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Devwudfw

Wklv sdshu sursrvhv dq h{dfw/ qr0dvvxpswlrqv dssurdfk wr ghdolqj zlwk

lqfrpsohwh vhwv ri pxowlyduldwh fdwhjrulfdo gdwd1 Dq lqfrpsohwh gdwd vhw

lv uhjdughg dv d �qlwh froohfwlrq ri frpsohwh gdwd vhwv/ dqg d mrlqw glvwul0

exwlrq lv rewdlqhg iurp hdfk ri wkhp/ dw d ghvfulswlyh ohyho1 Wkh wrrov wr

vlpxowdqhrxvo| wuhdw doo wkh srvvleoh mrlqw glvwulexwlrqv frpsdwleoh zlwk dq

lqfrpsohwh vhw ri gdwd duh jlyhq1 Lq sduwlfxodu/ d olqhdu ghvfulswlrq ri wkh

vhw ri glvwulexwlrqv lv irupxodwhg/ dqg lw lv vkrzq wkdw wkh frpsxwdwlrq ri

erxqgv rq wkh h{shfwdwlrq ri uhdo0ydoxhg ixqfwlrqv xqghu vxfk glvwulexwlrqv

lv erwk srvvleoh dqg h!flhqw/ e| phdqv ri olqhdu surjudpplqj1 Vshfl�f dojr0

ulwkpv duh dovr ghyhorshg zkrvh frpsoh{lw| jurzv olqhduo| lq wkh qxpehu ri

revhuydwlrqv1 Dq dqdo|vlv lv wkhq fduulhg rxw wr hvwlpdwh srsxodwlrq sured0

elolwlhv iurp lqfrpsohwh pxowlqrpldo vdpsohv1 Wkh ghvfulswlyh wrro h{whqgv

lq d vwudljkwiruzdug zd| wr wkh lqihuhqwldo sureohp e| h{sorlwlqj Zdooh|*v

lpsuhflvh Glulfkohw prgho1
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DPV Vxemhfw Fodvvl�fdwlrq= Sulpdu| 95J38> vhfrqgdu|= <3F681

Nh|zrugv= Lqfrpsohwh gdwd> Fuhgdo vhwv> Lpsuhflvh suredelolwlhv> Eholhi ixqf0

wlrqv> Lpsuhflvh Glulfkohw prgho> Olqhdu rswlpl}dwlrq> Iorz qhwzrun

4 Lqwurgxfwlrq

Wklv sdshu lv odujho| prwlydwhg e| wkh sureohp ri ohduqlqj glvfuhwh suredelolw|

glvwulexwlrqv iurp d gdwdedvh zlwk plvvlqj gdwd1 Lqfrpsohwh gdwd duh d pdmru

wrslf lq vwdwlvwlfdo uhvhdufk dqg d shuydvlyh sureohp ri vwdwlvwlfdo sudfwlfh1 Iru

h{dpsoh/ pdq| vwxglhv uho| rq odujh dqg frpsoh{ vxuyh|v zklfk frqwdlq plvvlqj

ydoxhv1 Wr gudz uholdeoh frqfoxvlrqv iurp wkhvh vxuyh|v/ wkh plvvlqj gdwd pxvw eh

kdqgohg surshuo|1

Rqh frpprq dssurdfk wr wuhdwlqj plvvlqj gdwd iurp d vwdwlvwlfdo ylhzsrlqw lv

uhihuuhg wr dv lpsxwdwlrq1 Lpsxwdwlrq vwdqgv iru wkh uhsodfhphqw ri wkh plvvlqj

gdwd e| sodxvleoh ydoxhv1 Vfkdihu +4<<:, surylghv d frpsuhkhqvlyh ghvfulswlrq

ri wkh vwdwh0ri0wkh0duw phwkrgv wr ghdo zlwk lpsxwdwlrq lq wkh pxowlyduldwh fdvh/

zkloh hduolhu zrun fdq eh irxqg lq Olwwoh dqg Uxelq +4<;:,1 Rqfh wkh plvvlqj gdwd

duh �oohg lq/ xvxdo vwdwlvwlfdo surfhgxuhv dsso|1

Lpsxwdwlrq uholhv rq wkh edvlf dvvxpswlrq wkdw wkh plvvlqj0gdwd phfkdqlvp

lv ljqrudeoh1 Iru ljqrudelolw| wr krog/ gdwd pxvw eh plvvlqj dw udqgrp/ l1h1 wkh

suredelolw| wkdw d ydoxh lv plvvlqj pxvw qrw ghshqg rq wkh rwkhu plvvlqj gdwd1 Lw

lv lpsruwdqw wr hpskdvl}h wkdw zkhuhdv lpsxwdwlrq whfkqltxhv duh txlwh vrsklvwl0

fdwhg dqg jhqhudoo| dffhswhg/ wkh dvvxpswlrq wkdw wkh gdwd duh plvvlqj dw udqgrp

lv frqwuryhuvldo/ vlqfh lw lv fohduo| d vwurqj dvvxpswlrq dqg lw fdqqrw eh whvwhg1

Dsduw iurp qdlyh dssurdfkhv wkdw vlpso| glvfdug wkh revhuydwlrqv zlwk plvvlqj

ydoxhv/ wkhuh gr qrw dsshdu wr eh dowhuqdwlyhv wr lpsxwdwlrq li zh uhvwulfw rxu dw0

whqwlrq wr zhoo0hvwdeolvkhg phwkrgv1 Vrph qrwdeoh zrun lv irxqg lq wkh iudphzrun

ri lqwhuydo suredelolwlhv/ h1j1/ zrun e| Edonh dqg Shduo +4<<7/ 4<<:, rq sduwldoo|
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uhodwhg vxemhfwv/ dqg lq sduwlfxodu wkh uhfhqw zrun e| Krurzlw} dqg Pdqvnl +4<<;/

5333, zkr vkrz wkdw/ lq pdq| fdvhv/ plvvlqj gdwd fdq eh wuhdwhg lq d vrxqg zd|

zlwkrxw dvvxplqj ljqrudelolw|1 Wklv dssurdfk dlpv wr ghulyh erxqgv rq suredelol0

wlhv/ ru rq txdqwlwlhv wkdw ghshqg rq wkhp/ zlwkrxw dvvxplqj dq|wklqj derxw wkh

sdwwhuq ri plvvlqj gdwd1 Wklv lv dq rssrvlwh srlqw ri ylhz wr lpsxwdwlrq= wkh ds0

surdfk grhv qrw wu| wr uhgxfh wkh plvvlqj gdwd wr wkh frpsohwh0gdwd fdvh/ udwkhu/

lw vhdufkhv iru doo wkh srvvleoh frqvhtxhqfhv ri wkh plvvlqj gdwd1 Rq rqh kdqg/ wklv

vhhpv wr eh d edvlv iru dfklhylqj frqvhqvxv dprqj uhvhdufkhuv zlwk gl�huhqw ylhzv>

rq wkh rwkhu kdqg/ ixuwkhu dvvxpswlrqv/ olnh wkh cplvvlqj frpsohwho| dw udqgrp*

dvvxpswlrq +d vwurqjhu dvvxpswlrq wkdq plvvlqj0dw0udqgrp,/ fdq eh lqfrusrudwhg

lqwr wkh iudphzrun +Krurzlw} dqg Pdqvnl/ 5333,1 Lq rwkhu zrugv/ wklv dssurdfk

doorzv xv wr fkrrvh wkh vwuhqjwk ri dvvxpswlrqv wkdw duh dssursuldwh iru d jlyhq

sureohp/ ru wr dvvxph qrwklqj dw doo1 Wklv lv xvhixo/ iru lqvwdqfh/ lq h{sorudwru|

gdwd dqdo|vlv/ zkhuh zh riwhq kdyh pdq| gdwd dqg srru sulru nqrzohgjh> xq0

ghu wkhvh frqglwlrqv/ lw vhhpv gl!fxow wr rewdlq uholdeoh lqirupdwlrq derxw wkh

plvvlqjqhvv phfkdqlvp1 Wkh qr0dvvxpswlrqv dssurdfk pd| dovr eh xvhixo vlqfh

lqlwldoo| lw lv ghvludeoh wr �ohw wkh +lqfrpsohwh, gdwd vshdn iru wkhpvhoyhv�> wklv

dovr vkruwhqv wkh wlph ri wkh dqdo|vlv/ zklfk fdq eh uh�qhg odwhu zkhq dq hvwlpdwh

ri wkh uhvxowv lv douhdg| dydlodeoh1

Wklv sdshu sursrvhv d wuhdwphqw ri plvvlqj gdwd zklfk lv pxfk lq wkh vslulw ri

Krurzlw} dqg Pdqvnl/ zlwk wzr pdlq gl�huhqfhv1 Iluvwo|/ Krurzlw} dqg Pdqvnl

zrun sulpdulo| dw wkh srsxodwlrq ohyho1 Wkh| wdfnoh lqihuhqfh dv d vhfrqgdu| pdw0

whu/ zlwkrxw glvfxvvlqj lq ghswk wkh sureohp ri frpsxwlqj hvwlpdwhv1 Lq frqwudvw/

wklv sdshu irfxvhv dwwhqwlrq rq wkh frpsxwdwlrq ri ghvfulswlyh txdqwlwlhv1 Hvwlpd0

wlrq lv wdfnohg dw d vhfrqgdu| ohyho lq wklv sdshu wrr/ e| surylglqj dq lqihuhqwldo

phwkrg wkdw sduwldoo| h{whqgv wkh ghvfulswlyh ghyhorsphqw1 Vhfrqgo|/ Krurzlw}

dqg Pdqvnl lpsrvh vrph uhvwulfwlrqv rq wkh sdwwhuq ri plvvlqj gdwd1 Iru lq0

vwdqfh/ lq Krurzlw} dqg Pdqvnl +5333,/ wkh ydoxhv ri gl�huhqw fryduldwhv lq dq

6



revhuydwlrq fdq rqo| eh hlwkhu doo xqnqrzq ru doo nqrzq1 Wklv doorzv xv wr rewdlq

vlpsoh h{suhvvlrqv iru wkh erxqgv dvvrfldwhg zlwk plvvlqj gdwd lq vshfldo fdvhv/

exw wkh dqdo|vlv lv qrw jhqhudo1 Wklv sdshu/ lq frqwudvw/ sodfhv qr uhvwulfwlrqv rq

wkh sdwwhuq ri plvvlqj gdwd/ dqg lw rewdlqv jhqhudo uhvxowv derxw frpsxwdwlrq1

Ohw xv lqwurgxfh wkh wrslf zlwk dq h{dpsoh1 Vxssrvh wkdw wkh glvwulexwlrq

ri f/ gh�qhg ryhu lf ' i�c 2c �j/ lv rewdlqhg iurp gdwd1 Wkdw lv/ wkh glv0

wulexwlrq lv wkh iroorzlqj yhfwru ri hpslulfdo suredelolwlhv +ru suredelolwlhv/ iru

vkruw,= d� df ' �o c � df ' 2o c � df ' �oo1 Vxssrvh wkdw wkh revhuyhg gdwd vhw lv

