkh
deryh hvwlpdwh ^9/;`1 D vwhs ixuwkhu fdq eh pdgh e| wdnlqj lqwr dffrxqw wkh
sduwldo nqrzohgjh ri wkh glvwulexwlrq1 Rqh zd| ri dfklhylqj wklv uhvxow lv wr
dgrsw frqyh{ vhwv ri suredelolw| glvwulexwlrqv jhqhudwhg e| olqhdu frqvwudlqwv
^5/44/46/48` +ru sro|wrshv ri glvwulexwlrqv,1 Lq wkh Ed|hvldq qhwzrun fdvh/ wklv
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phdqv wkdw hyhu| sulru ru srvwhulru glvwulexwlrq rq d qrgh fdq eh gh�qhg dv
ehorqjlqj wr d sro|wrsh1

Sro|wrshv ri glvwulexwlrqv/ dovr fdoohg fuhgdo vhwv ^;` dqg htxlydohqw wr frkhuhqw
orzhu suhylvlrqv ^49`/ duh d yhu| jhqhudo wrro wr irupdol}h sduwldo suredelolvwlf
nqrzohgjh1 Wkhlu  h{lelolw| lv jlyhq e| wkh srvvlelolw| ri vshfli|lqj suredelolv0
wlf lqirupdwlrq yld olqhdu frqvwudlqwv rq wkh glvwulexwlrq/ l1h1 e| fkdudfwhul}0
lqj wkh xqfhuwdlqw| zlwk d vhw ri srvvleoh glvwulexwlrqv/ zkhuh qrqh ri wkhp
lv suhihudeoh wr dqrwkhu= wkh fuhgdo vhw irupdol}hv wkh ljqrudqfh rq wkh skh0
qrphqrq +vhh wkh uhfhqw zrun ri Zdooh| ^49` iru dq lqwurgxfwlrq wr wkh vxemhfw
dqg iru d frpsdulvrq zlwk fodvvlfdo suredelolw| wkhru|/ wkh Ghpsvwhu0Vkdihu
wkhru| dqg zlwk ix}}| orjlf,1 Wkh dgydqwdjhv ri zrunlqj zlwk frqvwudlqwv rq
wkh glvwulexwlrq duh fohdu= wkh sduwldo ljqrudqfh derxw wkh grpdlq lv lqfoxghg
lq wkh prgho/ khqfh wkh xvhu lv qrw irufhg/ h{solflwo| ru lpsolflwo|/ wr lqvhuw
d vxemhfwlyh srlqw ri ylhz lq rughu wr �{ d vlqjoh glvwulexwlrq1 Ri frxuvh/ wkh
ohvv nqrzohgjh/ wkh ohvv suhflvlrq lv jlyhq e| lqihuhqfhv1 Lq idfw/ jlyhq wkdw wkh
glvwulexwlrq ehorqjv wr d vhw/ hyhu| suredelolw| ydoxh ehorqjv wr dq lqwhuydo/
zkrvh h{wuhphv duh wkh plqlpxp dqg wkh pd{lpxp ri wkh suredelolw| ydoxh
zkhq wkh glvwulexwlrq ydulhv lq wkh fuhgdo vhw1 Li wkh ljqrudqfh lv juhdwhu/ wkh
lqwhuydo lv zlghu/ wkxv surylglqj wkh xvhu zlwk ohvv lqirupdwlrq1 Exw wkh +h{0
dfw, lqwhuydo doorzv wkh xvhu ri wkh v|vwhp wr vwxg| wkh grpdlq xqghu hyhu|
srvvleoh frqglwlrq ^;/<` jlyhq klv2khu vwdwh ri nqrzohgjh1

Krzhyhu/ wkhuh duh glvdgydqwdjhv uhodwhg wr wkh wuhdwphqw ri fuhgdo vhwv ryhu
Ed|hvldq qhwzrunv/ iru vwuxfwxudo dqg frpsoh{lw| uhdvrqv wkdw pl{1 Vwuxf0
wxudoo|/ fuhgdo vhwv fdqqrw vlpso| eh vhhq dv d vwudljkw jhqhudol}dwlrq ri fodvvl0
fdo +srlqw, suredelolw|1 Wkhuh lv d qxpehu ri edvlf lvvxhv ri suredelolw| wkhru|
wkdw pxvw eh uhglvfxvvhg zlwk fuhgdo vhwv1 Iru lqvwdqfh/ rshudwlrqv olnh Ed|hv
wkhruhp ru wkh fkdlq uxoh/ kdyh qr htxlydohqw frxqwhusduw/ qru d frqfhsw dqdor0
jrxv wr suredelolvwlf lqghshqghqfh h{lvwv ^4/7/:`1 Wkh delolw| wr ghfrpsrvh wkh
frpsxwdwlrq lqwr vpdoohu slhfhv lv ixqgdphqwdo iru hyhu| sursdjdwlrq vfkhph1
Khqfh sursdjdwlrq dojrulwkpv iru Ed|hvldq qhwzrunv duh kdug wr exlog/ fuhgdo
vhwv vhhp wr uhvlvw sursdjdwlrq ^9`= vlqfh d sursdjdwlrq dojrulwkp fdqqrw uho|
rq wkh edvlf suredelolw| rshudwlrqv deryh/ wkh ghfrpsrvlwlrq ri wkh pdlq
sureohp lqwr vxesureohpv lv frpsohwho| ghpdqghg wr wkh dojrulwkp/ zkrvh
frqfhswxdo frpsoh{lw| lqfuhdvhv1

Fuhgdo vhwv duh yhu| forvh wr wkh rswlpl}dwlrq zruog ^4:`/ ehfdxvh wkhlu xvh
dozd|v lpsolhv wkh frpsxwdwlrq ri wkh h{wuhphv ri vrph txdqwlw|1 Dovr iurp
vxfk d srlqw ri ylhz/ wkh sureohpv udlvhg e| fuhgdo vhwv ryhu Ed|hvldq qhwzrunv
duh gl!fxow +vhh vhfwlrq 714,1 Lq d zd|/ wklv khosv xqghuvwdqglqj wkh uhdvrqv
zk| iurp wkh hduo| dwwhpswv wr uhdol}h wkh sursdjdwlrq rq Ed|hvldq qhwzrunv
^44/46`/ wkhuh kdv qrw ehhq d vxevwdqwldo mxps wrzdugv wkhlu h�hfwlyh wuhdwphqw
lq vljql�fdqw fdvhv1 Wklv lvvxh lv forvho| uhodwhg wr wkh frpsxwdwlrqdo frpsoh{0
lw| ri zrunlqj zlwk fuhgdo vhwv ^6`1 Lq olwhudwxuh/ wkh �uvw h{dfw dssurdfk wr
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wkh sursdjdwlrq ri sro|wrshv ri glvwulexwlrqv rq d qhwzrun vwuxfwxuh lv jlyhq
e| Fdqr hw do1 ^8`1 Wkh dxwkruv ghulyh dq h{dfw dojrulwkp ri sursdjdwlrq wkdw
lv edvhg rq wkh pdqlsxodwlrq ri h{wuhph suredelolwlhv/ l1h1 glvwulexwlrqv fruuh0
vsrqglqj wr wkh yhuwlfhv ri wkh vhw ri glvwulexwlrqv1 Xqiruwxqdwho|/ wklv sxuh
frpelqdwruldo zd| ri wuhdwlqj fuhgdo vhwv lv qrw yldeoh/ ehfdxvh lw lv vxemhfw wr d
frpelqdwruldo h{sorvlrq ri wkh qxpehu ri h{wuhph suredelolwlhv wr pdqlsxodwh1
D gl�huhqw dssurdfk lv jlyhq e| Fkulvpdq ^9` zkr gh�qhv d qhz frqglwlrqlqj
uxoh dqg surylghv dq h{dfw jhqhudo dojrulwkp iru Pdunryldq0olnh 50prqrwrqh
orzhu suredelolwlhv +d ohvv h{suhvvlyh wrro dv frpsduhg wr frkhuhqw orzhu suh0
ylvlrqv ^49`, rq d mxqfwlrq wuhh1 Lq wklv fdvh wkh uhtxluhphqw ri 50prqrwrqlflw|
vhhpv txlwh d vwulqjhqw joredo surshuw| wrjhwkhu zlwk Pdunryldqlw|1 Ixuwkhu0
pruh/ lq wkh glvfuhwh fdvh/ wkhuh lv vwloo d uhohydqw frpsoh{lw| sureohp wkdw
irufhv wkh dssolfdwlrq wr mxqfwlrq wuhhv zlwk vpdoo foltxhv1 Wkh frpsoh{lw| ri
ghdolqj zlwk fuhgdo vhwv vxjjhvwv wr vwxg| pruh forvho| wkh sureohp/ dqg li lw
lv wkh fdvh/ wr olplw wkh vwxg| wr vljql�fdqw vxefdvhv/ wkdw/ li vroyhg/ fdq dovr
vhuyh wr vwduw wkh ghyhorsphqw ri qhz phwkrgrorjlhv1

Wklv sdshu irfxvhv rq d suhflvh gh�qlwlrq ri wkh sureohp ri lqihuhqfh lq
Ed|hvldq qhwzrunv zlwk fuhgdo vhwv1 Wklv lv pdgh rq wkh edvlv ri rswlpl}d0
wlrq1 Wkh rswlpl}dwlrq ylhz ri lqihuhqfh lq d jhqhudo Ed|hvldq qhwzrun gh�qhg
zlwk fuhgdo vhwv lv fkdudfwhul}hg lq d irupdo zd|1 Wklv doorzv wkh frpelqdwr0
uldo qdwxuh ri vxfk sureohpv wr eh vkrzq +vhfwlrq 714,1 Wkhq/ wkh dwwhqwlrq lv
uhvwulfwhg wr wkh fdvh ri wkh vlqjo|0frqqhfwhg Ed|hvldq qhwzrunv zlwk elqdu|
udqgrp yduldeohv1 Lq wklv fdvh/ fuhgdo vhwv frlqflgh zlwk lqwhuydov/ l1h1 dq| sure0
delolw| ydoxh gh�qlqj wkh prgho ehorqjv wr dq lqwhuydo1 Iru wkh deryh vhw ri
Ed|hvldq qhwzrunv/ dq h!flhqw lqihuhqfh surfhvv lv vkrzq wr eh srvvleoh1 Wkh
�uvw olqhdu0wlph dojrulwkp +fdoohg 50Xsgdwlqj= 5X, iru d zlgh vljql�fdqw vhw
ri Ed|hvldq qhwzrunv lv ghulyhg1 Wkh ghulydwlrq phwkrgrorj| lv d pl{wxuh ri
dqdo|wlfdo ghfrpsrvlwlrqv ri wkh joredo sureohp dqg ri frpelqdwruldo vroxwlrq
ri wkh vpdoohu sureohpv jhqhudwhg e| wkh �uvw sduw1 Wkh dojrulwkp h{klelwv d
vfkhph vlplodu wr Shduo*v eholhi xsgdwlqj1 Lw xvhv d phvvdjh  rz wr xsgdwh wkh
qrgh suredelolw| ydoxhv/ zkhuh qrghv duh lqwhusuhwhg dv surfhvvruv frqqhfwhg
zlwk frppxqlfdwlrq olqnv +dufv,1 Wkh phvvdjh  rz lv wkh vdph dv lq wkh rulj0
lqdo xsgdwlqj/ exw erwk wkh h{wuhph ydoxhv ri d phvvdjh duh sdvvhg dqg wkh
uxohv ri frpsrvlwlrq duh gl�huhqw1 Zlwklq wkh fodvv ri qhwzrunv zlwk d �{hg
pd{lpxp qxpehu ri sduhqwv/ wkh wlph frpsoh{lw| lv � Eu� zkhuh u lv wkh vl}h
ri wkh pd{lpxp sdwk ri wkh qhw1 Wkh frpsxwdwlrqv orfdo wr d qrgh +zklfk gh0
whuplqh wkh frh!flhqw ri wkh olqhdu irup deryh, ghshqg rq d � E22?4@ � whup/
zkhuh ?4@ lv wkh pd{lpxp qxpehu ri sduhqwv iru d qrgh lq wkh judsk1 Lq
wkh ruljlqdo eholhi xsgdwlqj/ dssolhg wr d sro|wuhh zlwk elqdu| yduldeohv/ wkh
odwwhu whup lv � E2?4@ �1 Wklv uhvxow lv vxfk wkdw 5X hqdeohv fuhgdo vhwv ryhu
odujh Ed|hvldq qhwzrunv wr eh hdvlo| lqyhvwljdwhg/ zklfk lv dsshdolqj erwk iru
dssolfdwlrqv dqg iru uhvhdufk1

Wkh sdshu lv vwuxfwxuhg lq wkh iroorzlqj zd|1 Lq vhfwlrq 5/ vrph edvlf gh�0
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qlwlrqv dqg qrwdwlrqv xvhg lq wkh vhtxho duh surylghg1 Lq vhfwlrq 6 d srlqw0
suredelolw| yhuvlrq ri 5X lv ghyhorshg1 Lq vhfwlrq 7/ wkh rswlpl}dwlrq sureohpv
wr eh ghdow zlwk iru wuhdwlqj fuhgdo vhwv ryhu Ed|hvldq qhwzrunv duh fkdudfwhu0
l}hg> wkhq wkh sursdjdwlrq irupxodv ghulyhg lq vhfwlrq 6 duh h{whqghg wr wkh
lqwhuydo fdvh1 Vhfwlrq 8 glvfxvvhv wkh frpsxwdwlrqdo frpsoh{lw| ri wkh uhvxow0
lqj dojrulwkp dqg vhfwlrq 9 suhvhqwv d ixoo qxphulfdo h{dpsoh ri dssolfdwlrq ri
5X1 Wkh frqfoxglqj vhfwlrq glvfxvvhv wkh uhohydqfh ri wkh uhvxowv dqg wkh lvvxhv
wr eh dgguhvvhg iru wkh gh�qlwlrq ri pruh jhqhudo dojrulwkpv1 Wkh dsshqgl{
frqwdlqv wkh surriv ri wkh wkhruhpv vwdwhg lq vhfwlrq 71

5 Gh�qlwlrqv dqg Qrwdwlrqv

Wkh iroorzlqj frqyhqwlrqv duh xvhg1 Dq| rssruwxqh vhw/ vd| @/ lv xvhg dv d vhw
ri lqgh{hv iru vrph yduldeohv1 Lq vxfk d fdvh/ d vlqjoh hohphqw ri @ fruuhvsrqgv
wr d yduldeoh/ dqg hyhu| @� � @ fruuhvsrqgv wr d yhfwru ri yduldeohv1

Qrz/ vrph edvlf wrrov iru wkh gh�qlwlrq ri d Frqyh{ Ed|hvldq Qhwzrun duh
surylghg1 Wkh| frpsulvh wkh judsk/ wkh vhw ri udqgrp yduldeohv dqg wkh vhw
ri frqglwlrqdo suredelolw| yduldeohv1