( ' k�c �c 2c �c �c �c �c �l/ zkhuh � ghqrwhv d plvvlqj ydoxh1 Li zh nqrz qrwklqj

derxw wkh plvvlqj gdwd/ dq| ydoxh lq lf fdq uhsodfh wkh �/ zklfk lv wkhq fdoohg

d frpsohwho| plvvlqj ydoxh1 Khqfh/ wkuhh frpsohwh gdwd vhwv ruljlqdwh iurp (/

(� ' k�c �c 2c �c �c �c �c �l/ (2 ' k�c �c 2c �c �c 2c �c �l dqg (� ' k�c �c 2c �c �c �c �c �l/
dqg/ fruuhvsrqglqjo|/ wkuhh glvwulexwlrqv iru f duh rewdlqhg/ �� ' dD*Hc �*Hc 2*Ho/

�2 ' de*Hc 2*Hc 2*Ho dqg �� ' de*Hc �*Hc �*Ho1 Vlqfh wkhuh lv qr uhdvrq wr suhihu

rqh ryhu dqrwkhu/ zh pxvw ghdo zlwk doo ri wkhp wrjhwkhu/ dv d vhw ri srvvleoh

glvwulexwlrqv1 Frqvlghu/ iru lqvwdqfh/ wkh frpsxwdwlrq ri � df ' �o1 Xqghu wkh

deryh frqglwlrqv/ doo zh fdq vd| lv � df ' �o � � df ' �o � � df ' �o/ zkhuh

� df ' �o dqg � df ' �o duh fdoohg orzhu dqg xsshu suredelolwlhv/ uhvshfwlyho|/

dqg duh gh�qhg e|

� df ' �o ' 4�?
�Mt�c2c��

�� df ' �o c +414,

� df ' �o ' 4@ 
�Mt�c2c��

�� df ' �o c +415,

iurp zklfk zh kdyh e*H � � df ' �o � D*H1 Wkh surfhgxuh lv vlplodu iru wkh rwkhu

txdqwlwlhv1

Wklv fdxwlrxv dssurdfk lv dsshdolqj ehfdxvh lw grhv qrw uhtxluh dq| dvvxps0

wlrq1 Dw �uvw vljkw/ wklv ehqh�w pd| vhhp wr eh ryhuvkdgrzhg e| wkh kxjh qxpehu

ri glvwulexwlrqv wkdw kdyh wr eh ghdow zlwk/ ruljlqdwlqj iurp wkh lqfrpsohwh gdwd

vhw1 Li ( frqwdlqv 2 frpsohwho| plvvlqj ydoxhv/ �2 frpsohwh gdwd vhwv dulvh1 Lq
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jhqhudo/ li wkhuh duh 6 frpsohwho| plvvlqj ydoxhv/ wkh qxpehu ri srvvleoh glvwulex0

wlrqv lv erxqghg e| mlfm61 Krzhyhu/ dv vkrzq lq wklv sdshu/ vxfk dq h{srqhqwldo

jurzwk lv qrw fkdudfwhulvwlf ri wkh sureohp1 Wkh vhw ri srvvleoh glvwulexwlrqv fdq

eh v|qwkhvl}hg e| phdqv ri dq h{dfw olqhdu irupxodwlrq/ zkrvh vl}h jurzv olqhduo|

zlwk wkh qxpehu ri revhuydwlrqv iru d �{hg vdpsoh vsdfh1 Wkh olqhdu ghvfulswlrq

dqg wkh uhodwhg rswlpl}dwlrq sureohpv duh wkh fruh ri wkh sdshu1 Wkh lghdv rq

zklfk wkhvh uhvxowv duh edvhg frph iurp wkh �hog ri lpsuhflvh suredelolwlhv1

Lpsuhflvh suredelolwlhv jhqhudol}h suredelolw| wkhru| e| uhod{lqj wkh dvvxps0

wlrq ri suhflvlrq1 Wkh uhtxluhphqw wkdw suredelolw| ydoxhv eh suhflvh/ dqg wkhuhiruh

wkdw wkhuh h{lvwv d vlqjoh suredelolw| glvwulexwlrq/ lv rqh ri wkh prvw frqwuryhuvldo

dvshfwv ri suredelolw| wkhru|1 Lq lpsuhflvh suredelolw| wkhru|/ xqfhuwdlqw| lv prg0

hoohg e| d vhw ri suredelolw| glvwulexwlrqv fdoohg d fuhgdo vhw +Ohyl/ 4<;3,1 Fuhgdo

vhwv kdyh juhdw h{suhvvlyh srzhu dv wkh| fdq uhsuhvhqw d qxpehu ri rwkhu prg0

hov iru xqfhuwdlqw| +h1j1/ lq lqfuhdvlqj rughu ri jhqhudolw|= srvvlelolw| phdvxuhv/

eholhi ixqfwlrqv/ Fkrtxhw fdsdflwlhv/ frkhuhqw orzhu suredelolwlhv/ frkhuhqw orzhu

suhylvlrqv,/ zkloh surylglqj d xqli|lqj ylhz1

Lq wklv sdshu zh edvlfdoo| zrun zlwk fuhgdo vhwv dw wkh ohyho ri eholhi ixqfwlrqv

+Vkdihu/ 4<:9,1 Lq idfw/ dq lqfrpsohwh revhuydwlrq fdq eh vhhq dv d vhw0ydoxhg

revhuydwlrq/ l1h1 dv wkh vhw ri doo frpsohwh revhuydwlrqv wkdw duh frqvlvwhqw zlwk wkh

lqfrpsohwh revhuydwlrq +wklv lv glvfxvvhg lq Vhfwlrq 514,1 Zdooh| dqg Ilqh +4<:</

ss1 679�67:, kdyh vkrzq wkdw vhw0ydoxhg revhuydwlrqv surgxfh eholhi ixqfwlrqv1

Wklv ylhz lv forvho| uhodwhg wr wkh pxowlydoxhg pdsslqjv ri Ghpsvwhu +4<9:,/ dqg lv

zhoo nqrzq lq wkh �hog ri eholhi ixqfwlrqv +Fkdwhdxqhxi dqg Md�ud|/ 4<;<> Md�ud|/

4<<5/ Vhfwlrq LLL1D,1 Qhyhuwkhohvv/ wr wkh dxwkru*v nqrzohgjh/ wkh hpskdvlv lq wkh

wkhru| ri eholhi ixqfwlrqv lv pruh rq nqrzohgjh uhsuhvhqwdwlrq +Gxerlv hw do1/ 4<<9,

wkdq rq d iuhtxhqwlvw lqwhusuhwdwlrq1 Wkh vwdwlvwlfdo wuhdwphqw ri plvvlqj gdwd grhv

qrw dsshdu wr kdyh ehqh�whg |hw iurp eholhi ixqfwlrq prghov/ dqg wkh olwhudwxuh

grhv qrw vhhp wr surylgh d fohdu olqn zlwk plvvlqj gdwd lq d vwdwlvwlfdo vhqvh1
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Wklv vhhpv wr eh wuxh dovr iru wkh olwhudwxuh rq udqgrp vhwv +Profkdqry/ 4<<:>

Vwr|dq/ 4<<;, dqg rq ydjxh ru ix}}| gdwd +Nuxvh dqg Ph|hu/ 4<;:,/ dowkrxjk vrph

frqfhswv h{suhvvhg wkhuh duh txlwh forvh wr wkh vwdwlvwlfdo sureohp ri lqfrpsohwh

gdwd/ h1j1/ wkh lpsuhflvh revhuydwlrqv lq Jrrgpdq hw do1 +4<<:/ Vhfwlrq :1414,1

Wklv sdshu dlpv wr xvh fuhgdo vhwv lq wuhdwlqj plvvlqj gdwd/ e| vkrzlqj wkdw

wkh| doorz d yhu| jhqhudo irupxodwlrq wr eh uhdol}hg exw vwloo shuplw h{dfw dqg

h!flhqw frpsxwdwlrq1 Lq wkh iroorzlqj/ zh dgrsw dq rswlpl}dwlrq0edvhg ylhz wkdw

ghvfulehv wkh sureohp lq d qdwxudo zd|1 +Iru wkdw uhdvrq/ zh prvwo| vshdn lq

whupv ri fuhgdo vhwv udwkhu wkdq lq whupv ri eholhi ixqfwlrqv1, Zh duh lqwhuhvwhg lq

wkh iroorzlqj rswlpl}dwlrq sureohpv/

4�?
�M�

} E� � c +416,

4@ 
�M�

} E� � c +417,

zkhuh wkh fuhgdo vhw S lv qrz uhjdughg dv wkh grpdlq ri wkh ixqfwlrq } +l1h1 wkh

ihdvleoh vhw ri wkh sureohp,/ zklfk lv dovr uhihuuhg wr dv remhfwlyh ixqfwlrq= } lv

hlwkhu d olqhdu ixqfwlrq ru d udwlr ri olqhdu ixqfwlrqv +l1h1 d iudfwlrqdo olqhdu ixqf0

wlrq, wkdw ghvfulehv krz wkh txdqwlw| ri lqwhuhvw lv frpsxwhg iurp wkh glvwulexwlrq

� 1 Wklv lv txlwh d jhqhudo ylhz ri wkh srvvleoh frpsxwdwlrqv zlwk fuhgdo vhwv1 Iru

lqvwdqfh/ xqfrqglwlrqdo suredelolwlhv +dqg/ pruh jhqhudoo|/ h{shfwdwlrqv ri uhdo0

ydoxhg ixqfwlrqv xqghu � , duh olqhdu ixqfwlrqv ri � > lq wklv fdvh wkh vroxwlrqv ri

+416, dqg +417, duh orzhu dqg xsshu suredelolwlhv1 Iudfwlrqdo olqhdu ixqfwlrqv ri �

fdq eh xvhg wr uhsuhvhqw suredelolwlhv +dqg h{shfwdwlrqv, frqglwlrqdo rq d jlyhq

hyhqw1

Wkh sdshu wdfnohv sureohpv +416, dqg +417, dv iroorzv1 Vhfwlrq 514 frqvlghuv d

jhqhulf pxowlyduldwh vhw ri gdwd ri � xqlwv zklfk pd| kdyh plvvlqj ydoxhv iru vrph

ru doo yduldeohv lq hdfk xqlw1 Wkh lqfrpsohwh gdwd vhw lv uhjdughg dv d froohfwlrq

ri frpsohwh gdwd vhwv1 Hdfk ri wkhp jlyhv ulvh wr d mrlqw glvwulexwlrq/ vr wkdw zh

rewdlq d �qlwh vhw ri glvwulexwlrqv zklfk zh fdoo hS1 Vhfwlrq 515 vkrzv krz wkh

frqyh{ kxoo ri hS/ ghqrwhg e|S/ fdq eh ghvfulehg h�hfwlyho| e| d olqhdu irupxodwlrq1
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Lw lv zhoo nqrzq wkdw wkh rswlpdo vroxwlrqv ri +416, dqg +417, duh htxdo wr wkrvh

rewdlqhg zkhq } lv gh�qhg ryhu wkh ihdvleoh vhw hS +vhh Zdooh|/ 4<<4,1 Wkxv/ wkh

olqhdu ghvfulswlrq ri S doorzv wkh vrxjkw rswlpd wr eh h!flhqwo| frpsxwhg e|

olqhdu surjudpplqj +Vhfwlrq 515,1 Vhfwlrq 6 lqyhvwljdwhv h!flhqf| lq pruh ghwdlo

e| ghyhorslqj idvw vshfldol}hg surfhgxuhv iru wkh deryh w|shv ri ixqfwlrq }1

Ilqdoo|/ Vhfwlrq 7 uhjdugv wkh lqfrpsohwh gdwd vhw dv d vdpsoh iurp d pxowlqr0

pldo glvwulexwlrq1 Zh vkrz wkdw Zdooh|*v lpsuhflvh Glulfkohw prgho +4<<9, fdq eh

phujhg zlwk wkh suhfhglqj iudphzrun lq rughu wr surylgh srvwhulru orzhu dqg xs0

shu h{shfwdwlrqv ri wkh xqnqrzq srsxodwlrq suredelolw| ri dq hyhqw/ dqg wkdw rxu

ghvfulswlyh dqdo|vlv fdq eh h{whqghg wr vwdwlvwlfdo lqihuhqfh lq d vwudljkwiruzdug

zd|1

5 Fuhgdo wuhdwphqw ri plvvlqj ydoxhv

514 Prghoolqj lqfrpsohwh vhwv ri gdwd

Ohw xv �uvw frqvlghu fuhgdo vhwv1 Zh uhjdug d fuhgdo vhw dv wkh frqyh{ kxoo ri d

qrq0hpsw| dqg �qlwh idplo| ri glvfuhwh suredelolw| glvwulexwlrqv1 Zh uhfdoo wkdw

wkh frqyh{ kxoo lv wkh vhw ri doo frqyh{ frpelqdwlrqv ri hohphqwv lq wkh ruljlqdo vhw

+khqfh d vhw lv dozd|v lqfoxghg lq lwv frqyh{ kxoo,1 Lq jhrphwulfdo whupv/ d fuhgdo

vhw lv d sro|wrsh1

Wkhuh duh wzr htxlydohqw zd|v wr uhsuhvhqw sro|wrshv1 Wkh �uvw zd| uholhv rq

h{wuhph srlqwv1 Wkhvh duh hohphqwv ri wkh vhw wkdw fdqqrw eh h{suhvvhg dv frqyh{

frpelqdwlrqv ri rwkhu hohphqwv1 Wkh �qlwho| pdq| h{wuhph srlqwv duh wkh yhuwlfhv

ri wkh sro|wrsh1 Lq wkh fdvh ri fuhgdo vhwv zh dovr uhihu wr wkhp dv h{wuhph glvwul0

exwlrqv1 Wkh vhw ri h{wuhph srlqwv lv d v|qwkhwlf uhsuhvhqwdwlrq ri wkh sro|wrsh/

zklfk lv wkh frqyh{ kxoo ri wklv vhw1

Wkh vhfrqg zd| fkdudfwhul}hv d fuhgdo vhw e| phdqv ri olqhdu frqvwudlqwv1 Lq

idfw d sro|wrsh lv d forvhg dqg erxqghg olqhdu vhw/ e| gh�qlwlrq1 Zh fdq gh�qh
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d fuhgdo vhw e| olqhdu frqvwudlqwv lq gl�huhqw zd|v1 Iru h{dpsoh/ zh fdq uhjdug

wkh suredelolwlhv ri wkh hohphqwdu| hyhqwv dv qrq0qhjdwlyh yduldeohv/ dqg h{suhvv

wkh uhodwlrqvklsv dprqj wkhp e| olqhdu frqvwudlqwv +h1j1/ e| h{suhvvlqj wkdw d

zhljkwhg vxp ri vrph suredelolwlhv lv juhdwhu wkdq ru htxdo wr d frqvwdqw,1 Wkhvh

vkrxog lqfoxgh wkh frqvwudlqw wkdw wkh vxp ri doo vxfk yduldeohv lv 41 Pruh jhqhudoo|/

wkh suredelolwlhv ri wkh hohphqwdu| hyhqwv qhhg qrw eh h{solflwo| uhsuhvhqwhg e|

yduldeohv/ exw lw pxvw vwloo eh srvvleoh wr h{suhvv hdfk ri wkhp dv d olqhdu ixqfwlrq

ri vrph yduldeohv lq wkh olqhdu irupxodwlrq1 Wklv sdshu lv hvshfldoo| frqfhuqhg

zlwk wkh olqhdu0frqvwudlqwv ylhz ri fuhgdo vhwv dqg zlwk wkh odwwhu uhsuhvhqwdwlrq/

dv vkrzq lq Vhfwlrq 5151

Qrz zh vkrz krz dq lqfrpsohwh gdwd vhw jlyhv ulvh wr d vhw ri glvwulexwlrqv1

Ohw ( eh d gdwd vhw pdgh xs ri d vhtxhqfh ri revhuydwlrqv/ 	 _�c � � � c _� :/

� : f1 Lq d frpsohwh gdwdedvh/ hdfk xqlw lv dq lqvwdqfh ri d vhw ri & glvfuhwh

yduldeohv> wkdw lv/ wkh jhqhulf revhuydwlrq fdq eh uhsuhvhqwhg e| wkh yhfwru j '

Ef�c f2c � � � c f&� 5 lj '�&
�'�lf�

/ zkhuh lf�
lv d qrq0hpsw| dqg �qlwh vhw iru doo

� lq i�c � � � c &j1 Ohw wkh v|pero � ghqrwh d plvvlqj ydoxh> d xqlw iurp dq lqfrpsohwh

gdwdedvh lv dq dvvljqphqw ri ydoxhv wr f�cf2c � � � c f& iurp�&
�'� Elf�

^ i�j�1
Dq lqfrpsohwh gdwdedvh fdq eh wudqviruphg wr d frpsohwh gdwdedvh e| uh0

sodflqj hdfk � zlwk d ydoxh iurp wkh grpdlq ri wkh uhodwhg yduldeoh1 Zh xvh wkh

zrug frpsohwlrq erwk wr uhihu wr wklv rshudwlrq dqg dovr wr uhihu wr d sduwlfxodu

frpsohwh gdwdedvh wkdw ruljlqdwhv iurp wkh lqfrpsohwh rqh1

Li zh nqrz qrwklqj derxw wkh plvvlqj gdwd/ hdfk plvvlqj hohphqw fdq wdnh

dq| ydoxh iurp wkh grpdlq ri wkh uhodwhg yduldeoh1 Wkhvh duh fdoohg frpsohwho|

plvvlqj ydoxhv1 Vxssrvh wkdw wkhuh duh uhvshfwlyho| ?�c ?2c � � � c ?& frpsohwho|

plvvlqj ydoxhv iru wkh yduldeohv f�c f2c � � � c f& lq (1 Wkh qxpehu ri frpsohwlrqv

lv
T&

�'� mlf�
m?� 1 Wklv lv dovr dq xsshu erxqg iru wkh qxpehu ri gl�huhqw mrlqw

glvwulexwlrqv � df�c f2c � � � c f&o wkdw fdq eh rewdlqhg iurp wkh frpsohwlrqv ri (

+dovr uhihuuhg wr dv glvwulexwlrqv frpsdwleoh zlwk ( ru ruljlqdwlqj iurp (,1

;