� Ohw C ' E�c�� eh d gluhfwhg df|folf judsk zlwk � htxdo wr wkh vhw ri wkh
qrghv dqg � � � �� wkh vhw ri dufv1 ;� 5 � gh�qh wkh vhw ri lwv sduhqwv
dv �@ E�� ' i� 5 � m E�c �� 5 �j1

� Udqgrp yduldeohv duh lqgh{hg e| wkh hohphqwv ri �� ;� 5 � / ghqrwh zlwk
f� d udqgrp yduldeoh zlwk ydoxhv lq l�/ ml�m 	 4> ;` � � ghqrwh zlwk
f` wkh yhfwru ri udqgrp yduldeohv zlwk ydoxhv lq ��M`l�1 Li g dqg ` duh
qrq0hpsw| vhwv ri qrghv vxfk wkdw g � ` / ohw f�`

g ghqrwh wkh yhfwru fg

rewdlqhg iurp f` e| gursslqj wkh yduldeohv uhodwhg wr ` qg1
� Frqglwlrqdo suredelolw| yduldeohv duh uhdo0ydoxhg yduldeohv lqgh{hg e| wkh
iroorzlqj vhw ri wulsohv/
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Qrz/ rqo| frqvlghu lqwhuydo frqvwudlqwv rq wkh frqglwlrqdo suredelolwlhv ri wkh
prgho> wkh jhqhudo fdvh lv dqdorjrxv1 Wkh lqwhuydo wr zklfk d jhqhulf sured0
elolw| E�� ehorqjv/ lv ghqrwhg e| d�c �o1 E| wkh qrwdwlrqv deryh/ lw lv fohdu wkdw
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Wklv lv htxlydohqw wr gh�qlqj wkh iroorzlqj frqyh{ vhw +d sro|wrsh, ri uhdo0
ydoxhg yhfwruv/
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zkhuh z 9' >1 Wklv lv fdoohg dq Lqwhuydo Ed|hvldq Qhwzrun1

z lv wkh vhw ri doo wkh mrlqw glvwulexwlrqv rewdlqhg e| pdnlqj hyhu| srvvleoh
fkrlfh ri wkh frqglwlrqdo suredelolwlhv lq wkh vhwv z

f�@E��

� 1 Wkhuhiruh dq lqwhuydo
Ed|hvldq qhwzrun uhsuhvhqwv d vhw ri Ed|hvldq qhwzrunv1 Wklv gh�qlwlrq fdq
qdwxudoo| eh h{whqghg wr wkh fdvh zkhuh wkh vhwv z

f�@E��

� duh exlow e| phdqv
ri jhqhudo olqhdu frqvwudlqwv/ qrw rqo| erxqgv rq wkh suredelolwlhv1 Lq wkdw
fdvh/ wkh vhwv z

f�@E��

� duh jhqhudo suredelolw| sro|wrshv/ dqg wkh prgho fdq eh
uhihuuhg wr dv Frqyh{ Ed|hvldq Qhwzrun/ ru Fuhgdo Qhwzrun/ iru vkruw1

Lq wkh iroorzlqj vhfwlrqv/ d vhw ri qrghv dqg wkh fruuhvsrqglqj yhfwru ri udqgrp
yduldeohv duh ghqrwhg zlwk wkh vdph v|pero zkhq qr dpeljxlw| fdq dulvh1
Ixuwkhupruh/ zkhq ghdolqj zlwk udqgrp yduldeohv/ iru dq| yduldeoh f 5 � /
wkh wzr hohphqwv ri lf duh ghqrwhg zlwk % dqg 7% +uhfdoo wkdw wkh v|pero f
vwdqgv iru wkh jhqhulf udqgrp yduldeoh1 Lq wkh vhtxho/ zkhq f lv xvhg lq d
irupxod/ lw phdqv wkdw erwk % dqg % fdq vxevwlwxwh f1 Lq wkh fdvh zkhq %
lv xvhg/ wkh irupxod lv ghyhorshg iru % rqo|,1 Ilqdoo|/ d txdqwlw| zkrvh ydoxh
ghshqgv rq wkh fkrvhq glvwulexwlrq lq z lv uhihuuhg wr zlwk wkh whuplqrorj|
�suredelolw| yduldeoh�1

6 Ghvljq ri 5X iru Srlqw Suredelolwlhv

Lq wklv sdshu/ wkh sursdjdwlrq ri lqwhuydov ri suredelolw| lv edvhg rq wkh h{0
whqvlrq ri d srlqw0suredelolw| xsgdwlqj dojrulwkp gh�qhg khuh1 Lq vhfwlrq 614/
Shduo*v eholhi xsgdwlqj ^45` lv eulh | uhfdoohg1 Rq wklv edvlv/ vhfwlrq 615 glv0
fxvvhv wkh qhhg ri d gl�huhqw xsgdwlqj dojrulwkp1 Ilqdoo|/ lq vhfwlrq 616 wkh
vshfldol}dwlrq ri wkh eholhi xsgdwlqj wr wkh fdvh ri elqdu| yduldeohv doorzv wkh
qhz dojrulwkp wr eh ghulyhg1
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614 Uhylhz ri Shduo*v Xsgdwlqj

Frqvlghu wkh iudjphqw ri d m� m0qrghv vlqjo|0frqqhfwhg qhwzrun vkrzq lq �jxuh
41
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Ilj1 41 D Iudjphqw ri d Vlqjo| Frqqhfwhg Qhw

Wkh qhw lv vxssrvhg wr frqwdlq wkh hylghqfh . ' e/ zklfk lv d vhw ri qrghv
zkrvh udqgrp yduldeohv kdyh dq revhuyhg vwdwh wkdw e| gh�qlwlrq kdv wkh
surshuw| � d. ' eo 9' f1 Gh�qh L ' iL�c � � � c L?j dv wkh vhw ri sduhqwv ri d
jhqhulf qrgh f1

Wkh txdqwlw| � df me o pxvw eh frpsxwhg iru hyhu| qrgh f lq wkh qhwzrun1
Shduo vkrzv wkh fruuhfwqhvv ri wkh iroorzlqj sursdjdwlrq irupxodv ^45`/
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zkhuh k dqg q duh frqvwdqwv wkdw duh qrw wdnhq lqwr dffrxqw gxulqj wkh
frpsxwdwlrq1 Lq wklv fdvh/ wkh surgxfw Z Ef�b Ef� lq ht1 +4, jlyhv � dfc eo
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^45`1 Wkhq � df me o lv vlpso| frpsxwhg e| qrupdol}lqj � dfc eo/ � df me o '
� dfc eo *

S
f � dfc eo1 Wkh txdqwlwlhv Z Ef� dqg b Ef� duh fdofxodwhg zlwk +5,

dqg +6, h{sorlwlqj wkh phvvdjhv Zf EL�� dqg bt� Ef� uhvshfwlyho| frplqj iurp
wkh sduhqwv dqg wkh fkloguhq ri f1 Irupxodv +7, dqg +8, gh�qh wkh phvvdjhv
wkdw f uhvshfwlyho| vhqgv wr lwv fkloguhq dqg wr lwv sduhqwv dqg duh qhhghg
lq rughu wr xsgdwh wkh uhvw ri wkh qhwzrun derxw wkh fxuuhqw vwdwh ri f1 Il0
qdoo|/ wkhuh h{lvw wkuhh sduwlfxodu fdvhv wr eh ghdow zlwk/ wkh vrxufh qrghv/
wkh eduuhq qrghv dqg wkh hylghqfh qrghv1 Shduo vkrzv wkdw iru d vrxufh qrgh/
Z Ef� ' � dfo dqg iru d eduuhq qrgh/ b Ef� ' �1 Li f lv dq hylghqfh qrgh/ vd|
f ' %/ wkhq lw lv vxssrvhg wr kdyh d gxpp| fklog/ ht / wkdw vhqgv wkh phvvdjh
bht Ef ' %� ' � dqg bht Ef� ' f ;f 9' %1

615 Uhdvrqv Ehklqg wkh Qhz Xsgdwlqj

Shduo*v sursdjdwlrq irupxodv duh ghyhorshg iru dq| vlqjo|0frqqhfwhg qhwzrun
gh�qhg zlwk srlqw0suredelolwlhv1 Dv wkh| duh/ lw vhhpv gl!fxow wr h{whqg wkhp
wr wkh sursdjdwlrq ri fuhgdo vhwv1 Wkh pdlq uhdvrq iru wklv lv wkdw irupx0
odv +4, wr +8, gr qrw doorz wkh srvwhulru suredelolw| � df me o wr eh frp0
sxwhg lq d vwudljkwiruzdug zd|1 Lq idfw/ wkh frpsxwdwlrq lv pdgh e| rplw0
wlqj wkh frqvwdqwv k dqg q dqg khqfh rewdlqlqj wkh mrlqw suredelolw| � dfc eo
lq wkh sodfh ri � df me o1 Wkh odwwhu lv surgxfhg rqo| diwhu wkh qrupdol}dwlrq
ri � dfc eo1 Lq wkh fuhgdo vhw fdvh/ hyhu| suredelolw| kdv d plqlpxp dqg d
pd{lpxp ydoxh1 D vwudljkw h{whqvlrq ri wkh deryh irupxodv pljkw ohdg wr wkh
h{wuhphv ri � dfc eo dqg ri � deo1 Exw wkh frpsxwdwlrq ri wkh h{wuhph ydoxhv iru
� df me o ' � dfc eo *� deo fdqqrw eh uhdol}hg lq jhqhudo e| vlpso| nqrzlqj wkh
plqlpxp dqg wkh pd{lpxp ydoxh ri � dfc eo dqg ri � deo vhsdudwho|1 Lqghhg
wkhvh wzr txdqwlwlhv duh qrw lqghshqghqw 2 / ehfdxvh wkh| jhqhudoo| ehorqj wr d
fhuwdlq gh�qlwlrq vhw1 Khqfh wkh h{whqvlrq wr fuhgdo vhwv lv edvhg rq d gl�huhqw
xsgdwlqj dojrulwkp/ iru zklfk wkh frqvwdqwv k dqg q duh devruehg lqwr wkh
qhz irupxodv dqg wkhq � df me o lv frpsxwhg e| phdqv ri wkh frpsrvlwlrq ri
whupv wkdw duh lqghshqghqw1 Xqghu wklv frqglwlrq ri lqghshqghqfh/ nqrzlqj
wkh h{wuhphv ri wkh deryh whupv lv hqrxjk lq rughu wr frpsxwh wkh h{wuhphv ri
� df me o1 Dq dqdorjrxv dujxphqw krogv iru dq| rwkhu txdqwlw| wkdw lv wuhdwhg
e| wkh sursdjdwlrq dojrulwkp gxulqj wkh frpsxwdwlrq1 Li vxfk d txdqwlw| fdq
eh exlow e| phdqv ri lqghshqghqw slhfhv/ wkh h{whqvlrq wr wkh frpsxwdwlrq ri
lwv h{wuhphv lv hdv| wr uhdol}h1

2 Qrwlfh wkdw wklv lv d gl�huhqw frqfhsw dv frpsduhg wr wkh lqghshqghfh ri udqgrp
yduldeohv1
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616 Ghulydwlrq ri wkh Qhz Xsgdwlqj

Wkh dlp ri wkh suhvhqw vhfwlrq lv wr gh�qh wkh qhz xsgdwlqj iru srlqw sure0
delolwlhv wkdw lv edvhg rq wkh sulqflsoh ri lqghshqghqfh flwhg deryh1 Wklv lv
rewdlqhg e| fuhdwlqj wkh dojrulwkp lq vxfk d zd| wkdw doo wkh lqirupdwlrq wkdw
d qrgh uhfhlyhv dorqj dq duf lv uhvwulfwhg wr rqh uhdo qxpehu1 Lq rwkhu zrugv/
d qrgh uhfhlyhv mxvw rqh qxpehu dorqj dq| ri lwv dufv/ dqg vxfk qxpehuv duh
qhfhvvdulo| lqghshqghqw/ vlqfh wkh| frph iurp glvmrlqw vxeqhwzrunv1

Wkh qhz xsgdwlqj lv ghulyhg rq wkh edvlv ri htxdwlrqv +4, wr +8,/ zklfk duh/ lq
sduw/ uhirupxodwhg wdnlqj dgydqwdjh ri wkh dvvxpswlrq ri ghdolqj zlwk elqdu|
yduldeohv1 Vxfk d qhz dojrulwkp lv h{whqghg wr wkh lqwhuydov lq vhfwlrq 71

61614 Frpsxwdwlrq ri � d% me o

Iluvw/ qrwlfh wkdw lw lv vx!flhqw wr rqo| wdnh wkh fdvh f ' % lqwr dffrxqw/
vlqfh � d% me o ' �� � d% me o1 Htxdwlrq +4, lpsolhv wkdw/
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zkhuh wkh qhz txdqwlw| \f ' b E%� *b E7%� lv gh�qhg1

Qrwlfh wkdw irupxod +;, grhv qrw frqvlghu vrph sduwlfxodu fdvhv wkdw pxvw
eh wkhq wuhdwhg dsduw1 Vxfk fdvhv duh jhqhudwhg ehfdxvh wkh ydoxhv Z E%�/
b E%� dqg b E%� duh suredelolwlhv ^45` wkdw fdq dovr eh }hur/ dqg iru zklfk
wkh irupxod fdqqrw eh dssolhg1 Wkhuhiruh/ dq h{whqvlrq ri irupxod +;, wkdw lv
vkrzq wr surgxfh wkh uljkw uhvxowv lv surylghg khuh1 Iluvw ri doo/ revhuyh wkdw
kZ E%�b E%� n kZ E%�b E%� ' �/ dqg iru wklv uhdvrq b E%� dqg b E%� fdqqrw eh
erwk }hur/ l1h1 lw pd| rqo| kdsshq wkdw \f lv f ru �*f1 Iru wkh vdph uhdvrq/
zkhq Z E%� ' f/ \f fdqqrw eh �*f1 Khqfh/ wkh fulwlfdo fdvhv duh uhgxfhg wr wzr=
rqh ru erwk ehwzhhq Z E%� dqg \f duh f> \f lv �*f1 Frqvlghu wkh �uvw fdvh1 Lw
kdsshqv zkhq Z E%�b E%� ' f1 Irupxod +9, vkrzv wkdw wklv lpsolhv � d% me o ' f1
Qrz qrwlfh wkdw wdnlqj wkh olplw ri h{suhvvlrq +;, zkhq Z E%�b E%� $ f/
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eulqjv wr wkh vdph uhvxow1 Iru h{dpsoh/ frqvlghu wkh fdvh zkhq Z E%� $ f dqg
b E%� $ f +khqfh \f $ f,1 H{suhvvlrq +;, ehfrphv E� n E4� ��4�3�/ l1h1 f1
Khuh wkh ydoxh f lv rewdlqhg dv wkh uhvxow ri d olplw rshudwlrq1 Exw lw fdq dovr
eh lqwhusuhwhg dv wkh uhvxow ri irupxod +;, zkhq lw lv h{whqghg wr wuhdw lq�qlwh
ydoxhv1 Vxfk dq h{whqvlrq lv vlpso| uhdol}hg e| dgrswlqj wkh v|pero 4 dqg
wkh xvxdo dvvrfldwhg dojheud +olnh/ iru h{dpsoh/ �*f ' 4/ �*4 ' f/ hwf1, iru
pdqlsxodwlqj wkh h{suhvvlrqv wkdw frqwdlq lw1 Wklv lqwhusuhwdwlrq lv srvvleoh
li qr lqghwhuplqdf| fdq dulvh +olnh f � 4/ iru lqvwdqfh,> wklv lv wkh fdvh ri wkh
fxuuhqw irupxod dqg dovr ri wkh irupxodv lq wkh qh{w vhfwlrqv1 Lq rwkhu zrugv/
lw lv vx!flhqw wr shuplw wkh xvh ri wkh 4 lq rughu wr pdnh irupxod +;, wuhdw
wkh vshfldo fdvhv krprjhqhrxvo| zlwk uhvshfw wr wkh rwkhuv/ dqg wkh uhdvrq
iru wklv lv mxvw wkh surri deryh1 Wklv lv dovr ydolg iru wkh vhfrqg fdvh/ qdpho|
zkhq \f lv �*f +l1h1 b E7%� ' f,1 Lq idfw/ wkh ydoxh ri � d% me o lq vxfk d fdvh lv
�/ dv vkrzq e| ht1 +9,/ dqg wkh vdph ydoxh lv rewdlqhg e| ohwwlqj \f eh 4 lq
ht1 +;,1