Lq wklv sdshu zh dovr doorz wkh gdwd wr eh sduwldoo| plvvlqj1 Wkdw lv xvhixo lq

prgholqj sulru nqrzohgjh1 Zh fdq wklqn ri wzr gl�huhqw w|shv ri sduwldoo| plvvlqj

ydoxhv1 D ydoxh lv sduwldoo| plvvlqj ri w|sh 4 zkhq wkh vhw ri lwv uhsodfhphqwv lv d

vxevhw ri wkh ydoxhv ri wkh uhodwhg yduldeoh> d sduwldoo| plvvlqj ydoxh ri w|sh 4 lv

vdlg wr eh sduwldoo| plvvlqj ri w|sh 5 li lwv vhw ri uhsodfhphqwv lv doorzhg wr ghshqg

rq wkh fkrvhq uhsodfhphqwv iru rwkhu plvvlqj ydoxhv lq wkh vdph revhuydwlrq1 Lq

wkh �uvw fdvh/ wkh sulru nqrzohgjh glvdoorzv vrph ydoxhv wr eh frqvlghuhg dv srv0

vleoh uhsodfhphqwv iru wkh plvvlqj gdwxp1 Wkh vhfrqg fdvh doorzv vrph w|shv ri

ghshqghqf| wr eh prghohg +h1j1/ dv zkhq wzr plvvlqj ydoxhv lq wkh vdph revhu0

ydwlrq pxvw eh uhsodfhg e| wkh vdph ydoxh,1 Wklv sdshu fryhuv wkh wzr w|shv ri

sduwldoo| plvvlqj gdwd1

Zh xqli| wkh ylhz ri frpsohwho| dqg sduwldoo| plvvlqj ydoxhv dv iroorzv1 Zh

dvvxph wkdw wkhuh h{lvwv d pds - G ( $ 2lj vxfk wkdw - E_�� lv d qrq0hpsw|

vhw ri srvvleoh uhsodfhphqwv iru xqlw _� 5 (1 Iru h{dpsoh/ frqvlghu wkh vlpsoh

gdwdedvh jlyhq lq Wdeoh 4/ zkhuh j ' Ef�c f2� 5 i�c 2c �j�i�c 2c �j1 Vlqfh xqlw
_� lv frpsohwh/ - E_�� lv wkh revhuydwlrq iE�c ��j lwvhoi> iru wkh vhfrqg xqlw/ - E_2�

lv jhqhudoo| d qrq0hpsw| vxevhw ri iE�c �� c E�c 2� c E�c ��j1 Lq wkh iroorzlqj/ wkh pds
- lv dvvxphg wr eh jlyhq wr doorz srvvleoh nqrzohgjh derxw wkh plvvlqj gdwd wr

eh h{suhvvhg1 Li wkhuh lv qr vxfk nqrzohgjh/ - vkrxog eh wdnhq dv wkh sduwlfxodu

pds rewdlqhg e| dvvxplqj wkdw hdfk � lv d frpsohwho| plvvlqj ydoxh1

--- WDEOH 4 DERXW KHUH ---

Ohw xv qrz uhihu wr wkh gdwd lq Wdeoh 4 zkhuh zh dvvxph/ iru vlpsolflw|/ wkdw

doo wkh plvvlqj ydoxhv duh frpsohwho| plvvlqj> wkh vxevhtxhqw uhvxowv dovr krog iru

wkh pruh jhqhudo fdvh ri sduwldoo| plvvlqj ydoxhv/ dv wkh| gr qrw ghshqg rq wkh

fkrvhq pds -1 Zh ghslfw wkh pds - judsklfdoo| lq Iljxuh 41 Wklv uhsuhvhqwv wkh

xqlwv ri wkh gdwdedvh ( dv qrghv lq wkh ohiwprvw froxpq dqg wkh hohphqwv ri lj dv

qrghv lq wkh uljkwprvw froxpq1 +Revhuyh wkdw ( lv vlpxowdqhrxvo| xvhg wr ghqrwh

<



d pxowlyduldwh vhtxhqfh ri revhuydwlrqv/ wkh grpdlq ri wkh pds -/ dqg wkh vhw ri

ohiwprvw qrghv lq wkh judsk1 Zh xvh wkh vdph v|pero vlqfh wkhvh duh mxvw gl�huhqw

uhsuhvhqwdwlrqv ri wkh vdph vhw ri gdwd1 D vlplodu uhpdun dssolhv wr lj1, Iru hdfk

_� 5 (/ dq duf ohdyhv wkh qrgh _� dqg hqwhuv E%�c %2� 5 lj l� E%�c %2� 5 - E_��1

Lq rwkhu zrugv/ wkh dufv ehwzhhq wkh froxpqv ghwhuplqh wkh pds -1 Exw revhuyh

wkdw wkhuh duh rwkhu dufv lq wkh judsk/ zklfk duh h{whuqdo wr wkh froxpqv1 Wklv

lv ehfdxvh zh zdqw wr uhjdug wkh ryhudoo judsk dv d  rz qhwzrun/ d zhoo0nqrzq

irupdolvp lq olqhdu rswlpl}dwlrq wkhru|1 Vhh Sdsdglplwulrx dqg Vwhljolw} +4<;5,>

Fkdwhdxqhxi dqg Md�ud| +4<;<, xvh d vlplodu  rz qhwzrun wr suryh d sursrvlwlrq

derxw Fkrtxhw fdsdflwlhv1

--- ILJXUH 4 DERXW KHUH ---

Pruh frqfuhwho|/ zh uhjdug wkh dufv dv fkdqqhov> d xqlwdu|  rz lv lqvhuwhg lqwr

wkh qhwzrun iurp hdfk qrgh lq (/ zklfk lv fdoohg d vrxufh qrgh1 Doo wkh  rz

lqvhuwhg lqwr wkh qhwzrun uhdfkhv wkh uljkwprvw qrghv +fdoohg vlqn qrghv, wkurxjk

wkh fkdqqhov/ iroorzlqj wkh duf gluhfwlrqv1 Qrwlfh wkdw wkhuh duh pdq| gl�huhqw

zd|v iru wkh ryhudoo  rz wkdw hqwhuv wkh qhwzrun wr uhdfk wkh vlqnv1 Zh xvh d

yhfwru u wr uhsuhvhqw d sduwlfxodu zd| wr vhqg wkh ryhudoo  rz iurp vrxufhv wr

vlqnv1 Wklv lv d yhfwru ri qrq0qhjdwlyh uhdo qxpehuv lqgh{hg e| wkh dufv ri wkh

judsk1 Hdfk hohphqw s E@c K� ri wkh yhfwru lv wkh dprxqw ri  rz rq d jhqhulf duf

@ $ K/ zkhuh @ dqg K fdq eh hlwkhu qrghv ru wkh v|pero c�*/ zklfk lv xvhg iru wkh

h{whuqdo dufv= zh ghqrwh e| s E�c K� wkh  rz lqwr wkh vrxufh qrgh K dqg e| s E@c ��
wkh  rz ohdylqj wkh vlqn qrgh @1 Wkh yhfwru u lv fdoohg wkh  rz lq wkh qhwzrun1 D

 rz u lv vdlg wr eh lqwhjhu li doo wkh hohphqwv ri wkh yhfwru duh lqwhjhuv/ rwkhuzlvh

lw lv vdlg wr eh d iudfwlrqdo  rz1

--- WDEOH 5 DERXW KHUH ---

Lw lv hdv| wr vhh wkdw wkhuh lv d rqh0wr0rqh fruuhvsrqghqfh ehwzhhq frpsohwlrqv

ri ( dqg lqwhjhu  rzv lq wkh qhwzrun1 D frpsohwlrq ri _�/ iru hdfk _� 5 (/ lv
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uhsuhvhqwhg e| uhgluhfwlqj lwv xqlwdu|  rz dv d zkroh wr vrph hohphqw ri - E_��1

Wkh frqyhuvh lv wulyldo wr suryh/ e| revhuylqj wkdw lqwhjhu  rzv duh yhfwruv zkrvh

hohphqwv duh lq ifc �j1 Dv dq h{dpsoh/ frqvlghu wkh frpsohwlrq jlyhq lq Wdeoh

51 Wkh revhuydwlrq _2 jhqhudwhv d xqlwdu|  rz lq wkh duf iurp qrgh _2 wr wkh

uljkw qrgh E�c 2�/ l1h1 s E_2c E�c 2�� ' �1 Wkh wklug revhuydwlrq lv uhsuhvhqwhg e| d

xqlwdu|  rz iurp qrgh _� wr wkh qrgh E�c ��/ l1h1 s E_�c E�c ��� ' �> vlploduo| iru

wkh rwkhuv1

Qrz zh vkrz wkdw wkh mrlqw glvwulexwlrq iurp d jlyhq frpsohwlrq fdq eh hdvlo|

uhfryhuhg iurp wkh uhodwhg  rz lq wkh qhwzrun1 Iru d jhqhulf qrq0hpsw| vhw ri

qrghv 7/ ohw u7 ghqrwh wkh vxeyhfwru rewdlqhg iurp u e| rqo| lqfoxglqj wkh  rzv

rq wkh dufv ohdylqj wkh qrghv lq 7 +zh xvh wkh vdph qrwdwlrq iru vlqjoh qrghv/

wrr,1 Iru h{dpsoh/ frqvlghu wkh qrgh _�> vlqfh wkhuh lv rqo| rqh duf ohdylqj lw/ s_�
lv mxvw wkh  rz rq vxfk dq duf/ l1h1 s E_�c E�c ���1 Frqvlghu wkh vhw ri qrghv lj>

ulj ghvfulehv wkh frq�jxudwlrq ri wkh  rz rq wkh dufv wkdw ohdyh wkh qrghv lq lj/

wkdw lv/ ulj ' ds EE%�c %2� c ��oE%�c%2�Mlj 1
Wkh yhfwru �

�
ulj lv mxvw wkh ghvluhg mrlqw glvwulexwlrq1 Lq idfw/ hdfk hohphqw ri

wkh yhfwru lv wkh suredelolw| ri dq hohphqwdu| hyhqw xqghu wkh fkrvhq frpsohwlrq1

Qrwlfh wkdw wkh irupdolvp ri wkh  rz qhwzrun grhv qrw gluhfwo| uhsuhvhqw wkh

mrlqw glvwulexwlrq/ wkrxjk wklv fdq eh rewdlqhg e| uhvwulfwlqj wkh dwwhqwlrq wr wkh

vxeyhfwru ulj dqg e| qrupdol}lqj lw1 Zlwk uhihuhqfh wr Wdeoh 5/ zh kdyh ulj ' d�c

�c �c fc �c fc fc 2c fo/ zkhuh zh frqvlghu wkh qrghv lqlj lq wkh vhtxhqfh/ E�c �� c E�c 2� c