61615 Frpsxwdwlrq ri Zt� E%�

Zt� E%� lv ghulyhg lq d frpsohwho| dqdorjrxv zd| wr zkdw grqh zlwk uhjdugv wr
� d% me o lq vhfwlrq 616141 Lq idfw/ Zt� E%� lv htxdo wr � d% me o li wkh hylghqfh lq
wkh vxeqhwzrun zlwk urrw t� lv vxssuhvvhg ^45`1 Iru wklv uhdvrq/ lw lv hqrxjk
wr uhshdw wkh ghulydwlrq deryh/ zlwkrxw wdnlqj lqwr dffrxqw wkh lqirupdwlrq
fduulhg e| wkh phvvdjh bt� Ef�/ l1h1 xvlqj
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61616 Frpsxwdwlrq ri \f

Wkh qhz irupxod iru \f lv dfklhyhg e| phdqv ri htxdwlrq +6,/
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zkhuh \f
t�
lv lqwhusuhwhg dv d phvvdjh wkdw t� vhqgv wr f1 Revhuyh wkdw lw fdq

kdsshq wkdw b E%� ' f +dqg lq wkdw fdvh b E%� fdqqrw eh }hur/ dv glvfxvvhg
deryh,/ dqg khqfh wkh grpdlq ri \f pxvw eh h{whqghg wr wkh 4 lq rughu wr
lqfoxgh wkh flwhg fdvh1

61617 Frpsxwdwlrq ri \f
t�

Uhfdoo wkdw \f
t�

' bt� E%� *bt� E%�/ dffruglqj wr wkh gh�qlwlrq jlyhq lq vhfwlrq
616161 Iluvw ri doo/ revhuyh wkdw wkh phvvdjhv bt� E%� dqg bt� E%� fdqqrw eh
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erwk }hur/ rwkhuzlvh irupxod +6, zrxog eulqj wr b E%� ' b E%� ' f/ zklfk lv
lpsrvvleoh/ dv vkrzq lq vhfwlrq 616141
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lv uhgh�qhg rq wkh edvlv ri irupxod +8,1 Ghqrwh wkh suredelolw|S
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Glylglqj e| b E7%� +iru wkh prphqw frqvlghu rqo| wkh fdvh b E7%� 9' f ,/ htxdwlrq
+43, ehfrphv/
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glylglqj htxdwlrq +44, e| \f � � dqg rqo| frqvlghulqj wkh fdvh \f 9' �1

Wkh wzr h{foxghg fdvhv fdq eh wuhdwhg e| wkh vdph irupxod/ li lw lv h{whqghg lq
rughu wr wuhdw wkh lq�qlwh1 Wklv fdq eh vhhq pruh fohduo| e| uhzulwlqj irupxod
+45, dv iroorzv/
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Frqvlghu wkh �uvw fdvh/ qdpho| b E7%� ' f1 Lq wklv fdvh \f
t�

' 4 d% m�� o *4 d% m7�� o/
dv vkrzq e| htxdwlrq +43,1 Wkh vdph uhvxow lv rewdlqhg dv iroorzv1 Zkhq
b E7%� ' f/ \f lv 4> xvlqj \f ' 4 lq htxdwlrq +46,/ lq wkh vdph zd| lqwur0
gxfhg lq vhfwlrq 61614/ lw lv h{dfwo| \f

t�
' 4 d% m�� o *4 d% m7�� o1 Wkh vhfrqg fdvh

fruuhvsrqgv wr \f ' �1 Wklv kdsshqv ehfdxvh b E%� ' b E7%�> lq wklv fdvh/
htxdwlrq +43, jlyhv \L�

f ' �1 Revhuyh wkdw wkh vdph uhvxow lv rewdlqhg e| ht1
+46,/ xvlqj lq�qlwh ydoxhv1

61618 Vxppdu| ri wkh Sursdjdwlrq Irupxodv

Wkh sursdjdwlrq irupxodv ghulyhg lq wkh suhylrxv vhfwlrqv duh olvwhg ehorz1
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Wkh wkuhh sduwlfxodu fdvhv ri wkh ruljlqdo xsgdwlqj duh wuhdwhg e| d vwudljkw0
iruzdug dssolfdwlrq ri wkh phvvdjhv gh�qlwlrqv1 Iru d vrxufh qrgh/ lw lv Z E%� '
Zt� E%� ' � d%o/ zkloh d eduuhq qrgh vhqgv wkh phvvdjh \f ' \f

L�
' �1 Li f

lv dq hylghqfh qrgh/ lw lv vxssrvhg wr kdyh d gxpp| fklog/ �t / wkdw vhqgv wkh
phvvdjh \f

�t
' 4 li f ' % ru \f

�t
' f li f ' 7% 1

Wkh phvvdjh  rz lv wkh vdph dv lq wkh ruljlqdo xsgdwlqj dqg iru wklv uhdvrq wkh
dojrulwkp whuplqdwhv lq d wlph � Eu� zkhuh u lv wkh ohqjwk ri wkh pd{lpxp
sdwk lq wkh judsk1 Wkh khdylhvw frpsxwdwlrq orfdo wr d qrgh lv uhodwhg wr
Z E%� dqg/ dv lq wkh eholhi xsgdwlqj/ lw ghshqgv rq d � E2?4@ � whup1 Khqfh wkh
frpsoh{lw| lv h{dfwo| wkh vdph dv lq Shduo*v xsgdwlqj1

7 Lqwhuydo Sursdjdwlrq e| 5X

Irupxodv +47, wr +4<, duh h{whqghg wr sursdjdwh lqwhuydov1 Wkh rswlpl}dwlrq
srlqw ri ylhz lv dgrswhg iru wklv sxusrvh1 Wkh frpsxwdwlrq ri wkh lqwhuydo
iru d srvwhulru suredelolw| ri lqwhuhvw lv htxlydohqw wr vroylqj wkh iroorzlqj
qrq0olqhdu/ frqvwudlqhg/ joredo rswlpl}dwlrq sureohpv/

� d% me o ' 4�?
� d� oMz

� d% me o +53,

� d% me o ' 4@ 
� d� oMz

� d% me o

Revhuyh wkdw wkh grpdlq lv qrq0olqhdu vlqfh z lv gh�qhg yld qrq0olqhdu frq0
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vwudlqwv +vhfwlrq 5, dqg wkdw wkh remhfwlyh ixqfwlrq fdq eh h{suhvvhg dv wkh
udwlr � d%ceo

� deo
/ l1h1 d udwlr ri olqhdu ixqfwlrqv1 Sureohpv +53, fdq htxlydohqwo| eh

uhzulwwhq dv wkh joredo rswlpl}dwlrq ri d udwlr ri sro|qrpldov ryhu d sro|wrsh
+wkhruhp :,1 Xqghu wklv irup/ lw lv fohdu wkdw dovr iurp d sxuh rswlpl}dwlrq
srlqw ri ylhz/ vxfk sureohpv duh gl!fxow ^47`1 Ixuwkhupruh/ wkh qxpehu ri gl0
phqvlrqv ri wkh vsdfh fdq eh ri wkh rughu ri wkrxvdqgv +fruuhvsrqglqj wr wkh
qxpehu ri suredelolw| ydoxhv lq d Ed|hvldq qhwzrun,/ dqg khqfh wkh qxpehu
ri orfdo rswlpd fdq eh kxjh1

Wkh rqo| nh| wr vroylqj sureohp ri w|sh +53, lv h{sorlwlqj lwv vwuxfwxuh1 Lq wkh
suhvhqw fdvh/ wkh judsk ri wkh Ed|hvldq qhw fdq khos vwuxfwxuh wkh sureohp1
E| xvlqj wkh lqghshqghqfh surshuwlhv v|qwkhvl}hg e| wkh judsk/ wkh h{dfw
vroxwlrq dojrulwkp lv ghyhorshg dv d qhwzrun glvwulexwhg rswlpl}dwlrq1 Wkdw
lv/ wkh h{wuhphv ri wkh suredelolw| duh exlow xs e| frpsdulqj wkh h{wuhphv ri
wkh phvvdjhv lqyroyhg lq wkh frpsxwdwlrq> wkh h{wuhphv ri wkh phvvdjhv duh
fuhdwhg lq wkh vdph zd| e| frqvlghulqj rwkhu phvvdjhv h{wuhph ydoxhv1

Wkh ghyhorsphqw ri wkh dojrulwkp iroorzv wzr vwhsv1

Iluvw/ vrph surshuwlhv fkdudfwhul}lqj fuhgdo qhwzrunv lq wkh jhqhudo fdvh +l1h1/
qrw olplwhg wr vlqjoh frqqhfwlrq dqg elqdu| yduldeohv, duh ghulyhg1 Vshfl�0
fdoo|/ lw lv gh�qhg d fodvv ri ixqfwlrqv jhqhudwhg e| fuhgdo qhwzrunv +ixqfwlrqv
ri w|sh06/ lq gh�qlwlrq 7, zlwk wkh surshuw| ri kdylqj h{wuhphv dw wkh yhuwlfhv
ri wkhlu olqhdu gh�qlwlrq vhw +wkhruhp 8,1 Vxfk ixqfwlrqv uhsuhvhqw wkh jhqhudo
irup ri pdq| frpprq txdqwlwlhv wkdw fdq eh ghulyhg e| d fuhgdo qhw1 Wkhuh0
iruh/ wkh| fdq eh xvhg dv d jhqhudo wrro wr suryh wkh frpelqdwruldo qdwxuh
ri pdq| sureohpv jhqhudwhg e| d fuhgdo qhw1 Lq sduwlfxodu/ wkh| duh xvhg lq
wklv sdshu iru vroylqj doo wkh rswlpl}dwlrq sureohpv wkdw duh irupxodwhg lq wkh
ghulydwlrq ri 5X lq wkh lqwhuydo fdvh +d pruh jhqhudo h{dpsoh ri dssolfdwlrq
ri wkhruhp 8 lv jlyhq e| wkhruhp :/ zklfk vkrzv wkdw sureohp +53, fdq eh
uhzulwwhq dv wkh rswlpl}dwlrq ri w|sh06 ixqfwlrqv/ khqfh kljkoljkwlqj lwv frp0
elqdwruldo qdwxuh> qrwlfh wkdw wklv lv qrw gluhfwo| frqqhfwhg wr wkh ghulydwlrq
ri 5X lq wkh lqwhuydo fdvh,1

Wkh vhfrqg vwhs lv wkh ghulydwlrq ri wkh sursdjdwlrq irupxodv/ zklfk lv uhdo0
l}hg e| h{whqglqj irupxodv +47, wr +4;, wr wkh lqwhuydov/ e| zulwlqj wkhp dv
rswlpl}dwlrq sureohpv wkdw fdq eh vroyhg e| phdqv ri wkh uhvxowv ri vhfwlrq
7141

714 Suredelolw| Ixqfwlrqv lq d Fuhgdo Qhwzrun

Wklv vhfwlrq irupdol}hv d fodvv ri qrq0olqhdu frqvwudlqhg joredo rswlpl}dwlrq
sureohpv zlwk wkh fkdudfwhulvwlf ri kdylqj h{wuhphv dw wkh yhuwlfhv ri wkh
ihdvleoh vhw1 Wklv uhvxow doorzv wkh frpelqdwruldo qdwxuh ri wkh xqghuo|lqj
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sureohp wr eh h{sorlwhg lq rughu wr dfklhyh dq h{dfw dojrulwkplf vroxwlrq/ vlqfh
wkh vhdufk ri joredo rswlpd fdq eh uhvwulfwhg wr d �qlwh qxpehu ri srlqwv1

Hyhu| rswlpl}dwlrq sureohp ghvfulehg lq wkh irupdo ghulydwlrq ri 5X lq vhf0
wlrq 715 ehorqjv wr wkh deryh vhw dqg dv vxfk/ wkh ghulydwlrq lv edvhg rq wkh
wkhruhwlfdo uhvxow ri wkhruhp 81 Pruhryhu/ wkhruhp 8 lv d jhqhudo uhvxow wkdw
lv wuxh iru wkh prvw frpprq txdqwlwlhv frpsxwhg e| d fuhgdo qhwzrun1 Wkh
rswlpl}dwlrq sureohp ghvfulelqj vxfk d txdqwlw| fdq eh vkrzq wr eh zlwklq
wkh k|srwkhvhv ri wkhruhp 81

Wkh iroorzlqj qrwdwlrqv duh xvhg1

Ohw %V 5 -�V� eh d yhfwru ri yduldeohv lqgh{hg e| wkh vhw@1 Li s G l � -�V� $ -

lv d ixqfwlrq dqg @� � @c@� 9' >/ lw lv ghqrwhg e| sV.V� G l
� � -

���V� ��� $ - dq|
ixqfwlrq wkdw lv rewdlqhg iurp s e| �{lqj wkh ydoxhv ri wkh yduldeohv lqgh{hg
e| @ q @�

1

Gh�qlwlrq 5 Li s G l � -�V� $ - lv d sro|qrpldo zkhuh hyhu| yduldeoh kdv
ghjuhh vwulfwo| orzhu wkdq 5/ s lv fdoohg d w|sh04 ixqfwlrq1

Gh�qlwlrq 6 li s G l � -�V� $ - lv gh�qhg dv wkh udwlr ri wzr w|sh04
ixqfwlrqv iru zklfk wkh ghqrplqdwru lv qhyhu }hur lq l/ wkhq s lv vdlg w|sh05
ixqfwlrq1

Gh�qlwlrq 7 Li s G l � -�V� $ - lv d ixqfwlrq ri w|sh04 ru ri w|sh05 dqg li
wkhuh h{lvwv d sduwlwlrq ri @ lqwr wkh vhwv @�c � � � c@&/ vxfk wkdw ;� ' �c � � � c &/
sV.V� lv olqhdu +li w|sh04, ru lv wkh udwlr ri wzr olqhdu ixqfwlrqv +li w|sh05,/
wkhq s lv d w|sh06 ixqfwlrq1

Wkhruhp 8 Ohw s G l � -�V� $ - eh d w|sh06 ixqfwlrq zkhuh wkh sduwlwlrq ri
@ lv i@�c � � � c@&j1 Ohw wkh grpdlq ri %V� ;� ' �c � � � c & eh ghqrwhg e| l� dqg
ohw l� eh d forvhg sro|wrsh1 Li l lv wkh forvhg m@m0glphqvlrqdo sro|wrsh rewdlqhg
zkhq wkh yhfwruv %V� ydu| lq wkhlu uhvshfwlyh gh�qlwlrq vhwv/ wkhq wkh h{wuhphv
ri s duh lq wkh vhw ri yhuwlfhv ri l1

Revhuyh wkdw ixqfwlrqv ri w|sh 4/ 5 dqg 6 duh gh�qhg zlwkrxw uhvruwlqj wr d
suredelolvwlf lqwhusuhwdwlrq/ lq rughu wr jlyh d jhqhudo uhvxow/ dqg iru wkh vdph
uhdvrq/ wkh uhvxow surylghg e| wkhruhp 8 grhv qrw ghshqg rq suredelolw|1 Exw
pdq| txdqwlwlhv wkdw fdq eh rewdlqhg e| d fuhgdo qhw fdq eh pdsshg wr vxfk
ixqfwlrqv1 Vrph h{dpsoh duh= d sulru suredelolw| ydoxh fdq eh pdsshg wr d
w|sh04 ixqfwlrq> d srvwhulru suredelolw| wr d w|sh05 ixqfwlrq> w|sh06 ixqfwlrqv
fdq eh xvhg iru wkh sxusrvh ri hydoxdwlqj wkh h{wuhphv ri d sulru ru d srvwhulru
suredelolw| ryhu wkh sduwlfxodu grpdlqv wkdw duh jhqhudwhg e| fuhgdo qhwzrunv1
Vxfk d pds h{lvwv iru wkh deryh h{dpsohv dv vkrzq e| wkhruhp :> wkhruhp : lv
dovr wkh irupdo uhzulwlqj ri sureohp +53,1 Qrwlfh wkdw wkhruhp : lv qrw qhhghg
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iru wkh ghulydwlrq ri 5X1 Wkh ghulydwlrq ri 5X lv edvhg rq fruroodu| 9/ wkdw lv
wkh vshfldol}dwlrq ri wkhruhp 8 wr wkh fdvh ri k|shu0uhfwdqjxodu grpdlqv1

Fruroodu| 9 Ohw s G l � -�V� $ - eh d w|sh04 ru d w|sh05 ixqfwlrq/ zkhuh wkh
ihdvleoh vhw lv ghvfulehg rqo| zlwk +forvhg, lqwhuydo frqvwudlqwv rq wkh yduldeohv1
Wkhq wkh ixqfwlrq lv zlwklq wkh k|srwkhvhv ri wkhruhp 8 dqg khqfh lwv h{wuhph
srlqwv duh lq wkh vhw ri yhuwlfhv ri l1

SURRI1 Yld wkh wulyldo surri ri ohwwlqj hyhu| vhw ri wkh sduwlwlrq frqwdlq
h{dfwo| rqh yduldeoh1

Wkh iroorzlqj wkhruhp vkrzv wkdw wkh frpsxwdwlrq ri wkh h{wuhphv ri dq| sulru
ru srvwhulru suredelolw| ri d jhqhudo Ed|hvldq qhwzrun lv d sureohp zlwklq wkh
k|srwkhvhv ri wkhruhp 81

Wkhruhp : Frqvlghu wkh jhqhulf mrlqw glvwulexwlrq � 5 z uhsuhvhqwhg e| d
fuhgdo qhwzrun1 Ohw 1 eh dq| +mrlqw ru pdujlqdo, sulru ru srvwhulru suredelolw|
ri � 1 Wkh rswlpl}dwlrq ri 1 zkhq � 5 z/ fdq eh irupxodwhg dv d sureohp
vdwlvi|lqj wkh k|srwkhvhv ri wkhruhp 81

715 Ghulydwlrq ri wkh Dojrulwkp

Wkh iroorzlqj vxevhfwlrqv suhvhqw wkh ghulydwlrq ri wkh irupxodv iru wkh lqwhuydo
sursdjdwlrq fdvh1 Wkuhh pdlq revhuydwlrqv duh wkh iroorzlqj/

� uhfdoo wkdw zkhq d joredo rswlpl}dwlrq sureohpv lv wudqviruphg lqwr d frp0
elqdwruldo rswlpl}dwlrq sureohp/ wklv lv wkhruhwlfdoo| mxvwl�hg e| wkh dssol0
fdwlrq ri fruroodu| 91

� Wkh frpsxwdwlrq ri suredelolwlhv lq suhvhqfh ri lqwhuydov surgxfhv wkh sure0
ohp ri xqgh�qhg suredelolwlhv1 Lq idfw/ li wkh ohiw ydoxh ri d suredelolw| lqwhu0
ydo lv }hur/ wkhq lw pd| eh wkh fdvh wkdw iru d fhuwdlq glvwulexwlrq � 5 z dqg
d vhw ri qrghv ` / � d` o ' f1 Li ` � . zdv wuxh/ wkhq � d.o ' f dqg vrph
ri wkh sursdjdwlrq phvvdjhv zrxog eh xqgh�qhg1 Wkh deryh fdvhv duh iru0
pdoo| wdnhq lqwr dffrxqw e| d olplw frqvlghudwlrq1 Wkh suredelolw| � df me o
fdq eh hydoxdwhg lq wkh olplw ri � d` o $ f1 Iru wklv uhdvrq lq rewdlqlqj wkh
irupxod/ wzr vwhsv duh pdgh= vroylqj wkh rswlpl}dwlrq sureohp iru d uhjlrq
wkdw grhv qrw frqwdlq suredelolw| ydoxhv htxdo wr }hur/ dqg h{whqglqj wkh
vroxwlrq wr wkh jhqhudo fdvh e| wdnlqj lwv olplw zkhq wkh h{wuhphv whqg wr
wkh jhqhudo ihdvleoh uhjlrq1 Wklv surfhvv lv looxvwudwhg lq vhfwlrq 71514 zkhuh
wkh frpsohwh surfhgxuh lv xqghuwdnhq1 Lq wkh rwkhu vhfwlrqv wkh lqwhuphgldwh
vwhs lv ohiw lpsolflw1
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� Ilqdoo|/ wkhuh lv dq revhuydwlrq derxw wkh vshfl�fdwlrq ri wkh lqwhuydo frq0
vwudlqwv rq suredelolwlhv1 Lw lv revhuyhg wkdw li d udqgrp yduldeoh/ vd| f 5
i%c %j/ lv elqdu|/ wkhq rqo| rqh lqwhuydo frqvwudlqw lv uhtxluhg wr vshf0
li| wkh +lqwhuydo, glvwulexwlrq/ ehfdxvh wkh uhpdlqlqj frqvwudlqw lv frqvh0
txhqwo| ghwhuplqhg1 Iru lqvwdqfh/ e| jlylqj � E%� � � E%� � � E%�/ wkh
lpsolflw frqvwudlqw � E%� n � E%� ' �/ wklv doorzv wkh frqvwudlqw iru � E%�/
� � � E%� � � E%� � � � � E%�/ wr eh rewdlqhg1 Wklv lv qrw uhvwulfwlyh>
kdg wkh prgho exloghu vshfl�hg erwk wkh lqwhuydov/ lw zrxog dozd|v eh srv0
vleoh wr prgli| wkh frqvwudlqwv/ lq rughu wr pdnh wkhp vdwlvi| wkh deryh
uhtxluhphqw/ zlwkrxw dowhulqj wkh xqghuo|lqj vhw ri glvwulexwlrqv1 Wkh jhq0
hudol}dwlrq ri wklv surshuw| lv uhihuuhg wr lq olwhudwxuh dv wkh uhdfkdelolw|
surshuw| ri suredelolw| lqwhuydov ^5`1 Iru wklv uhdvrq/ lq wkh uhvw ri wkh sdshu
rqo| wkh qhfhvvdu| lqwhuydo frqvwudlqwv duh frqvlghuhg1

71514 H{wuhphv ri � d% me o

Ohw xv frqvlghu wkh plqlpxp sureohp +wkh frpsxwdwlrq ri wkh pd{lpxp lv
dozd|v dqdorjrxv, e| xvlqj htxdwlrq +47, dqg revhuylqj wkdw wkh ihdvleoh uhjlrq
ri wkh sureohp fdq eh ghvfulehg e| erxqgv dorqh/ ehfdxvh wkh suredelolw|
yduldeohv Z E%� dqg \f duh lqghshqghqw1 Wklv lv ehfdxvh wkh| duh surylghg
e| glvmrlqw sduwv ri wkh qhwzrun +lq wkh uhvw ri wkh sdshu/ wkh lqghshqghqfh
ri rwkhu suredelolw| yduldeohv/ zkhq flwhg/ lv gxh wr wkh vdph uhdvrq,1 Wkh
rswlpl}dwlrq sureohp lv olnh iroorzv/

� d% me o ' 4�?
@Z$ZE%�$KZ
@\$\f$K\

� d% me o '

4�?
�
� n

�
�

ZE%�
� �

�
�

\f

�3�

@Z � Z E%� � KZ

@\ � \f � K\

zkhuh lw lv vxssrvhg ZE%� 9' Z E%� dqg \f 9' \
f

+ehfdxvh wkh rssrvlwh/
srlqw0suredelolw| fdvhv duh douhdg| wuhdwhg lq vhfwlrq 61614/ dovr iru ghjhqhudwh
ydoxhv, dqg @Z :ZE%�/ KZ 	 Z E%�/ @\ :\f / K\ 	 \

f
/ wkxv dyrlglqj wkh

sureohpv gxh wr srvvleoh ghjhqhudwh suredelolwlhv +wkh odwwhu k|srwkhvhv duh
uhod{hg e| phdqv ri wkh sdvvdjh wr wkh olplw ehorz,1 Xqghu wkhvh frqglwlrqv/
fruroodu| 9 fdq eh dssolhg/ khqfh wkh vroxwlrq fdq eh orrnhg iru dprqj wkh
yhuwlfhv ri wkh uhfwdqjxodu uhjlrq1 Lw lv hdvlo| qrwlfhg wkdw wkh rswlpxp lv
dwwdlqhg dw Z E%� ' @Z dqg \f ' @\1 Wkh sdvvdjh wr wkh olplw lv pdgh lq vxfk
d zd| wr hqodujh wkh jhqhulf uhfwdqjoh wr wkh gh�qlwlrq vhw/ zklfk fdq dovr eh
gh�qhg e| phdqv ri lqwhuydov frqwdlqlqj ghjhqhudwh suredelolw| ydoxhv +3 ru
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4,/

� d% me o ' *�4
@Z<ZE%�c@\<\f

�
� n

�
�

@Z
� �

�
�

@\

�3�

Wklv olplw fdq dozd|v eh vroyhg vlpso| e| vxevwlwxwlrq vlqfh qr lqghwhuplqdf|
dulvhv1 Lq idfw lw xqghujrhv wkh vdph frqvlghudwlrqv ghyhorshg lq vhfwlrq 616141

71515 H{wuhphv ri Z E%�

Uhfdoolqj htxdwlrq +48, dqg revhuylqj wkdw wkh suredelolw| yduldeohv � d% mL o/
Zf E���/ � � �/ Zf E�?� duh lqghshqghqw/ wkh sureohp ri plqlpxp lv irupdol}hg
dv iroorzv/

4�?
[
L

� d% mL o
\
�

Zf EL��

� d% mL o � � d% mL o � � d% mL o c L 5 ?�
�'�

lL�

Zf E��� � Zf E��� � Zf E��� c � ' �c � � � c ?[
L�Mt��c���

Zf EL�� ' �c � ' �c � � � c ?

Wkh odvw frqvwudlqwv fdq eh uhpryhg iurp wkh irupxodwlrq e| ohwwlqj/ iru lq0
vwdqfh/ Zf E��� ' � � Zf E���/ dqg dsso|lqj wkh vxevwlwxwlrq lqwr wkh w|sh04
remhfwlyh ixqfwlrq1 Wkh qhz remhfwlyh ixqfwlrq lv vwloo d w|sh04 ixqfwlrq dqg
wkh qhz irupxodwlrq vdwlv�hv wkh k|srwkhvhv ri fruroodu| 9 vlqfh wkh qhz uhjlrq
lv d k|shu0uhfwdqjoh1 Wkh sureohp fdq wkhuhiruh eh wudqviruphg lqwr dq htxly0
dohqw frpelqdwruldo rswlpl}dwlrq rqh1 Wkh ydoxh ri � d% mL o dw wkh rswlpxp
lv hdvlo| �{hg1 Vlqfh

T
� Zf EL�� � f e| gh�qlwlrq/ wkh rswlpxp lv dfklhyhg

zkhq � d% mL o ' � d% mL o1 Dq h{kdxvwlyh vhdufk rq wkh vwdwhv ri Zf E���/ � � �/
Zf E�?� frpsohwhv wkh vroxwlrq1

71516 H{wuhphv ri \f

Wkh plqlpl}dwlrq lv dssolhg wr htxdwlrq +49,/

4�?\f ' 4�?
\f
t�
$\f

t�
$\

f

t�

\
�

\f
t�

Wkh sureohp lv vxfk wkdw fruroodu| 9 fdq eh dssolhg/ dqg wkh vroxwlrq lv dq
lpphgldwh frqvhtxhqfh1 Wkh plqlpxp ri \f lv rewdlqhg zkhq doo wkh \f

t�
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dvvxph wkhlu plqlpxp/ wkdw lv

\f '
\
�

\f
t�

71517 H{wuhphv ri Zt� E%�

Dv qrwlfhg lq vhfwlrq 61615/ Zt� E%� kdv d phdqlqj dqdorjrxv wr � d% me o1 Iru
wklv uhdvrq/ wkh surfhgxuh iru wkh frpsxwdwlrq ri lwv plqlpxp lv frpsohwho|
dqdorjrxv wkh vfkhph dgrswhg lq vhfwlrq 71514/ uhvxowlqj lq wkh iroorzlqj iru0
pxod/

Zt� E%� '

3EEC� n
#

�

Z E%�
� �

$
�T

& �'�
\f
t&

4FFD
3�

71518 H{wuhphv ri \L�
f

Wkh fdvh ri \L�
f lv pruh frpsoh{ wkdq wkh rwkhuv1 Wkh rswlpl}dwlrq sureohp

fdqqrw eh fuhdwhg e| xvlqj irupxod +44, lq d vwudljkwiruzdug zd| +ru dq|
ri wkh vxevhtxhqw uhzulwlqjv,/ vlqfh lw lv frqvwlwxwhg e| wkh yduldeohv 4 d% m�� o
dqg 4 d% m�� o wkdw duh qrw lqghshqghqw1 Lq idfw/ wkhlu gh�qlwlrq lq irupxod +4<,
vkrzv wkdw wkh| duh uhvshfwlyho| gh�qhg rq wkh edvlv ri Zf E�&� dqg Zf E�&�
wkdw duh frqvwudlqhg e| Zf E�&� n Zf E�&� ' �1 Iru wklv uhdvrq/ lqlwldoo| lw
lv xvhg wkh gh�qlwlrq +44, ri \L�

f / zkhuh 4 d% m�� o dqg 4 d% m�� o duh uhsodfhg e|
wkhlu ruljlqdo phdqlqj jlyhq e| ht1 +4<,1 Wkh sureohp ri plqlpl}dwlrq lv wkhq
irupxodwhg dv iroorzv/

4�?