� � � c E�c ��/ dqg wkhuhiruh �
�
ulj ' d�*Sc �*Sc �*Sc fc �*Sc fc fc �*�c fo1

515 Irupdo surshuwlhv ri wkh  rz prgho

Wkh h{dpsoh qhwzrun lq Iljxuh 4 fdq eh jhqhudol}hg lq d vwudljkwiruzdug zd| wr

doorz dq| vl}h � ri wkh gdwd vhw/ dq| qxpehu ri yduldeohv/ f�c f2c � � � c f&/ dv zhoo

dv dq| pds -1 Wkh suhvhqw vhfwlrq dgguhvvhv vrph irupdo surshuwlhv ri vxfk d

jhqhudo w|sh ri  rz qhwzrun1
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Ohw hS ghqrwh wkh �qlwh vhw ri mrlqw glvwulexwlrqv frpsdwleoh zlwk wkh lqfrpsohwh

gdwd vhw (/ dqg ohw hSs ghqrwh wkh vhw ri mrlqw glvwulexwlrqv surgxfhg e| wkh lqwhjhu

 rzv lq wkh qhwzrun iru (1 Wkh qh{w ohppd iroorzv gluhfwo| iurp wkh dujxphqwv

lq wkh suhfhglqj vhfwlrq1

Ohppd 514 hS ' hSs 1

Lq rughu wr ghulyh rwkhu surshuwlhv/ zh �uvwo| qrwh wkdw wkh froohfwlrq ri ihdvleoh

 rzv lq wkh qhwzrun lv d olqhdu vhw> wkdw lv/ li zh uhjdug wkh yhfwru u dv d srlqw lq

d yhfwru vsdfh/ wkh vhw ri doo vxfk srlqwv lv d sro|wrsh/ vd| [1 Vxfk d sro|wrsh fdq

eh ghvfulehg e| xvlqj olqhdu frqvwudlqwv rq wkh xqnqrzq yhfwru u +Sdsdglplwulrx

dqg Vwhljolw}/ 4<;5,1 Edvlfdoo|/ wkh olqhdu frqvwudlqwv h{suhvv wkh frqvhuydwlrq ri

wkh  rz = iru hdfk qrgh ri wkh qhwzrun/ wkh wrwdo lqfrplqj  rz pxvw eh htxdo

wr wkh wrwdo ghsduwlqj  rz1 Iru lqvwdqfh/ zlwk uhihuhqfh wr qrgh E2c 2� lq Iljxuh

4/ zh xvh wkh frqvwudlqw s E_ec E2c 2�� n s E_Sc E2c 2�� ' s EE2c 2� c ��1 Dv zhoo dv wkh
frqvhuydwlrq ri wkh  rz/ zh pxvw hqvxuh wkh qrq0qhjdwlylw| ri u hohphqwzlvh1 Pruh

irupdoo|/ wkh frqvwudlqwv duh=

[
 M-E_��

s E_�c � ' � ;_� 5 (c +514,

[
_�M(G M-E_��

s E_�c � ' s E c�� ; 5 ljc +515,

u � f� +516,

Zh gr qrw uhtxluh wkh hohphqwv ri u wr eh lqwhjhuv1 Wkhuhiruh/ wkh vhw ri ihdvleoh

 rzv pd| frqwdlq iudfwlrqdo  rzv +iru h{dpsoh/ wkh xqlwdu|  rz wkdw hqwhuv _2 lq

Iljxuh 4 lv doorzhg wr vsolw lqwr �  rzv ri vl}h �*� hdfk/ diwhu ohdylqj wkh qrgh,1

Qhyhuwkhohvv/ gxh wr d surshuw| ri  rzv lq qhwzrunv/ fdoohg wrwdo xqlprgxodulw| lq

Sdsdglplwulrx dqg Vwhljolw} +4<;5/ ss1 649�64;,/ wkh iroorzlqj ohppd krogv1

Ohppd 515 Wkh yhuwlfhv +h{wuhph srlqwv, ri wkh sro|wrsh [ duh lqwhjhu  rzv1
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Qrz zh fdq vwdwh wkh iroorzlqj wkhruhp1

Wkhruhp 516 ohw Ss dqg S uhvshfwlyho| ghqrwh wkh frqyh{ kxoov ri hSs dqg hS1
Wkhq S ' Ss '

�
�
�
ulj mu 5[�

�

Surri1 Revhuyh wkdw Ss ' S e| Ohppd 5141 Ohw xv irfxv rq wkh vhw�
�
�
ulj mu 5[�

> wklv lv wkh surmhfwlrq ri [ rqwr d vxevsdfh/ e| gh�qlwlrq ri ulj 1

Iru wklv uhdvrq lw lv d sro|wrsh dqg/ e| dovr wdnlqj Ohppd 515 lqwr dffrxqw/ lwv

h{wuhph srlqwv/ e%|
�

�
�
ulj mu 5[�

/ duh uhodwhg wr lqwhjhu yhfwruv ulj1

Qrz qrwlfh wkdw hSs � �
�
�
ulj mu 5[�

e| frqvwuxfwlrq1 E| wdnlqj wkh frqyh{

kxoo ri erwk vhwv zh kdyh Ss � �
�
�
ulj mu 5[�

/ vlqfh wkh vhw rq wkh uljkw vlgh

lv douhdg| d sro|wrsh1 Frqyhuvho|/ revhuyh wkdw e%|
�

�
�
ulj mu 5[� � hSs ehfdxvh

wkh hohphqwv ri hSs duh doo wkh glvwulexwlrqv wkdw duh rewdlqhg e| phdqv ri lqwhjhu

yhfwruv ulj 1 E| wdnlqj wkh frqyh{ kxoo ri erwk vlghv/ zh kdyh
�

�
�
ulj mu 5[� � Ss 1

E| gh�qlwlrq S lv d fuhgdo vhw/ dqg lw lv wkh ixqgdphqwdo prgho wr uhsuhvhqw

wkh xqfhuwdlqw| surgxfhg e| wkh lqfrpsohwh gdwdedvh +vhh Vhfwlrq 4,1 Wkhruhp

516 lv xvhixo ehfdxvh lw surylghv d ghvfulswlrq ri S lq whupv ri wkh olqhdu frq0

vwudlqwv +514,�+516,1 Wklv jlyhv dq dowhuqdwlyh uhsuhvhqwdwlrq/ lq dgglwlrq wr wkh

rqh jlyhq e| wkh h{wuhph glvwulexwlrqv1 Ri frxuvh/ wkh wzr uhsuhvhqwdwlrqv duh

irupdoo| htxlydohqw/ exw wkh| lpsdfw lq txlwh gl�huhqw zd|v rq wkh frpsoh{lw| ri

uhsuhvhqwdwlrq1 Lq idfw/ wkh qxpehu ri h{wuhph srlqwv ri d sro|wrsh lv jhqhudoo|

dq h{srqhqwldo ixqfwlrq ri wkh vl}h ri lwv olqhdu ghvfulswlrq lq whupv ri yduldeohv

dqg frqvwudlqwv1 Vhh Sdsdglplwulrx dqg Vwhljolw} +4<;5,1

Wklv revhuydwlrq dovr lpsolhv wkdw dojrulwkpv edvhg rq wkh frpelqdwruldo ds0

surdfk ri gluhfwo| ghdolqj zlwk wkh h{wuhph glvwulexwlrqv kdyh jhqhudoo| dq h{0

srqhqwldo zruvw0fdvh frpsxwdwlrqdo frpsoh{lw|1 Wklv lv wuxh/ iru lqvwdqfh/ iru wkh

rswlpl}dwlrq ri olqhdu ixqfwlrqv ryhu d fuhgdo vhw1 Rq wkh rwkhu kdqg/ lw lv zhoo

nqrzq wkdw wkh rswlpl}dwlrq ri olqhdu dqg iudfwlrqdo olqhdu ixqfwlrqv ryhu d sro|0
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wrsh/ olnh S/ lv d sro|qrpldo wdvn +Nkdfkldq/ 4<:<,1 Wkh olqhdu uhsuhvhqwdwlrq ri

S lv wkh phdqv wr dfklhyh vxfk d sro|qrpldo zruvw0fdvh frpsoh{lw|1

Wkh suhfhglqj uhvxowv dovr kdyh dq lpphgldwh sudfwlfdo lpsolfdwlrq1 Lq rughu

wr ghvfuleh S/ lw vx!fhv wr zulwh wkh  rz qhwzrun lq whupv ri wkh frqvwudlqwv

+514,�+516, dqg wr uhvwulfw dwwhqwlrq wr wkh hohphqwv ri ulj 1 Wkhvh duh d vxevhw

ri wkh rswlpl}dwlrq yduldeohv ri wkh sureohp1 E| xvlqj olqhdu ru iudfwlrqdo olq0

hdu ixqfwlrqv ri wkh hohphqwv ri ulj / zh fdq vroyh sureohpv +416, dqg +417, lq

d vwudljkwiruzdug zd| e| olqhdu surjudpplqj1 Zh uhfdoo wkdw iudfwlrqdo olqhdu

sureohpv fdq eh wxuqhg lqwr olqhdu sureohpv e| d uhvxow lq Fkduqhv dqg Frrshu

+4<95,/ dovr uhsruwhg lq Vfkdleoh +4<<8/ Vhfwlrq 51515,1 Lq Vhfwlrq 6 zh surylgh

idvw vshfldol}hg dojrulwkpv wkdw gr qrw uhtxluh olqhdu surjudpplqj wr rswlpl}h

wkh deryh ixqfwlrqv1

516 D uhgxfhg  rz qhwzrun

Lq wklv vhfwlrq zh lqyhvwljdwh wkh srvvlelolw| ri uhsuhvhqwlqj S e| d uhgxfhg qhwzrun

vr wkdw wkh uhodwhg olqhdu irupxodwlrq fdq eh srvvleo| h{suhvvhg e| ihzhu yduldeohv

dqg frqvwudlqwv1

--- ILJXUH 5 DERXW KHUH ---

Iljxuh 5 vkrzv d qhwzrun htxlydohqw wr wkdw lq Iljxuh 41 Wkh qhwzrun lv

rewdlqhg iurp wkdw lq Iljxuh 4 e| phdqv ri wzr vlpsol�fdwlrqv= +l, lw lv xqqhfhvvdu|

wr xvh rqh vrxufh qrgh iru hdfk _� 5 (/ dqg lw vx!fhv wr uhsuhvhqw wkh glvwlqfw

revhuydwlrqv rqo|> wzr xqlwv _�c _� 5 ( duh vdlg wr eh glvwlqfw li- E_�� 9' - E_��1 Iru

h{dpsoh/ wkh xqlwv _2 dqg _� lq Iljxuh 4 duh qrw glvwlqfw1 Wkh| fdq eh uhsuhvhqwhg