\f

# S
Lg �'L�cL�'��

� d% mL o
T
& �'�

Zf EL&�

$
n

S
Lg �'L�cL�'��

� d% mL o
T
& �'�

Zf EL&�

\f

# S
Lg �'L�cL�'��

� d% mL o
T
& �'�

Zf EL&�

$
n

S
Lg �'L�cL�'��

� d% mL o
T
& �'�

Zf EL&�

\f � \f � \
f

� d% mL o � � d% mL o � � d% mL o c L 5 ?�
�'�

lL�[
f

� df mL o ' � L 5 ?�
�'�

lL� +54,

Zf E��� � Zf E��� � Zf E��� � ' �c � � � c �� �c � n �c � � � c ?[
L�Mt��c���

Zf EL�� ' � � ' �c � � � c �� �c �n �c � � � c ?
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Qrwlfh wkdw wkh suredelolw| yduldeohv lq sureohp +54,/\f c � d% mL o dqg Zf E�g�/
duh lqghshqghqw1 Uhdvrqlqj dv lq vhfwlrq 71515/ wkh frqvwudlqwv ri htxdolw|
wr 4 duh uhpryhg dqg wkh qhz sureohp lv vxfk wkdw fruroodu| 9 fdq eh ds0
solhg1 Wkhq wkh rswlpxp lv rewdlqhg dw d yhuwh{ ri wkh ihdvleoh uhjlrq1 Wklv
dovr phdqv wkdw/ lq wkh sduwlfxodu fdvh ri wkh Zf E��� yduldeohv/ wkh vhdufk
fdq eh uhvwulfwhg wr wkh iroorzlqj 2?3� fdvhv= Zf E��� 5 iZf E��� c Zf E���j/
� 5 i�c � � � c �� �c �n �c � � � c ?j1 Khqfh/ zlwk uhjdug wr wkh yduldeohv Zf E���/
dq h{kdxvwlyh vhdufk lv pdgh1 Lq rwkhu zrugv/ wkh vroxwlrq surfhvv ri sure0
ohp +54, lv ghfrpsrvhg lq wkh deryh h{kdxvwlyh vhdufk soxv wkh vroxwlrq ri wkh
vxe0sureohp jhqhudwhg e| +54, zkhq rqh ri wkh vwdwhv iru wkh Zf E��� yduldeohv
lv �{hg1 Vxfk d vxe0sureohp fdq eh zulwwhq dv iroorzv/

e\L�

f '4�?
\fe4 d% m�� o n E�� e4 d% m�� o�
\fe4 d% m7�� o n E�� e4 d% m7�� o�

\f � \f � \
f

+55,e4 d% mL� o � e4 d% mL� o � e4 d% mL� o L� 5 lL�

zkhuh dovr wkh kdw0qrwdwlrq lv lqwurgxfhg1 Wkh odwwhu lv xvhg iru wkh txdqwlwlhv
wkdw ghshqg rq wkh fkrvhq vwdwh ri wkh Zf E���yduldeohv +iru h{dpsoh/ e4 d% m�� o
lv olnh lq ht1 +4<,/ zkhuh wkh suredelolw| ydoxhv � df mL o fdq ydu| lq wkhlu
uhvshfwlyh lqwhuydov/ exw zkhuh wkh Zf E��� duh frqvlghuhg frqvwdqwv/ ehfdxvh
rqh ri wkh iroorzlqj 2?3� fdvhv lv �{hg= Zf E��� 5 iZf E��� c Zf E���j/ � 5
i�c � � � c �� �c �n �c � � � c ?j,1 Qrwlfh wkdw qrz lw lv srvvleoh wr xvh irupxod +44,/
vlqfh lqvlgh sureohp +55, wkh Zf E��� fdq eh frqvlghuhg frqvwdqwv/ dqg wkhqe4 d% m�� o dqg e4 d% m�� o duh qrw ghshqghqw1 Wkh vroxwlrq ri wkh vxe0sureohp +55,
lv lwvhoi edvhg rq fruroodu| 9= wkh sureohp lv wudqviruphg lqwr d frpelqdwruldo
rqh dqg wkh vroxwlrq lv rewdlqhg zlwk d surfhgxuh wkdw whvwv wkh ydoxh ri wkh
remhfwlyh ixqfwlrq zkhq wkh yduldeohv wdnh ydoxhv dw wkh wzr h{wuhphv ri wkh
uhvshfwlyh lqwhuydov ri gh�qlwlrq1

D vkruwfxw wr wkh vroxwlrq lv jlyhq e| �uvw �{lqj wkh ydoxhv \f fdq dvvxph dqg
vroylqj wkh uhpdlqlqj sureohp +e| frqvlghulqj wkuhh gl�huhqw fdvhv dffruglqj
wr wkh ydoxh ri \f,/ olnh vkrzq lq wdeoh 4 +zkhuh wkh remhfwlyh ixqfwlrq lv

uhzulwwhq dffruglqj wr ht1 +45,,1 Wkh qrwdwlrq e\L�

f

�
\f

�
dqg e\L�

f

�
\f

�
ghqrwhv

wkdw wkh rswlpxp ydoxhv ghshqg rq wkh ydoxh fkrvhq iru \f1

Qrwlfh wkdw lq rughu wr vroyh sureohp +55,/ wkh plqlpxp dqg pd{lpxp ydoxhv
ri e4 d% m�� o dqg e4 d% m�� o pxvw eh dydlodeoh1 Vxfk h{wuhphv duh hdvlo| frpsxwhg
zlwk dq revhuydwlrq vlplodu wr wkdw pdgh derxw wkh h{wuhphv ri � d% mL o dw
wkh rswlpxp> wkdw e4df mL� o '

S
L& �'L� � df mL o

T
& �'� Zf EL&� dqg e4 df mL� o 'S

L& �'L� � df mL o
T
& �'� Zf EL&�1
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duh frpsxwhg dffruglqj wr wdeoh 41

Irupxodv +56, wr +65, gh�qh d glvwulexwhg dojrulwkp1 Wkh sulqflsohv jryhuqlqj
vxfk d glvwulexwhg dojrulwkp duh h{dfwo| wkh vdph dv iru Shduo*v xsgdwlqj1 Dq|
qrgh uhdol}hv d orfdo frpsxwdwlrq1 Lq sduwlfxodu/ dw wkh ehjlqqlqj/ doo wkh qrghv
duh lqdfwlyh/ h{fhsw iru wkh qrghv zlwk d vlqjoh dgmdfhqw qrgh dqg wkh hylghqfh
qrghv1 Dq lqdfwlyh qrgh ehfrphv dfwlyh zkhq lw uhfhlyhv d phvvdjh iurp rqh
+ru pruh, ri lwv dgmdfhqw qrghv +wklv lv wkh uhdvrq zk| dw wkh ehjlqqlqj dovr
wkh hylghqfh qrghv duh frqvlghuhg dfwlyh> lq idfw/ wkh| duh vxssrvhg wr kdyh
douhdg| uhfhlyhg d phvvdjh iurp wkhlu gxpp| fklog,1 Lq wkh dfwlyh vwdwh/ d
qrgh lv uhdg| wr dsso| wkh rssruwxqh irupxodv iru xsgdwlqj lwv rzq txdqwlwlhv
dqg iru frpsxwlqj wkh phvvdjhv wr eh vhqw wr lwv dgmdfhqwv1 Dq dfwlyh qrgh
vhohfwv wkh dgmdfhqwv wr zklfk lw pxvw vhqg phvvdjhv dv iroorzv1

� Li wkh qrgh kdv d vlqjoh dgmdfhqw qrgh/ lw pxvw vhqg d phvvdjh wr wkh odwwhu>
� Lq wkh rwkhu fdvhv/ li wkh qrgh uhfhlyhg d phvvdjh iurp mxvw rqh dgmdfhqw
+srvvleo| ehlqj dovr wkh gxpp| fklog,/ lw pxvw vhqg phvvdjhv wr wkh uhvw ri
lwv dgmdfhqwv> li lw uhfhlyhg phvvdjhv iurp pruh wkdq rqh dgmdfhqw/ lw pxvw
vhqg phvvdjhv wr doo lwv dgmdfhqwv +h{foxglqj wkh srvvleoh gxpp| fklog,1

Zkhqhyhu dq dfwlyh qrgh kdv vhqw wkh surshu phvvdjhv wr wkh dgmdfhqwv iroorz0
lqj wkh deryh uxohv/ lw ehfrphv lqdfwlyh xs wr wkh duulydo ri dqrwkhu phvvdjh1

+Revhuyh wkdw wkh deryh irupxodv dqg sulqflsohv gr qrw lpso| wkdw dq df0
wlyh qrgh kdv lpphgldwho| wr vhqg phvvdjhv wr lwv dgmdfhqwv/ l1h1 d qrgh pd|
srvwsrqh wklv wdvn1,

Wkh joredo frpsxwdwlrq lv fduulhg rxw lq glvfuhwh vwhsv1 Dw d jlyhq vwhs/ wkh
qrghv wkdw vhqg phvvdjhv irup d fhuwdlq vxevhw ri wkh dfwlyh qrghv +dq| qrq0
hpsw| vxevhw lv srvvleoh,> wklv prgl�hv wkh vhw ri dfwlyh qrghv iru wkh qh{w vwhs>
wkh surfhgxuh lv uhshdwhg xqwlo qr qrgh lv dfwlyh1 Wklv frqglwlrq lv vdwlv�hg
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zkhq dq| qrgh kdv ehhq xsgdwhg derxw wkh joredo vwdwh ri wkh qhwzrun1 Lq
wklv vwdwh/ wkh suredelolw| ydoxhv +h{wuhphv, khog e| qrghv duh wkh �qdo uhvxow
ri wkh frpsxwdwlrq1

Wkh deryh ghvfulswlrq lv iru wkh sxuh dssolfdwlrq ri wkh sursdjdwlrq irupxodv/
zkhuh wkh fdofxoxv lv ixoo| glvwulexwhg/ l1h1 zkhq wkhuh lv qrw dq d0sulrul srolf|
iru fkrrvlqj wkh vxevhw ri dfwlyh qrghv wkdw kdyh wr vhqg phvvdjhv1 Exw riwhq/
pruh h!flhqw joredo frpsxwdwlrqv fdq eh pdgh e| �{lqj d srolf| ghshqglqj
rq wkh vxshuylvlrq ri wkh joredo vwdwh ri wkh qhw1 Wklv lv rswlrqdo/ dqg fdq eh
fkrvhq lq rughu wr vshhg0xs wkh frpsxwdwlrq1 Iru h{dpsoh/ vhfwlrq 9 dgrswv
wklv srlqw ri ylhz1 Dq|zd|/ lw pxvw eh uhpdunhg wkdw dq| srolf| jlyhv wkh
vdph uhvxow1

8 Frpsxwdwlrqdo Frpsoh{lw|

Wkh phvvdjh  rz lv wkh vdph dv lq wkh srlqw suredelolw| fdvh dqg iru wklv
uhdvrq/ lwv frpsoh{lw| lv olqhdu zlwk wkh vl}h ri wkh qhwzrun/ zlwklq wkh fodvv ri
judskv zlwk d �{hg pd{lpxp qxpehu ri sduhqwv1 Wkh zruvw0fdvh frpsxwdwlrq/
orfdo wr d qrgh/ lv ghwhuplqhg e| wkh fdofxoxv ri dq h{wuhph ri Z E%�1 Frqvlghu
irupxod +58, zkhuh wkh plqlpxp rshudwru uhtxluhv 2? hydoxdwlrqv ri wkh lqqhu
vxp1 Wkh vxp lv wdnhq ryhu wkh 2? mrlqw vwdwhv ri iL�c � � � c L?j1 Wkhuhiruh wkh
ryhudoo frpsoh{lw| ghshqgv rq d whup � E22?4@ � lq wkh zruvw fdvh1

Wkh whup � E22?4@ � fdq eh uhzulwwhq dv � Ee?4@ � lq rughu wr kdyh d pruh suh0
flvh lghd ri wkh frpsoh{lw| ri 5X/ e| pdnlqj d frpsdulvrq zlwk wkh frpsoh{lw|
ri Shduo*v xsgdwlqj iru srlqw suredelolw|1 Lq idfw/ � Ee?4@ � lv wkh orfdo frp0
soh{lw| ri Shduo*v xsgdwlqj iru d qrgh zlwk ?4@ sduhqwv/ zkhuh wkh udqgrp
yduldeohv uhodwhg wr wkh qrgh dqg wr lwv sduhqwv kdyh 7 ydoxhv lq wkhlu uhvshfwlyh
grpdlqv1 Dovr qrwlfh wkdw lq wkh ruljlqdo xsgdwlqj wkh phvvdjhv h{fkdqjhg eh0
wzhhq qrghv duh 70glphqvlrqdo yhfwruv +fruuhvsrqglqj wr wkh 7 ydoxhv ri wkh
udqgrp yduldeohv,/ zkhuhdv wkh phvvdjhv xvhg e| 5X duh 50glphqvlrqdo +fru0
uhvsrqglqj wr wkh h{wuhphv ri wkh txdqwlw| wkdw lv sdvvhg,1 Vlqfh wkh deryh
frpsoh{lw| whupv dsso| wr dq| hohphqw ri wkh uhodwhg yhfwru/ lw fdq eh vwdwhg
wkdw wkh orfdo zruvw0fdvh frpsoh{lw| ri Shduo*v srlqw suredelolw| xsgdwlqj +iru
70vwdwh yduldeohv, lv dq xsshu erxqg ri 5X*v orfdo zruvw0fdvh frpsoh{lw|1

Pruh jhqhudoo|/ d joredo frpsxwdwlrq pdgh zlwk 5X rq d qhw kdv d zruvw0fdvh
frpsoh{lw| wkdw lv xsshu0erxqghg e| wkh zruvw0fdvh frpsoh{lw| ri Shduo*v
xsgdwlqj rq d qhwzrun zlwk wkh vdph judsk exw zlwk 70vwdwh yduldeohv1
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9 D Qxphulfdo H{dpsoh

Wkh phwkrgrorj| ghyhorshg deryh lv dssolhg wr wkh qhwzrun lq �jxuh 51

A B C D

E F G

H

L

Ilj1 51 Dq h{dpsoh ri xsgdwlqj zlwk lqwhuydov

Iru vxfk d qhw/ wkh qrghv J dqg O uhsuhvhqw hylghqfh yduldeohv dqg lw lv
dvvxphg wkdw C ' 7}c u ' ,1 Wkh frqglwlrqdo glvwulexwlrqv ri wkh prgho duh
olvwhg lq wdeoh 5 +vrph lqwhuydov lqfoxglqj wkh ydoxh 3 ru wkh ydoxh 4 duh xvhg
lq rughu wr kljkoljkw wkh wuhdwphqw ri wkhvh ghjhqhudwh fdvhv,1

Iru vlpsolflw| ri frpsxwdwlrq/ lqvwhdg ri xsgdwlqj doo qrghv suredelolw| lqwhu0
ydov/ rqo| qrgh D lv xsgdwhg/ l1h1 rqo| wkh h{wuhphv ri � d@ m7}c , o duh frpsxwhg
+wkh ixoo dssolfdwlrq ri 5X lv dqdorjrxv,1 Wklv lv grqh e| vlpso| fkrrvlqj rqh
dprqj doo wkh  rzv wkdw duh deoh wr xsgdwh qrgh D derxw wkh joredo vwdwh ri
wkh qhwzrun1 Wkh fkrvhq  rz lv wkh iroorzlqj/

J $ G/ G $ I/ F $ I/ I $ K/ O $ K/ K $ H/ E $ H/ H $ D

+uhfdoo wkdw dq|  rz wkdw lv deoh wr xsgdwh qrgh D derxw wkh joredo vwdwh ri
wkh qhw lv htxlydohqw iurp wkh srlqw ri ylhz ri rewdlqlqj wkh fruuhfw uhvxow/
dv ghvfulehg lq vhfwlrq 716> dovr uhfdoo wkdw wkh ixoo|0glvwulexwhg yhuvlrq ri wkh
dojrulwkp frxog vlpso| eh lpsohphqwhg e| pdnlqj hyhu| qrgh wr dfw lq dq
dxwrqrprxv zd|/ e| dsso|lqj lwv rzq orfdo irupxodv dv d frqvhtxhqfh ri dq|
xsgdwh frplqj iurp wkh uhvw ri wkh qhwzrun wkurxjk rqh ri lwv dgmdfhqw qrghv1
Lq wkh ixoo|0glvwulexwhg fdvh/ wkh frpsxwdwlrq zrxog eh vwduwhg dw wkh vrxufh
dqg wkh eduuhq qrghv/ qdpho| D/ E/ F/ J/ O1 Wkh| zrxog vhqg d phvvdjh
wr wkhlu uhvshfwlyh dgmdfhqw qrghv/ zklfk zrxog ehfrph dfwlyh dqg zrxog
sursdjdwh wkh frpsxwdwlrq,1

Wkh iroorzlqj frpsxwdwlrq lv ghvfulehg vwhs e| vwhs/ zkhuh hyhu| vwhs gh0
shqgv rq wkh duulydo ri d phvvdjh wr d qrgh1 Vxfk d qrgh frpsxwhv wkh qhhghg
txdqwlwlhv/ edvhg rq wkh irupxodv lq vhfwlrq 716/ dqg sursdjdwhv rqh ru pruh
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Wdeoh 5
Gdwd iru wkh dssolfdwlrq h{dpsoh

Qrgh Frqglwlrqdo Suredelolwlhv

D � d@o

d��c �eo

E � dKo

d�2c �eo

F � dSo

d�bc �o

G � d_o

d�Dc �bo

H � de m@c K o �
k
e
���@c7Kl � de m7@c K o �

k
e
���7@c7Kl

d��c �Do dfc �2o d��c ��o d�Sc �.o

I � ds mSc _ o �
k
s
���Sc 7_l � ds m7Sc _ o �

k
s
���7Sc 7_l

d��c �eo d�Dc �Do d�Dc �.o d�Hc �bo

J � d} m_ o �
k
}
��� 7_l

d�.c �Ho d�2c �eo

K � d� mec s o �
k
�
���ec 7s l

� d� m7ec s o �
k
�
���7ec 7s l

d��c �2o d�2c �eo d�Sc �Ho d�bc �o

O � d, m� o �
k
,
���7�l

d�ec �Do dfc �2o

phvvdjhv wr rwkhuv1 Wkh frpsxwdwlrq hqgv zkhq qrgh D kdv frpsohwh nqrzo0
hgjh derxw wkh uhvw ri wkh qhw1 Dw wklv srlqw/ D frpsxwhv wkh h{wuhphv ri lwv
srvwhulru suredelolw| +vwhs <,1

Vwhs4= J $ G1 Qrgh J vhqgv wkh h{wuhphv ri \(
C wr G1

Irupxod +64, gh�qhv wkh phvvdjh \(
C 1 Wkh rqo| sduhqw ri J lv G/ khqfh

wkhuh grhv qrw h{lvw d phvvdjh ri w|sh Z1 Wklv lpsolhv 4 d} m_ o ' � d} m_ o dqg
4
k
}
���_l ' �

k
}
���_l1 Ixuwkhupruh/ vlqfh J lv dq hylghqfh qrgh/ wkhuh h{lvwv d

gxpp| fklog/ �t / zklfk vhqgv wkh phvvdjh \C
�t
' f wr J1 E| phdqv ri irupxodv
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+5:, dqg +5;,/ \C ' f dqg irupxod +64, ehfrphv/ \(
C ' e\(

C Ef�1 Khqfh/

\(
C ' e\(

C Ef� '
� d} m_ o n Ef� ��3�

�
k
}
��� 7_ln Ef� ��3�

'
�H� �

�2� �
' �2D

Lq wkh vdph zd|/ e| phdqv ri htxdwlrq +65,/

\
(

C ' e\(

C Ef� '
� d} m_ o n Ef� ��3�

�
k
}
��� 7_ln Ef� ��3�

'
�.� �

�e� �
' �D

dqg

\(
C 5 d�2Dc �Do

Vwhs 5= G $ I1 Qrgh G vhqgv wkh h{wuhphv ri Z8 E_� wr I1

G kdv rqo| rqh fklog dsduw iurp I dqg iru wklv uhdvrq irupxodv +5<, dqg +63,
ehfrph/
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C

4D3�

Ixuwkhupruh Z8 E_� ' � d_o/ vlqfh G lv d vrxufh qrgh1 Wkh deryh frqvlghudwlrqv
lpso|/

Z8 E_� '
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�2D
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\
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�3�

' �H�

+zkhuh �H� phdqv �H�H�H����, dqg khqfh

Z8 E_� 5
k
�2c �H�

l

Vwhs 6= F $ I1 Qrgh F vhqgv wkh h{wuhphv ri Z8 ES� wr I1
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Lq d zd| vlplodu wr vwhs 5/ Z8 ES� ' Z ES� ' � dSo/ dqg

Z8 ES� 5 d�bc �o

Vwhs 7= I $ K1 Qrgh I vhqgv wkh h{wuhphv ri ZM Es� wr K1

Iluvw/ ht1 +58, dqg ht1 +59, doorz wkh h{wuhphv ri Z Es� wr eh frpsxwhg1

Z Es� ' 4�?
Z8 ES�MiZ8 ES�cZ8 ES�j
Z8 E_�MiZ8 E_�cZ8 E_�j

3C[
�c(

� ds m�c( o Z8 E��Z8 E(�

4D

Z Es� ' 4@ 
Z8 ES�MiZ8 ES�cZ8 ES�j
Z8 E_�MiZ8 E_�cZ8 E_�j

3C[
�c(

� ds m�c( o Z8 E��Z8 E(�

4D

Wkh ydoxh ri wkh deryh sduhqwkhvhv zkhq wkh vwdwh ri wkh sduhqwv* phvvdjhv lv
�{hg duh qrz ghqrwhg e| eZ Es� dqg e| eZ Es�1 Wkh wzr h{suhvvlrqv ehfrph/

eZ Es�'� ds mSc _ oZ8 ES�Z8 E_� n �
k
s
���Sc 7_lZ8 ES� Z8 �

7_
�
n

� ds m7Sc _ oZ8 E7S�Z8 E_� n �
k
s
���7Sc 7_lZ8 E7S� Z8 �

7_
�

eZ Es�'� ds mSc _ oZ8 ES�Z8 E_� n �
k
s
���Sc 7_lZ8 ES� Z8 �

7_
�
n

� ds m7Sc _ oZ8 E7S�Z8 E_� n �
k
s
���7Sc 7_lZ8 E7S� Z8 �

7_
�

Irxu fdvhv pxvw wkhq eh frqvlghuhg � 1

Fdvh Z8 ES� ' Z8 ES� c Z8 E_� ' Z8 E_�1

eZ Es� ' ��� �b� �2 n �D� �b� �H n �D� ��� �2 n �H� ��� �H ' �eD2

eZ Es� ' �e� �b� �2 n �D� �b� �H n �.� ��� �2 n �b� ��� �H ' �D�H

Fdvh Z8 ES� ' Z8 ES� c Z8 E_� ' Z8 E_� �

eZ Es� ' ��� �b� �H� n �D� �b� ��H n �D� ��� �H� n �H� ��� ��H ' �2�fb

� Wkh jhqhulf phvvdjh
�t +{, ru wkh ydoxh � +{, uhsuhvhqw suredelolwlhv lq { / dqg iru wklv uhdvrq/ �t +�{, @
4� �t +{, dqg � +�{, @ 4� � +{, 1
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eZ Es� ' �e� �b� �H� n �D� �b� ��H n �.� ��� �H� n �b� ��� ��H ' �eD

Fdvh Z8 ES� ' Z8 ES� c Z8 E_� ' Z8 E_� �

eZ Es� ' ��� �� �2 n �D� �� �H n �D� f� �2 n �H� f� �H ' �e2

eZ Es� ' �e� �� �2 n �D� �� �H n �.� f� �2 n �b� f� �H ' �eH

Fdvh Z8 ES� ' Z8 ES� c Z8 E_� ' Z8 E_� �

eZ Es� ' ��� �� �H� n �D� �� ��H n �D� f� �H� n �H� f� ��H ' ��.2

eZ Es� ' �e� �� �H� n �D� �� ��H n �.� f� �H� n �b� f� ��H ' �e�H

E| wdnlqj wkh plqlpxp ri wkh eZ Es� dqg wkh pd{lpxp ri wkh eZ Es�/ lw iroorzv
Z Es� 5

k
��.2c �D�H

l
� Wkh lqwhuydo iru ZM Es� lv wkh vdph vlqfh ZM Es� ' Z Es�

dqg khqfh/

ZM Es� 5
k
��.2c �D�H

l

Vwhs 8= O $ K1 Qrgh O vhqgv wkh h{wuhphv ri \M
u wr K1

K lv wkh rqo| sduhqw ri O/ wkhuhiruh 4 d, m� o ' � d, m� o/ 4
k
,
���7�l

' �
k
,
���7�l

1
Ixuwkhupruh/ O lv dq hylghqfh qrgh vxfk wkdw u ' , dqg iru wklv uhdvrq wkhuh
h{lvwv d gxpp| fklog vhqglqj wr O wkh phvvdjh \u

�t
' 4 / zklfk lpsolhv

\u ' 41 Lq vdph zd| dv lq vwhs 4/ ht1 +64, ehfrphv/ \M
u ' e\M

u E4�/ dqg wkhq

\M
u ' e\M

u E4� '
� d, m� o n E4� ��3�

�
k
,
���7�l

n E4� ��3�
'

� d, m� o
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k
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���7�l '

�e

�2
' 2

Lq dq dqdorjrxv zd|/ e| phdqv ri htxdwlrq +65,/

\
M

u ' e\M

u E4� '
� d, m� o n E4� ��3�

�
k
,
���7�l

n E4� ��3�
'

� d, m� o
�

k
,
���7�l '

�D

f
' 4

Wkh lqwhuydo iru \M
u lv

\M
u 5 d2c4o

Vwhs 9= K $ H1 Qrgh K vhqgv wkh h{wuhphv ri \.
M wr H1
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Xvlqj irupxodv +64, dqg +65,/ wzr fdvhv pxvw eh hydoxdwhg1 Wkhvh duh ZM Es� '
ZM Es� dqg ZM Es� ' ZM Es�1 Revhuyh wkdw 4 d� m. o '

S
8
� d� m.c8 o ZM E8 � '

� d� m.c s o ZM Es�n�
k
�
���.c 7s

l
ZM

�
7s
�
/ wkdw 4 d� m. o '

S
8
� d� m.c8 o ZM E8 � '

� d� m.c s o ZM Es� n �
k
�
���.c 7s

l
ZM

�
7s
�
/ dqg wkdw \M ' \M

u 1

Fdvh ZM Es� ' ZM Es�1

e4 d� me o ' ��� ��.2 n �2� �H2. ' ��H2.c e4 d� me o ' �2� ��.2 n �e� �H2. ' ��SDe

e4 d� me o ' �S� ��.2 n �b� �H2. ' �HeH�c e4 d� me o ' �H� ��.2 n �� �H2. ' �bSDe

e\.

M

�
\M

�
dqg e\.

M

�
\M

�
duh hydoxdwhg lq wkh wzr h{wuhph ydoxhv ri \M +wkh

dssur{lpdwh htxdolw| vljq ehorz ghqrwhv wkdw wkh qxpehuv duh urxqghg,1

e\.

M

�
\M

�
'

e4 d� me o n �
\M � �

�3�
e4 d� m7e o n �

\M � �
�3� '

��H2. n E2� ��3�

�bSDe n E2� ��3�
�' �Sf�.S

e\.

M

�
\M

�
'

e4 d� me o n �
\M � �

�3�
e4 d� m7e o n �

\M � �
�3� '

��SDe n E2� ��3�

�HeH� n E2� ��3�
�' �.�HH�

e\.

M

�
\
M
�
'

e4 d� me o n �
\
M � �

�3�
e4 d� m7e o n �

\
M � �

�3� '
��H2. n E4� ��3�

�bSDe n E4� ��3�
�' ��Hb2S

e\.