e| d vlqjoh qrgh odehohg E�c ��/ zlwk dq lqfrplqj  rz ri vl}h 51 Lq jhqhudo/ zkhq

d qrgh lq ( uhsuhvhqwv 6 qrq0glvwlqfw revhuydwlrqv/ lw ehfrphv d vrxufh ri d  rz

htxdo wr 61 +ll, Lw lv dovr xqqhfhvvdu| wr uhsuhvhqw wkh qrghv uhodwhg wr frpsohwh

revhuydwlrqv1 Iru h{dpsoh/ lq Iljxuh 4/ _� lv xqqhfhvvdu|/ ehfdxvh wkh  rz sdvvlqj
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wkurxjk lw kdv qr fkrlfh exw wr hqwhu qrgh E�c ��1 Wkh rqo| qhfhvvdu| qrghv lq (

duh wkh revhuydwlrqv _� vxfk wkdw m- E_��m : �1 Hdfk xqqhfhvvdu| vrxufh qrgh fdq

eh uhpryhg/ dqg wkh duf iurp lw wr wkh vlqn qrgh lv wxuqhg lqwr dq h{whuqdo duf/

zklfk eulqjv d �{hg dprxqw ri  rz wr wkh uljkw qrgh1

Wkh qhwzrun rewdlqhg vr idu grhv htxlydohqwo| uhsuhvhqw S/ exw lw riwhq kdv

pdq| ihzhu vrxufh qrghv ehfdxvh wkhuh duh rqo| dv pdq| qrghv dv wkhuh duh glvwlqfw

lqfrpsohwh revhuydwlrqv lq (1 Vlqfh dovr wkh uhgxfhg qhwzrun fdq eh wxuqhg lqwr

d olqhdu sureohp +dv lq Vhfwlrq 515,/ wklv sureohp kdv frqvhtxhqwo| d uhgxfhg vl}h/

ehlqj ghvfulehg e| ihzhu yduldeohv dqg frqvwudlqwv1 Lq wkh uhvw ri wkh sdshu zh gr

qrw xvh wkh uhgxfhg qhwzrun jlyhq lq wklv vhfwlrq/ vlqfh wkh iroorzlqj uhvxowv fdq

eh htxlydohqwo| ghulyhg pruh vlpso| iurp wkh ruljlqdo qhwzrun1

6 Idvw vroxwlrq dojrulwkpv

Wkh dlp ri wkh suhvhqw vhfwlrq lv wr ghyhors dojrulwkpv iru vshfldo fdvhv/ lq rughu

wr surylgh idvw surfhgxuhv wr eh xvhg dv dowhuqdwlyhv wr wkh jhqhudo dssurdfk ri

olqhdu surjudpplqj1 Zh h{suhvv wkh frpsxwdwlrqdo frpsoh{lw| ri wkh surfhgxuhv

e| wkh qrwdwlrq � E�� dv lq Judkdp hw do1 +4<;<,> jlyhq wkh uhdo0ydoxhg ixqfwlrqv

,c | G Qn $ U/ zh zulwh , E%� ' � E| E%�� li wkhuh h{lvwv d frqvwdqw M vxfk wkdw

m, E%�m � M m| E%�m iru doo %1
Erwk iru olqhdu remhfwlyh ixqfwlrqv dqg iru udwlrv ri olqhdu ixqfwlrqv uhsuhvhqwlqj

suredelolwlhv xqghu � 5 S/ frqglwlrqdo rq dq hyhqw lq lj/ wkh zruvw0fdvh frpsoh{0

lw| ri wkh h{dfw rswlpl}dwlrqv lv� E� mljm�1 Wkh rswlpxp ri wkh jhqhudo iudfwlrqdo

olqhdu remhfwlyh ixqfwlrq fdq eh dssur{lpdwhg lq wlph � E� mljm g*L}2 Eu*0�h�/
zkhuh 0 lv wkh uhtxluhg suhflvlrq +l1h1 wkh pd{lpxp devroxwh huuru,/ u lv wkh

ohqjwk ri dq lqwhuydo lqlwldoo| nqrzq wr frqwdlqlqj wkh rswlpxp Eu � 0�/ dqg g5h
ghqrwhv wkh vpdoohvw lqwhjhu juhdwhu wkdq ru htxdo wr d uhdo qxpehu 51
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614 Olqhdu remhfwlyh ixqfwlrqv

Zh fdq uhsuhvhqw suredelolwlhv dqg/ pruh jhqhudoo|/ h{shfwdwlrqv ri uhdo0ydoxhg

ixqfwlrqv xqghu � 5 S/ e| ohwwlqj wkh remhfwlyh ixqfwlrq ri sureohpv +416, dqg

+417, eh d olqhdu frpelqdwlrq ri wkh  rzv lq ulj1

Wkhruhp 614 Ohw } Eulj� '
S

 Mlj
S s / zkhuh S 5 U duh jlyhq frqvwdqwv

E 5 lj�1 Wkh rswlpd lq +416, dqg +417, duh uhvshfwlyho|
S

_�M(
4�? M-E_�� S dqgS

_�M(
4@  M-E_�� S 1

Surri1 Wkh frqvwdqw S lv uhjdughg dv d qxpehu dvvrfldwhg zlwk wkh qrgh  lq

wkh judsk1 Wulyldoo|/ gxh wr wkh vwuxfwxuh ri wkh judsk/ wkh orfdo fkrlfhv frqfhuqlqj

zkhuh wr gluhfw wkh  rz dw wkh qrghv _� 5 ( kdyh lqghshqghqw h�hfwv rq wkh

remhfwlyh ixqfwlrq1 Wkhuhiruh rswlpdo orfdo fkrlfhv ohdg wr wkh ryhudoo rswlpd ri

wkh sureohpv1

Zh fdq pdnh wkh uhvxowv ri wkh Wkhruhp 614 pruh h{solflw iru wkh sxusrvh ri

frpsxwlqj wkh orzhu dqg xsshu suredelolwlhv ri dq hyhqw1

Fruroodu| 615 Ohw � eh d jhqhulf hyhqw lq lj1 Ohw (� ' i_� 5 ( m- E_�� � �j
dqg (� ' i_� 5 ( m- E_�� _ � 9' >j1 Ohw ? E�� dqg ? E�� ghqrwh m(�m dqg

��(�

��/
uhvshfwlyho|1 Wkhq � d�o ' ? E�� *� dqg � d�o ' ? E�� *� 1

Surri1 Zh uhsuhvhqw � e| ohwwlqj S eh � iru hdfk  5� dqg S eh f rwkhuzlvh1

Ohw ? E�� ghqrwh wkh qxpehu ri rffxuuhqfhv ri � iru d jhqhulf frpsohwlrq ri (/

l1h1 wkh qxpehu ri vrxufh qrghv lq wkh judsk zklfk uhgluhfw wkhlu xqlwdu|  rzv

wr d qrgh  lq �1 Ohw ? E�� dqg ? E�� eh wkh plqlpxp dqg wkh pd{lpxp ri

? E�� rewdlqhg e| wdnlqj lqwr dffrxqw doo wkh frpsohwlrqv ri (1 E| Wkhruhp

614 zh kdyh ? E�� '
S

_�M(
4�? M-E_�� S dqg ? E�� '

S
_�M(

4@  M-E_�� S 1 Wkh

fruroodu| iroorzv e| revhuylqj wkdw zlwk wkh jlyhq frqvwdqwv/ iru dq| _� 5 (/

4�? M-E_�� S ' � l� - E_�� � � dqg/ vlploduo|/ 4@  M-E_�� S ' � l� - E_��_� 9' >1
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Ohw xv lqyhvwljdwh wkh zruvw0fdvh frpsoh{lw| ri dq dojrulwkp wkdw lpsohphqwv

Wkhruhp 6141 Wkh dojrulwkp wdnhv dv lqsxw wkh pds - dqg wkh frqvwdqwv S 

E 5 lj�/ dqg rxwsxwv wkh ghvluhg rswlpxp1 Wkh dojrulwkp lv gh�qhg ehorz/

zkhuh zh xvh wkh qrwdwlrq rsw5 i4�?c4@ j=

41 Ohw JR|�6�6 ' f> ohw � ' �1

51 Ohw ,JS@,bJR|�6�6 ' rsw M-E_��S �

61 Lqfuhdvh JR|�6�6 e| ,JS@,bJR|�6�61

71 Lqfuhdvh � e| �> li � � � wkhq jr wr vwhs 5/ hovh vwrs1

Wkh frpsoh{lw| lv ghwhuplqhg e| vwhs 5 dqg e| wkh orrs lq vwhsv 5�71 Ohw xv

frqvlghu wkh frpsxwdwlrq ri rsw M-E_��S 1 Wkh rswlpxp lv frpsxwhg e| hqxphu0

dwlqj wkh frqvwdqwv S /  5 - E_��1 Wklv wdnhv wlph � Em- E_��m�1 Zh erxqg vxfk

dq h{suhvvlrq e| � Emljm�1 Qrz frqvlghu wkdw wkh orrs lv uhshdwhg � wlphv1 Wkh

ryhudoo frpsoh{lw| lv wkxv � E� mljm�1
Wkh whup mljm ri wkh frpsoh{lw| pd| orrn sureohpdwlf iru wkh h!flhqf| ri wkh

dojrulwkp/ vlqfh lw fdq eh yhu| odujh1 Krzhyhu/ wkh frpsoh{lw| lv jrrg ehfdxvh

wkh whup mljm ruljlqdwhv iurp wkh lqsxw vl}h1 Lq idfw erwk wkh zruvw0fdvh vl}h

+qxpehu ri dufv, ri wkh qhwzrun dqg wkh qxpehu ri frqvwdqwv S ghshqg rq mljm1
Wkxv/ wkh whup mljm ruljlqdwhv iurp wkh jhqhudolw| lq wkh gh�qlwlrq ri wkh sureohp1