M

�
\
M
�
'

e4 d� me o n �
\
M � �

�3�
e4 d� m7e o n �

\
M � �

�3� '
��SDe n E4� ��3�

�HeH� n E4� ��3�
�' �e�fH.

Wkh plqlpxp ri wkh wzr plqlpd deryh fruuhvsrqgv wr wkh h{suhvvlrq lq sduhq0
wkhvhv lq irupxod +64,/ zkhq wkh fdvh ZM Es� ' ZM Es� lv frqvlghuhg1 Lq wkh
vdph zd|/ wkh pd{lpxp ri wkh wzr pd{lpd fruuhvsrqgv wr wkh h{suhvvlrq
lq sduhqwkhvhv lq irupxod +65,/ uhodwhg wr ZM Es� ' ZM Es�1 Vxfk h{wuhphv
uhsuhvhqw wkh whpsrudu| lqwhuydo iru wkh phvvdjh/ d��Hb2Sc �.�HH�o1

Fdvh ZM Es� ' ZM Es�1

e4 d� me o ' ��� �D�H n �2� �eH2 ' ��eH2c e4 d� me o ' �2� �D�H n �e� �eH2 ' �2bSe

e4 d� me o ' �S� �D�H n �b� �eH2 ' �HeH�c e4 d� me o ' �H� �D�H n �� �eH2 ' �HbSe
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Dv deryh/ e\.

M

�
\M

�
dqg e\.

M

�
\M

�
duh frpsxwhg dffruglqj wr wkh wzr h{wuhph

ydoxhv ri \M /

e\.

M

�
\M

�
'

e4 d� me o n �
\M � �

�3�
e4 d� m7e o n �

\M � �
�3� '

��eH2 n E2� ��3�

�HbSe n E2� ��3�
�' �SfDeS

e\.

M

�
\M

�
'

e4 d� me o n �
\M � �

�3�
e4 d� m7e o n �

\M � �
�3� '

�2bSe n E2� ��3�

�.eeS n E2� ��3�
�' �.e�fb

e\.

M

�
\
M
�
'

e4 d� me o n �
\
M � �

�3�
e4 d� m7e o n �

\
M � �

�3� '
��eH2 n E4� ��3�

�HbSe n E4� ��3�
�' ��SD��

e\.

M

�
\
M
�
'

e4 d� me o n �
\
M � �

�3�
e4 d� m7e o n �

\
M � �

�3� '
�2bSe n E4� ��3�

�.eeS n E4� ��3�
�' ��bHf.

Olnh lq wkh suhylrxv fdvh/ wkh irxu ydoxhv duh xvhg wr lghqwli| d whpsrudu|
lqwhuydo iru wkh phvvdjh/ d��SD��c �.e�fbo/ zkrvh h{wuhphv uhvshfwlyho| fruuh0
vsrqg wr wkh ydoxhv lq sduhqwkhvhv lq irupxodv +64, dqg +65,/ zkhq wkh fdvh
ZM Es� ' ZM Es� lv wdnhq lqwr dffrxqw1

Wkh lqwhuydo iru wkh phvvdjh lv rewdlqhg e| dsso|lqj wkh rxwhu plqlpxp rs0
hudwru ri irupxod +64, dqg wkh rxwhu pd{lpxp rshudwru ri irupxod +65,/ l1h1
fkrrvlqj wkh plqlpxp ehwzhhq wkh ohiw h{wuhphv ri wkh whpsrudu| lqwhuydov
dqg wkh pd{lpxp ri wkh uljkw h{wuhphv1

\.
M 5 d��SD��c �.e�fbo

Vwhs := E $ H1 Qrgh E vhqgv wkh h{wuhphv ri Z. EK� wr H1

Wkh uhvxow lv vwudljkwiruzdug/ vlqfh Z. EK� ' Z EK� ' � dKo1

Z. EK� 5 d�2c �eo

Vwhs ;= H $ D1 Qrgh H vhqgv wkh h{wuhphv ri \�
. wr D1

Wkh surfhgxuh lv vlplodu wr vwhs 91 Lqlwldoo| wzr fdvhv pxvw eh glvsrvhg/
Z. EK� ' Z. EK� dqg Z. EK� ' Z. EK�/ e| xvlqj
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Wkh �uvw whpsrudu| lqwhuydo lv d��f.f.c ��bSH.o1

Fdvh Z. EK� ' Z. EK� lpsolhv/
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Wkh vhfrqg whpsrudu| lqwhuydo lv d��f22bc ��S�H2o dqg wkhq wkh lqwhuydo iru wkh
phvvdjh lv
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. 5 d��f22bc ��bSH.o
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: Glvfxvvlrq

Wklv sdshu irfxvhv rq wkh wuhdwphqw ri fuhgdo vhwv ryhu Ed|hvldq qhwzrunv1
Fuhgdo vhwv duh d jhqhudo wkhru| iru ghdolqj zlwk xqfhuwdlqw|/ zlwk phdqlqjixo
lqwhusuhwdwlrq/ dqg deoh wr uhod{ wkh suhflvlrq uhtxluhphqw ri Ed|hvldq wkhru|
^49`1 Ed|hvldq qhwzrunv duh d zlgho|0xvhg wrro wr vwuxfwxuh dqg vroyh frp0
soh{ uhdvrqlqj sureohpv1 Wkhlu xqlrq vhhpv d yhu|  h{leoh zd| ri prgholqj
nqrzohgjh1

Xqiruwxqdwho|/ wkh  h{lelolw| surylghg wr wkh xvhu jhqhudwhv frpsoh{ sureohpv
wr eh ghdow zlwk lq rughu wr ghyhors d uhdvrqlqj v|vwhp1 Vxfk sureohpv fdq eh
vhhq dv joredo rswlpl}dwlrq sureohpv ri qrq0olqhdu ixqfwlrqv ryhu sro|wrshv1
Lw lv fohdu wkdw wkhuh lv wkh qhhg ri d uhpdundeoh h�ruw lq rughu wr surylgh
h�hfwlyh vroxwlrqv wr wkh sureohpv deryh1 Wr gdwh/ lw lv xqnqrzq zkhwkhu d
jhqhudo h�hfwlyh vroxwlrq dojrulwkp fdq eh uhdol}hg ru li/ iru h{dpsoh/ d pruh
surplvlqj gluhfwlrq lv wkh vroxwlrq ri ohvv jhqhudo lqvwdqfhv ri wkh sureohp1

Wkh uhdvrqv iru wkh uhodwlyho| vorz vwhsv lq wklv vhfwru duh gl�huhqw1

� Rqh ri wkhp pd| eh d sduwldo xqdzduhqhvv derxw fuhgdo vhwv1 Lq idfw/ hvsh0
fldoo| wkhlu vxevhw ri suredelolw| lqwhuydov pd| kdyh ehhq plvohdglqj/ eulqj0
lqj wr wkh zurqj frqfhsw wkdw lqwhuydov duh d vwudljkw jhqhudol}dwlrq ri sure0
delolw|1 Wklv lv uhodwhg wr wkh lghd wkdw wkhuh lv rqh xqnqrzq glvwulexwlrq lq
wkh fuhgdo vhw wkdw lv wkh uhdo rqh/ dqg wkdw wkh fuhgdo vhw lv d wrro iru pdn0
lqj vhqvlwlylw| dqdo|vlv1 Zh zrxog olnh wr srlqw rxw/ olnh Zdooh| grhv ^49`/
wkdw fuhgdo vhwv duh d qhz wkhru|/ wkdw ri frxuvh jhqhudol}hv suredelolw|/ exw
zlwk lwv rzq fkdudfwhulvwlfv/ wkxv qrw ehlqj d vlpsoh h{whqvlrq1 Wkh vdph
uhohydqw frqqhfwlrq ri fuhgdo vhwv zlwk wkh rswlpl}dwlrq zruog vhhpv wr eh
d frqfhswxdo mxps wkdw rqo| uhfhqwo| lv ehfrplqj fohduhu1

� Dqrwkhu uhdvrq pd| eh wkh lpsrvvlelolw| wr pdnh h{shulphqwv zlwk fuhgdo
qhwzrunv/ iurp zklfk wr jhw qhz lghdv iru uhvhdufk1 Lq idfw/ wkh devhqfh ri
dq h�hfwlyh dojrulwkp iru d vljql�fdqw vhw ri qhwzrunv pd| kdyh olplwhg wkh
lqwhuhvw dqg wkh vwxg| ri wkh vxemhfw1

Wkh wzr pdlq frqwulexwlrqv ri wklv sdshu kdyh ehhq ruljlqdwhg e| wkh qhhg ri
ghdolqj zlwk wkh frqvlghudwlrqv deryh1 Rqh ri wkhp lv wkh suhflvh gh�qlwlrq ri
fuhgdo qhwzrun dqg ri wkh uhodwhg rswlpl}dwlrq sureohpv dqg wkhlu surshuwlhv1
Wklv vkrxog frqvwlwxwh d edvlv foduli|lqj zkdw lv d fuhgdo qhwzrun dqg zkdw
duh wkh w|sh ri sureohpv wr eh ghdow zlwk zkhq zrunlqj zlwk fuhgdo qhwzrunv1
Wklv lv surylghg e| wkh irupdol}dwlrq jlyhq lq vhfwlrq 5 dqg lq wkh dsshqgl{1
Rq lwv edvlv/ wkh sdshu surylghv wkh uhvxowv ehorz1

� Wkh ixqfwlrqv ri w|sh06 duh gh�qhg/ wkxv vwdwlqj d jhqhudo gh�qlwlrq ri pdq|
txdqwlwlhv zklfk ghshqg rq wkh suredelolw| glvwulexwlrq ryhu wkh qhwzrun1
Vxfk d gh�qlwlrq vkrzv wkdw wkh qdwxuh ri wkh sureohpv lv qrq0olqhdu1 Wklv
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kdv wr eh wdnhq lqwr dffrxqw zkhq orrnlqj iru vroxwlrq surfhgxuhv1 Lq idfw/
wkh sureohp ri orfdo plqlpd ehfrphv suhgrplqdqw1

� Wkh frpelqdwruldo qdwxuh ri wkh rswlpl}dwlrq sureohpv lv vkrzq1 Vxfk d
uhvxow lv jhqhudo/ ehlqj wuxh iru dq| w|sh ri Ed|hvldq qhwzrun zlwk frqyh{
vhwv ri suredelolw|1 Lw vwdwhv wkdw d ixqfwlrq ri w|sh06 kdv rswlpd dw wkh
yhuwlfhv ri wkh sro|wrsh ri gh�qlwlrq1 Wklv frqvwlwxwhv d jhqhudo wrro wkdw
fdq eh h{sorlwhg lq rughu wr ghyhors vroxwlrq surfhgxuhv1 Lw dovr vxjjhvwv
wkdw sxuh frpelqdwruldo vroxwlrq surfhgxuhv vkrxog eh dyrlghg/ vlqfh wkh
qxpehu ri glphqvlrqv fdq eh h{wuhpho| juhdw/ dqg wkhq wkh qxpehu ri
yhuwlfhv ri wkh sro|wrsh fdq eh kxjh1

Wkh vhfrqg frqwulexwlrq ri wkh suhvhqw sdshu lv wkh ghyhorsphqw ri 5X1 5X
lv/ lq rxu nqrzohgjh/ wkh �uvw h{dfw olqhdu0wlph dojrulwkp iru wkh xsgdwlqj ri
d zlgh vhw ri fuhgdo qhwv olnh wkh vlqjo|0frqqhfwhg qhwv zlwk elqdu| udqgrp
yduldeohv1 Wkh xsgdwlqj surfhvv lv fduulhg rxw frqvlghulqj wkh glvwulexwlrqv
frpsdwleoh zlwk wkh lqwhuydov l1h1 doo wkh glvwulexwlrqv lq z1 Wkh xsgdwlqj fdq
eh lqwhusuhwhg dv d glvwulexwhg rswlpl}dwlrq surfhvv1 Lq d wlph zklfk lv olqhdu
wr wkh vl}h ri wkh qhwzrun/ 5X vroyhv 2� rswlpl}dwlrq sureohpv/ zlwk d phvvdjh
sdvvlqj vfkhph vlplodu wr Shduo*v xsgdwlqj1

Lw uhpdlqv wr hvwdeolvk zkhwkhu d pruh jhqhudo h�hfwlyh h{dfw dojrulwkp h{0
lvwv1 D vwudljkw jhqhudol}dwlrq ri 5X dqg dovr wkh ghyhorsphqw ri d jhqhudo
glvwulexwhg dojrulwkp grhv qrw vhhp hdv|1 5X lv vxffhvvixo ehfdxvh lw uholhv rq
wkh lqghshqghqfh ri phvvdjhv dqg rq d frqwuroohg jurzwk ri wkh vhwv wr eh
wuhdwhg1 Vshfl�fdoo|/ wkh iroorzlqj revhuydwlrqv duh pdgh1

� Wkh xvh ri d vlqjo|0frqqhfwhg qhw hqvxuhv wkdw phvvdjhv iurp gl�huhqw sduwv
ri wkh qhw duh lqghshqghqw1 Zkhq zrunlqj zlwk pxowlso|0frqqhfwhg qhwv/ wkh
deryh fkdudfwhulvwlf lv orvw1

B

A

C

D

Ilj1 61 D pxowlso|0frqqhfwhg qhw

� Iru h{dpsoh/ lq rughu wr wxuq wkh qhw lq �jxuh 6 wr d vlqjo|0frqqhfwhg
fuhgdo qhw/ wkh qrghv E dqg F fdq eh foxvwhuhg lqwr d vlqjoh qrgh +olnh lq
�jxuh 7,1 Wkh fuhgdo vhwv iru wkh srvwhulru glvwulexwlrqv ri wkh qhz qrgh/
EF/ lv frpsxwhg e| d vlpsoh frpelqdwruldo surfhgxuh1 Wkh odwwhu jhqhudwhv
wkh fuhgdo vhwv iru � d�c� m� o e| pxowlso|lqj wkh h{wuhph srlqwv ri wkh
fuhgdo vhwv iru � d� m� o dqg � d� m� o/ dqg e| wdnlqj wkh frqyh{ kxoo ri
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wkh uhvxowlqj vhwv ^8`1 Wkh deryh revhuydwlrqv vxjjhvw wkdw wkh sureohp ri
pxowlsoh frqqhfwlrq pljkw eh wuhdwhg e| sdvvlqj wr vlqjo|0frqqhfwhg foxvwhu
qhwv1 Khqfh wkh sureohp vhhpv wr vkliw wr wkh xvh ri pxowlvwdwh yduldeohv1