Exw lq sudfwlfh wkh lqsxw vl}h zloo qrw eh yhu| odujh/ ehfdxvh lw lv xqolnho| wkdw

wkh xvhu ri wkh dojrulwkp lv lqwhuhvwhg lq d sureohp wkdw fdqqrw eh gh�qhg lq d

uhdvrqdeoh wlph1 Wkh xvhu zloo jhqhudoo| gh�qh wkh lqsxw v|qwkhwlfdoo| vr wkdw/ iru

d odujh vhw lj/ vxfk d vwuxfwxuhg lqsxw fdq eh h{sorlwhg erwk wr dyrlg wkh h{solflw

frqvwuxfwlrq ri wkh pds - dqg wr frpsxwh rsw M-E_��S zlwkrxw hqxphudwlrq1

Krz wklv vkrxog eh grqh ghshqgv rq wkh vshfl�f frpsxwdwlrq uhtxluhg e|

wkh xvhu +l1h1/ rq wkh frqvwdqwv S dqg rq wkh w|sh ri plvvlqj gdwd, dqg rq wkh

uhodwhg gh�qlwlrq ri wkh lqsxw/ dqg khqfh lv qrw dgguhvvhg lq wklv sdshu1 Krzhyhu/
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surylglqj d klhudufk| ri vxefdvhv vhhpv dq lpsruwdqw lvvxh iru ixwxuh zrun1 Dq

lpsruwdqw eudqfk ri vxfk d klhudufk| lv wkh sureohp ri frpsohwho| plvvlqj gdwd1 Lq

wklv fdvh wkh lqsxw vwuxfwxuh fdq eh h{sorlwhg/ wr h{suhvv wkh frpsoh{lw| lq whupv

ri wkh qxpehu & ri yduldeohv/ wkh qxpehu ri plvvlqj ydoxhv dqg wkh fduglqdolw| ri

wkh vhwv lf�
+� ' � � � � &,1

615 Olqhdu iudfwlrqdo remhfwlyh ixqfwlrqv uhsuhvhqwlqj frq0

glwlrqdo suredelolwlhv

Wklv vhfwlrq vkrzv wkdw iru wkh sduwlfxodu ixqfwlrqv } uhsuhvhqwlqj � d� m� o/ �c�

ehlqj jhqhulf hyhqwv lq lj/ lw lv vwloo srvvleoh wr rewdlq dq h{dfw � E� mljm� rswl0
pl}dwlrq dojrulwkp1 Wkh dujxphqw wkdw zh xvh ehorz lv edvhg rq eholhi ixqfwlrqv/

ehfdxvh wkh surri iroorzv pruh hdvlo| lq wklv fdvh dv frpsduhg wr wkh fdvh ri wkh

 rz prgho1 Iluvwo|/ zh qhhg wkh iroorzlqj ohppd1

Ohppd 616 Wkh orzhu suredelolw| ixqfwlrq surgxfhg e| S lv d eholhi ixqfwlrq1

Surri1 Frqvlghu wkh ixqfwlrq6 G 2lj $ dfc �o gh�qhg dv6 E�� '
S

_� G-E_��'�
�*�

iru hdfk � � lj1 Lw lv hdv| wr vhh wkdw 6 E>� ' f dqg
S

�\lj
6 E�� ' �1 Ohw

�e, G 2lj $ dfc �o eh gh�qhg e| �e, E�� '
S

�\�6 E�� iru hdfk � � lj1 �e,

lv d eholhi ixqfwlrq e| gh�qlwlrq +Vkdihu/ 4<:9/ s1 6;,1 Revhuyh wkdw �e, E�� 'S
�\�

S
_�G-E_��'�

�*� '
S

_�G-E_��\�
�*� / zklfk lv htxdo wr � d�o/ dv gh�qhg lq

Fruroodu| 6151

Qrz zh suryh d wkhruhp/ zkhuh zh xvh wkh qrwdwlrqv lqwurgxfhg lq Vhfwlrq

6141

Wkhruhp 617 Ohw �c� eh wzr jhqhulf hyhqwv lq lj dqg ohw �S ghqrwh wkh frpsoh0

phqw ri �1 Ohw � d�o eh srvlwlyh1 Wkhq � d� m� o ' ?E�_��*E?E�_��n?E�S_���

dqg � d� m� o ' ?E� _��*E?E� _�� n ?E�S _���1
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Surri1 Iluvw/ revhuyh wkdw zh xvh dvvxpswlrq � d�o : f +zkrvh ydolglw| fdq

eh fkhfnhg e| phdqv ri Wkhruhp 614, ehfdxvh rwkhuzlvh � d� m� o zrxog qrw eh

gh�qhg iru doo wkh glvwulexwlrqv lq S1 Uhfdoo wkdw � lv d eholhi ixqfwlrq e| Ohppd

6161 Lq wklv fdvh/ lw lv zhoo nqrzq +Ghpsvwhu/ 4<9:/ Htv1 71;, wkdw � d� m� o '

� d� _�o *E� d� _�on� d�S _�o� dqg � d� m� o ' � d� _�o *E� d� _�on� d�S _�o�1

Wkh wkhruhp iroorzv e| xvlqj Fruroodu| 615 wr frpsxwh wkh suhfhglqj xsshu dqg

orzhu suredelolwlhv1

Ohw xv dsso| Wkhruhp 617 wr � df� ' � mf2 ' 2o/ zlwk uhihuhqfh wr wkh h{dp0

soh lq Wdeoh 41 Zh kdyh ?Ef� ' � _ f2 ' 2� ' m>m/ ?Ef� ' � _ f2 ' 2� '

mi_2c _�c _ec _Sjm/ ?Ef� 9' � _ f2 ' 2� ' mi_Djm dqg ?Ef� 9' � _ f2 ' 2� '

mi_ec _Dc _Sjm1 Lw iroorzv wkdw � df� ' � mf2 ' 2o ' f dqg � df� ' � mf2 ' 2o '

e*D1

616 Olqhdu iudfwlrqdo remhfwlyh ixqfwlrqv

Wklv vhfwlrq ghdov zlwk olqhdu iudfwlrqdo ixqfwlrqv/ zklfk duh pruh jhqhudo wkdq

wkrvh ghvfulehg lq Vhfwlrq 6151 Vxfk jhqhudolw| lv qhhghg/ iru h{dpsoh/ wr frpsxwh

wkh lqwhuydo ri h{shfwdwlrqv ri uhdo0ydoxhg ixqfwlrqv xqghu � 5 S/ frqglwlrqdo rq
d jlyhq hyhqw lq lj1

Wkhruhp 618 Ohw � Eulj� '
S

 Mlj
S�
 
s dqg � Eulj� '

S
 Mlj

S��
 
s / zkhuh S� c S

��
 
5

U duh jlyhq frqvwdqwv E 5 lj�1 Wkh ixqfwlrq } lv gh�qhg dv �*�1 Wkh ixqf0

wlrq � lv uhtxluhg wr eh qrq0}hur hyhu|zkhuh rq wkh grpdlq1 Frqvlghu sureohpv

+416, dqg +417,1 Ohw u eh wkh ohqjwk ri dq lqwhuydo lqlwldoo| nqrzq wr frqwdlq wkh

rswlpxp +hlwkhu wkh plqlpxp ru wkh pd{lpxp,1 Ohw 0 5 U
n/ 0 � u1 Wkh uh0

txluhg rswlpxp fdq eh frpsxwhg lq dq dssur{lpdwh zd|/ zlwk suhflvlrq 0/ lq wlph

� E� mljm g*L}2 Eu*0�h�1

Surri1 Wkh surri iroorzv iurp d zhoo0nqrzq uhvxow lq iudfwlrqdo surjudp0

plqj/ uhsruwhg lq Vfkdleoh +4<<8/ Vhfwlrq 51517,1 Wklv uhtxluhv wkdw � lv srvlwlyh
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lq wkh grpdlq> revhuyh wkdw zh fdq dozd|v pdnh lw srvlwlyh vlqfh � lv douhdg|

uhtxluhg wr kdyh frqvwdqw vljq/ e| frqwlqxlw| ri � dqg dvvxpswlrq � Eulj� 9' f/

dqg li lw zdv qhjdwlyh zh frxog pxowlso| erwk � dqg � e| ��1 Ohw xv frqvlghu

wkh sureohp rswuM[ } Eulj�/ zkhuh rsw5 i4�?c4@ j1 Gh�qh wkh qhz ixqfwlrq

� E�� 'rswi� Eulj�� �� Eulj� G u 5 [j/ � 5 U1 Wkhq � lv frqwlqxrxv dqg vwulfwo|

ghfuhdvlqj lq �/ dqg � E�� ' f l� � ' �W/ zkhuh �W lv wkh rswlpxp ydoxh ri }1 Zh

fdq dssur{lpdwh �W e| d vlpsoh elqdu| vhdufk wkdw kdoyhv wkh lqwhuydo frqwdlqlqj

wkh urrw ri � dw hdfk vwdjh1 Wkh qxpehu ri hydoxdwlrqv ri � E�� lv wkxv orjdulwk0

plf lq u*01 Hdfk hydoxdwlrq lv d olqhdu sureohp wkdw wdnhv wlph � E� mljm� e|
Wkhruhp 614> wkh ryhudoo surfhgxuh wkhq zrunv lq wlph � E� mljm g*L}2 Eu*0�h�1

Wkhruhp 618 fdq eh dssolhg e| wkh iroorzlqj surfhgxuh +vhh dovr Fr}pdq/

5333,=

41 Vhw � ' f� Frpsxwh dq lqlwldo lqwhuydo
k
}
f
c }f

l
wkdw eudfnhwv wkh rswl0

pxp ydoxh ri }/ vr u ' }f � }
f
1 Wklv fdq eh dfklhyhg e| vhwwlqj }

f
'