BC

A

D

Ilj1 71 Wkh foxvwhu qhw

� Wkh xvh ri glvfuhwh pxowlvwdwh yduldeohv lv d mxps wr dq q0glphqvlrqdo vsdfh
wkdw pdnhv wkh sureohp kdughu1 Lq idfw/ wkh xvh ri elqdu| yduldeohv doorzv
wkh frpsxwdwlrq wr eh fduulhg rxw rqo| sdvvlqj lqwhuydov ehwzhhq qrghv +vhh
wkh ghulydwlrq ri 5X lq vhfwlrq 715,1 Wklv phdqv wkdw wkh txdqwlwlhv wkdw
duh h{fkdqjhg gxulqj wkh frpsxwdwlrq dozd|v qhhg rqo| wzr qxpehuv wr
eh ghvfulehg +wklv lv wkh fdvh ri wkh frqwuroohg jurzwk,1 Rq wkh frqwudu|/
prylqj wr dw ohdvw 5 glphqvlrqv +wkdw lv/ wr udqgrp yduldeohv zlwk dw ohdvw
6 vwdwhv, lpsolhv wkdw wkh vhwv pdqlsxodwhg iru wkh xsgdwlqj uhtxluh dq d0
sulrul xqerxqghg qxpehu ri yhuwlfhv wr eh ghvfulehg +wkhuhiruh d srvvleo|
xqfrqwuroohg jurzwk lv idfhg,1 Fxuuhqwo|/ lw lv xqnqrzq zkhwkhu wkhuh h{lvwv
vrph w|sh ri uhjxodulw| lq wkh jurzwk wkdw fdq eh h{sorlwhg lq rughu wr kdyh
d v|qwkhwlf ghvfulswlrq ri vxfk vhwv1

Wkh srlqwv mxvw ghvfulehg hylghqfh wkh qhhg ri ixuwkhu h�ruwv lq rughu wr
vwuxfwxuh wkh suhvhqw �hog dqg wr vwxg| forvhu wkh qdwxuh ri wkh sureohpv1 Vrph
srvvleoh uhvhdufk gluhfwlrqv lqfoxgh= wkh xvh ri sxuh rswlpl}dwlrq phwkrgv/ olnh
ghvfhqw dojrulwkpv ru wkh jhqhudol}hg jhrphwulf surjudpplqj dssurdfk ^4:`>
wkh ghyhorsphqw ri dssur{lpdwh dojrulwkpv> wkh gh�qlwlrq ri wkh olqhv zlwklq
zklfk wkh wuhdwhg sureohpv duh frpsxwdwlrqdoo| yldeoh1

; Dsshqgl{

Wkh iroorzlqj ohppd lv xvhg lq wkh surri ri wkhruhp 81

Ohppd 4 D udwlr ri wzr olqhdu ixqfwlrqv gh�qhg ryhu d sro|wrsh kdv rswlpd
dw wkh yhuwlfhv ri wkh ihdvleoh vhw1

SURRI1 Frqvlghu wkh ixqfwlrq , E%� ' � E%� *} E%� gh�qhg rq d sro|wrsh hl/
zkhuh � E%� dqg } E%� duh olqhdu1 Gh�qh wkh ixqfwlrq ,w E%� ' � E%� � w} E%�/
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zlwk sdudphwhu w 5 -1 Lw lv d nqrzq uhvxow lq iudfwlrqdo surjudpplqj ^43` wkdw
wkhuh dozd|v h{lvwv d ydoxh wW 5 - vxfk wkdw li %W lv d joredo rswlpxp srlqw
iru ,wW/ lw lv d joredo rswlpxp srlqw iru , wrr1 Vlqfh ,wW lv olqhdu/ %W pxvw eh
irxqg dw d yhuwh{ ri hl1
Surri ri Wkhruhp 81 Qrwlfh wkdw vlqfh wkh yduldeohv ri gl�huhqw vhwv ri wkh
sduwlwlrq ydu| lq wkh gl�huhqw uhjlrqv l�/ li %V lv d yhuwh{ ri l/ wkhq %V� lv d
yhuwh{ ri l� ;� ' �c � � � c &1

Frqvlghu wkh fdvh ri d ixqfwlrq s ri w|sh041 s kdv h{wuhphv ehfdxvh lw lv d
frqwlqxrxv ixqfwlrq gh�qhg rq d forvhg dqg erxqghg vhw1 E| frqwudglfwlrq/
ohw %WV '

q
%WV�

c � � � c %WV&

r
eh d joredo h{wuhph srlqw wkdw lv qrw d yhuwh{ ri

l1 Iru wkh lqlwldo revhuydwlrq/ wkhuh pxvw h{lvw dw ohdvw rqh � 5 i�c � � � c &j
vxfk wkdw %WV� lv qrw d yhuwh{ lq l�1 Frqvlghu wkh ixqfwlrq sV.V� rewdlqhg
iurp s e| �{lqj wkh ydoxhv ri wkh yduldeohv lqgh{hg e| @ q @�/ dffruglqj wr
%WV1 sV.V� lv olqhdu e| gh�qlwlrq/ exw e| wkh ixqgdphqwdo wkhruhp ri olqhdu
surjudpplqj/ d olqhdu ixqfwlrq kdv h{wuhphv dw wkh yhuwlfhv ri wkh ihdvleoh
sro|wrsh1 Lq wklv fdvh/ wkhuh pxvw h{lvw d srlqw %WWV� / d yhuwh{ ri l�/ zklfk lv
d joredo h{wuhpxp srlqw ri sV.V� lq l�1 Wklv lv d frqwudglfwlrq vlqfh/ ohwwlqj
%
V '

q
%WV�

c � � � c %WV�3�c %
WW
V�
c %WV� c � � � c %

W
V&

r
/ s E%
V� vkrxog vwulfwo| lpsuryh s E%

W
V�1

Frqvlghu d w|sh05 ixqfwlrq1 Wkh surri iroorzv wkh vdph olqh dv iru ixqfwlrqv ri
w|sh04/ exw lq wklv fdvh/ sV.V� lv wkh udwlr ri wzr olqhdu ixqfwlrqv1 Wkh surri
iroorzv rq wkh edvlv ri ohppd 41

Surri ri Wkhruhp :1 Ohw � ' i�c � � � c ?j ghqrwh wkh vhw ri qrghv ri wkh
judsk1

Lqlwldoo|/ frqvlghu wkh fdvh zkhq 1 lv d sulru suredelolw|1 Wkh idfwrul}dwlrq
wkhruhp ^45` vwdwhv wkdw

� df� o ' �f�
'

\
�M�

)
f
��

�@E��

�cf
��
�

+66,

E| gh�qlwlrq/ dq| sulru suredelolw| lv wkh vxp ri whupv ri wkh irup jlyhq e|
wkh uljkw vlgh ri htxdwlrq +66,/
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+67,

iru d fhuwdlq hl � l� 1 Lq wkh fdvh ri d fuhgdo qhwzrun/ 1 lv d ixqfwlrq ri wkh

yduldeohv �
f
��

�@E��

�cf
��
�

1
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Lq dgglwlrq/ 1 lv d w|sh06 ixqfwlrq/ lq idfw= htxdwlrq +67, vkrzv wkdw 1 lv ri w|sh0
4> wkh sduwlwlrq ri@ lv wkh froohfwlrq ri vhwv@�@E��

� '
q�

�cf�c f�@E��

�
mf� 5 l�

r
c � 5

�cf�@E�� 5 l�@E��> �qdoo|/ 1V.V�@E��
�

lv d olqhdu ixqfwlrq ;� 5 �c ;f�@E�� 5
l�@E��1 Lq idfw/ dq| whup lq wkh vxp ri ht1 +67, frqwdlqv h{dfwo| rqh yduldeoh
iru hyhu| qrgh/ wkhuhiruh dq| whup lq wkh vxp fdq frqwdlq dw prvw rqh yduldeoh
lqgh{hg e| @�@E��

� 1

Wkh frpsxwdwlrq ri dq h{wuhph ri 1 lv irupdol}hg e| frqvwudlqlqj 1 rq wkh
grpdlq zkhuh hyhu| vhw ri yduldeohv lqgh{hg e| @�@E��

� ydulhv lq lwv rzq sro|0
wrsh z

f�@E��

� 1 Wklv sureohp vdwlv�hv wkh k|srwkhvhv ri wkhruhp 81 Wkh fdvh ri
srvwhulru suredelolwlhv lv kdqgohg lq d vlplodu zd|/ wkh rqo| gl�huhqfh lv wkdw d
srvwhulru suredelolw| lv wkh udwlr ri wzr whupv ri wkh irup +67,/ dqg lv wkhuhiruh
d w|sh05 ixqfwlrq1

Dfnqrzohgjhphqw

Wkh dxwkruv zrxog olnh wr wkdqn wzr dqrq|prxv uhihuhhv iru wkhlu suhflrxv
frpphqwv1

Uhihuhqfhv

^4` O1 Fdpsrv dqg M1 Kxhwh/ Lqghshqghqfh frqfhswv lq xsshu dqg orzhu
suredelolwlhv/ lq= E1 Erxfkrq0Phxqlhu/ O1 Ydoyhugh/ U1U1 \djhu/ hgv1/
Xqfhuwdlqw| lq Lqwhooljhqw V|vwhpv +Hovhylhu/ Dpvwhugdp/ 4<<6, ;8�<9

^5` O1 Fdpsrv/ M1 Kxhwh dqg V1 Prudo/ Suredelolw| lqwhuydov= d wrro iru xqfhuwdlq
uhdvrqlqj/ Lqw1 M1 ri Xqfhuwdlqw|/ Ix}}lqhvv dqg Nqrzohgjh0Edvhg V|vwhpv 5
+5, +4<<7, 49:�4<9

^6` O1 Fdpsrv dqg V1 Prudo/ Sursdjdwlqj xqfhuwdlq lqirupdwlrq iruzdug/ Lqw1 M1
Lqwhoo1 V|vw1 : +4<<5, 48�57

^7` O1 Fdpsrv dqg V1 Prudo/ Lqghshqghqfh frqfhswv iru frqyh{ vhwv ri suredelolwlhv/
lq= S1 Ehvqdug/ V1 Kdqnv/ hgv1/ Surfhhglqjv ri wkh Hohyhqwk Frqihuhqfh rq
Xqfhuwdlqw| lq Duwl�fldo Lqwhooljhqfh +Prujdq Ndxipdqq/ Vdq Pdwhr/ 4<<8,
43;�448

^8` M1H1 Fdqr/ V1 Prudo dqg M1I1 Yhughjd|0Oõsh}/ Sursdjdwlrq ri frqyh{ vhwv
ri suredelolwlhv lq gluhfwhg df|folf qhwzrunv/ 0 lq= E1 Erxfkrq0Phxqlhu/ O1
Ydoyhugh/ U1U1 \djhu/ hgv1/ Xqfhuwdlqw| lq Lqwhooljhqw V|vwhpv +Hovhylhu/
Dpvwhugdp/ 4<<6, 48�59

^9` O1 Fkulvpdq/ Sursdjdwlrq ri 50prqrwrqh orzhu suredelolwlhv rq dq xqgluhfwhg
judsk/ lq= H1 Kruylw}/ I1 Mhqvhq/ hgv1/ Surfhhglqjv ri wkh Wzhoiwk Frqihuhqfh rq
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Xqfhuwdlqw| lq Duwl�fldo Lqwhooljhqfh +Prujdq Ndxipdqq/ Vdq Iudqflvfr/ 4<<9,
4:;�4;8

^:` O1 Fkulvpdq/ Lqghshqghqfh zlwk orzhu dqg xsshu suredelolwlhv/ lq= H1 Kruylw}/
I1 Mhqvhq/ hgv1/ Surfhhglqjv ri wkh Wzhoiwk Frqihuhqfh rq Xqfhuwdlqw| lq
Duwl�fldo Lqwhooljhqfh +Prujdq Ndxipdqq/ Vdq Iudqflvfr/ 4<<9, 49<�4::

^;` I1 Fr}pdq/ D eulhi lqwurgxfwlrq wr txdvl0Ed|hvldq wkhru| +dqg orzhu
suredelolw|/ orzhu h{shfwdwlrqv/ Fkrtxhw fdsdflwlhv/ urexvw Ed|hvldq phwkrgv/
hwf111, iru DL/ wxwruldo sdshu/ kwws=22zzz1dxdl1ruj2dxdl0wxwhv1kwpo +4<<9,

^<` I1 Fr}pdq/ Urexvwqhvv dqdo|vlv ri Ed|hvldq qhwzrunv zlwk �qlwho| jhqhudwhg
frqyh{0vhwv ri glvwulexwlrqv 0 Whfkqlfdo Uhsruw q1 FPX0UL0WU <9074/ Urerwlfv
Lqvwlwxwh/ Fduqhjlh Phoorq Xqlyhuvlw|/ +4<<9,

^43` E1G1 Fudyhq/ Iudfwlrqdo Surjudpplqj +Khoghupdqq Yhuodj/ Ehuolq/ 4<;;,

^44` N1Z1 Ihuwlj dqg M1V1 Euhhvh/ Lqwhuydo lq xhqfh gldjudpv/ lq= P1 Khqulrq/
U1G1 Vkdfkwhu/ O1Q1 Ndqdo dqg M1I1 Ohpphu/ hgv1/ Xqfhuwdlqw| lq Duwl�fldo
Lqwhooljhqfh 8 +Qrwk0Kroodqg/ Dpvwhugdp/ 4<<3, 47<�494

^45` M1 Shduo/ Suredelolvwlf Uhdvrqlqj lq Lqwhooljhqw V|vwhpv= Qhwzrunv ri Sodxvleoh
Lqihuhqfh +Prujdq Ndxipdqq/ Vdq Pdwhr/ FD/ 4<;;,

^46` E1 Whvvhp/ Lqwhuydo suredelolw| sursdjdwlrq/ Lqw1 M1 Dssur{1 Uhdvrqlqj : +6,
+4<<5, <8�453

^47` V1D1 Ydydvlv/ Frpsoh{lw| lvvxhv lq joredo rswlpl}dwlrq= d vxuyh|/ lq= U1 Kruvw/
S1P1 Sdugdorv/ hgv1/ Kdqgrrn ri Joredo Rswlpl}dwlrq +Noxzhu/ Wkh Qhwkhuodqgv/
4<<8, 5:�74

^48` S1 Zdooh|/ Vwdwlvwlfdo Uhdvrqlqj zlwk Lpsuhflvh Suredelolwlhv +Fkdspdq dqg
Kdoo/ Qhz \run/ 4<<4,

^49` S1 Zdooh|/ Phdvxuhv ri xqfhuwdlqw| lq h{shuw v|vwhpv/ DL ;6 +4<<9, 4�8;

^4:` P1 ]d�dorq/ Lqihuhq}h h Ghflvlrql lq Frqgl}lrql gl Lqfhuwh}}d frq Prghool
Jud�fl Rulhqwdwl/ Sk1G1 Wkhvlv/ Pdwhpdwlfd Frpsxwd}lrqdoh h Ulfhufd
Rshudwlyd/ Xqlyhuvlwã ghjol Vwxgl gl Plodqr/ Lwdo|/ +4<<:,

69