4�? � Eulj� *4@ � Eulj� dqg }f ' 4@ � Eulj� *4�? � Eulj�/ zkhuh wkh irxu

rswlpd duh jlyhq e| Wkhruhp 6141

51 Ohw � '
�
}
�
n }�

�
*21 Li }� � }

�
� 0 wkhq wkh surfhgxuh hqgv dqg wkh

dssur{lpdwh ydoxh ri �W lv �1

61 Frpsxwh � E�� e| phdqv ri Wkhruhp 6141

71 Lqfuhdvh � e| 41 Li � E�� : f wkhq ohw }
�
' � dqg }� ' }�3�/ rwkhuzlvh

li � E�� 	 f/ wkhq ohw }
�
' }

�3�
dqg }� ' �1 Zkhqhyhu � E�� ' f/ ohw

}
�
' }� ' �1

81 Jr wr vwhs 51
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7 Hvwlpdwlqj fkdqfhv iurp lqfrpsohwh vdpsohv

Wkh suhfhglqj vhfwlrqv kdyh vkrzq wkdw lqfrpsohwh gdwd vhwv kdyh dq lqwulqvlf

lpsuhflvlrq wkdw fdq eh surshuo| ghvfulehg e| fuhgdo vhwv1 Wkh| kdyh dovr surylghg

wrrov wr frpsxwh wkh lqwhuydov surgxfhg e| vxfk lpsuhflvlrq1

Qrz zh frqvlghu d udqgrp vdpsoh iurp d pxowlqrpldo glvwulexwlrq zlwk sd0

udphwhuv w E 5 lj�1 Zh fdq revhuyh wkh vdpsoh rqo| sduwldoo|/ dv wkh lqfrpsohwh

gdwd vhw (1 Iru d jhqhulf hyhqw � � lj/ zh ghqrwh e| w� wkh xqnqrzq fkdqfh ri

� xqghu wkh pxowlqrpldo glvwulexwlrq/ l1h1 w� '
S

 M� w 1 Zh surylgh srvwhulru

orzhu dqg xsshu hvwlpdwhv ri w� e| phujlqj wkh uhvxowv lq Vhfwlrq 614 zlwk wkh

lpsuhflvh Glulfkohw prgho +LGP, ri Zdooh| +4<<9,1

Wkh LGP prghov sulru ljqrudqfh e| d vhw ri Glulfkohw glvwulexwlrqv dqg pdnhv

srvwhulru lqihuhqfhv e| frpelqlqj wklv vhw zlwk wkh revhuyhg olnholkrrg ixqfwlrq1

Wkh LGP lv d zhoo0irxqghg prgho/ zlwk d qxpehu ri lpsruwdqw lqihuhqwldo surshu0

wlhv +iru h{dpsoh/ lqihuhqfhv duh lqghshqghqw ri wkh gh�qlwlrq ri wkh vdpsoh vsdfh,/

dqg wkdw doorzv xv wr qdwxudoo| h{whqg wkh suhfhglqj ghyhorsphqw zkloh uhpdlqlqj

lq wkh �hog ri lpsuhflvh suredelolwlhv1 Lq wkh iroorzlqj zh xvh wkh LGP lq d zd|

wkdw lv htxlydohqw wr frqvlghulqj d vdpsoh vsdfh ri wzr hyhqwv/ l1h1 � dqg �S1 Wklv

vshfldo fdvh ri wkh LGP +dqg zlwk r ' �> vhh ehorz, zdv dovr sursrvhg e| Ehuqdug

+4<<9,1

Ohw xv frqvlghu d frpsohwlrq ri (1 E| uhjduglqj wkh frpsohwlrq dv d udqgrp

vdpsoh/ zh rewdlq wkh iroorzlqj srvwhulru orzhu dqg xsshu h{shfwdwlrqv ri w� e|

dsso|lqj wkh LGP/

? E��

� n r
+714,

dqg

? E�� n r

� n r
/ +715,

zkhuh zh xvh wkh qrwdwlrq ? E�� lqwurgxfhg lq Vhfwlrq 6141 Wkh k|shusdudphwhu r
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uh hfwv wkh ohyho ri fdxwlrq ri wkh lqihuhqfhv> odujhu r jlyhv juhdwhu fdxwlrq1 Zdooh|

surylghv dujxphqwv wr fkrrvh r lq d�c 2o1

H{whqglqj wkh LGP lqihuhqfhv wr lqfrpsohwh vdpsohv lqyroyhv wdnlqj lqwr df0

frxqw wkh lpsuhflvlrq gxh wr wkh plvvlqj gdwd1 Iru wklv sxusrvh/ lw vx!fhv wr frq0

vlghu wkh plqlpxp ri +714, dqg wkh pd{lpxp ri +715,/ wdnhq ryhu doo wkh frpsoh0

wlrqv ri (1 Qrwlfh wkdw zh fdq uhsuhvhqw erwk ?E��*E�nr� dqg E? E��nr�*E�nr�

e| olqhdu ixqfwlrqv }/ lq d vlplodu zd| wr wkdw ghvfulehg lq Fruroodu| 615> vr wkdw wkh

h{dfw srvwhulru orzhu dqg xsshu h{shfwdwlrqv ri w� lqihuuhg iurp wkh lqfrpsohwh

vdpsoh duh uhvshfwlyho|

? E��

� n r
+716,

dqg

? E�� n r

� n r
� +717,

Lw lv lqwhuhvwlqj wr qrwlfh wkdw zh frxog kdyh rewdlqhg wkh vdph uhvxow zlwkrxw

h{solflwo| uhihuulqj wr wkh LGP1 Lw zrxog eh hqrxjk wr dxjphqw wkh  rz qhwzrun

iru ( zlwk d qhz vrxufh qrgh/ zlwk dq lqfrplqj  rz htxdo wr r/ dqg frqqhfwhg

wr doo wkh vlqn qrghv1 Rq wklv edvlv/ Fruroodu| 615 zrxog gluhfwo| doorz wkh ghvluhg

orzhu dqg xsshu suredelolwlhv wr eh frpsxwhg1 Lw qhhgv wr eh lqyhvwljdwhg zkhwkhu

wklv idfw krog pruh jhqhudoo|/ vr wkdw lw frxog eh h{sorlwhg wr h{whqg wkh uhvxowv

lq wklv vhfwlrq wr rwkhu lqihuhqfhv1

8 Frqfoxvlrqv

Wkh sureohp ri lqfrpsohwh gdwd lv dq lpsruwdqw rqh lq vwdwlvwlfv/ dqg lw fdqqrw eh

qhjohfwhg li rqh dlpv dw gudzlqj uholdeoh frqfoxvlrqv iurp uhdo gdwd1 Wkh sureohp

lv xvxdoo| wdfnohg e| xvlqj lpsxwdwlrq whfkqltxhv/ exw vxfk dq dssurdfk uhtxluhv

vwurqj dqg xqwhvwdeoh dvvxpswlrqv dqg lw lv riwhq frpsxwdwlrqdoo| ghpdqglqj1
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Zh eholhyh wkdw wkhvh gl!fxowlhv ruljlqdwh iurp wkh frqyhqwlrqdo ylhzsrlqw rq

plvvlqj gdwd/ edvhg rq suredelolw| wkhru|/ zklfk dozd|v prghov xqfhuwdlqw| e| d

vlqjoh glvwulexwlrq1 Exw zkhq qrwklqj lv nqrzq derxw wkh plvvlqjqhvv phfkdqlvp/

dv lv riwhq wkh fdvh/ lqfrpsohwh gdwd qdwxudoo| jlyh ulvh wr d vhw ri glvwulexwlrqv/

dv vkrzq lq wklv sdshu1 Lqvwhdg ri wu|lqj wr uhgxfh wkh vhw ri glvwulexwlrqv wr d

vlqjoh rqh/ uhfrjql}lqj wkh h{lvwhqfh ri wkh zkroh vhw lv d �uvw vwhs lq wkh gluhfwlrq

ri ghyhorslqj d pruh uhdolvwlf edvlv iru lqfrpsohwh gdwd1

Wkh lpsruwdqfh ri fkrrvlqj wkh surshu iudphzrun wr kdqgoh lqfrpsohwh gdwd lv

kljkoljkwhg lq wklv sdshu e| wkh hdvh zlwk zklfk wkh irupdo uhvxowv zhuh rewdlqhg

dqg e| wkhlu jhqhudolw|1 Pruhryhu/ wkh orz frpsxwdwlrqdo frpsoh{lw| ri wkh jlyhq

surfhgxuhv vwurqjo| vxssruwv wkh suhvhqw dssurdfk1

Wkh edvlf lghdv ri wklv sdshu vhhp jhqhudo hqrxjk wr eh h{whqghg lq vhyhudo

gluhfwlrqv1 Zh fdq lghqwli| wzr lpsruwdqw olqhv ri uhvhdufk/ zlwk wkh gl�huhqw sxu0

srvhv ri vshfldol}lqj wkh uhvxowv dqg ri jhqhudol}lqj wkhp1 Wkh �uvw fdvh lv douhdg|

ghvfulehg lq Vhfwlrq 6141 Wklv dlpv wr ghyhors vshfldol}dwlrqv ri wkh dojrulwkp/ iru

olqhdu remhfwlyh ixqfwlrqv dqg sduwlfxodu lqsxw vwuxfwxuhv1 Wkh vhfrqg uhvhdufk

gluhfwlrq dlpv wr h{whqg wkh phwkrgv ri wklv sdshu wr lqfoxgh dgglwlrqdo nqrzo0

hgjh derxw wkh plvvlqjqhvv phfkdqlvp/ zkhqhyhu lw lv dydlodeoh1 Wklv zrxog uh0

gxfh lpsuhflvlrq ehfdxvh wkh fuhgdo vhwv lqyroyhg zrxog jhqhudoo| ehfrph vpdoohu1

Krurzlw} dqg Pdqvnl +5333, suhvhqw dq h{dpsoh ri wklv w|sh e| vkrzlqj krz wr

wuhdw wkh plvvlqj0frpsohwho|0dw0udqgrp dvvxpswlrq lq wkhlu iudphzrun1 Dowhu0

qdwlyho|/ zh frxog wu| wr lqfrusrudwh nqrzohgjh wkdw wkh plvvlqjqhvv phfkdqlvp

fdxvhv ghshqghqflhv ehwzhhq gl�huhqw xqlwv +h1j1/ lq vxfk d zd| wkdw wkh uhsodfh0

phqw iru wkh plvvlqj ydoxh ri d yduldeoh pxvw eh wkh vdph dfurvv gl�huhqw xqlwv,/

dv d jhqhudol}dwlrq ri wkh ghshqghqflhv prghohg e| sduwldoo| plvvlqj ydoxhv ri w|sh

51 Lq wklv fdvh/ pruh jhqhudo qhwzrunv ri  rz wkdq wkrvh suhvhqwhg khuh pljkw eh

qhfhvvdu|1

Ixuwkhupruh/ frpelqlqj wkh lpsuhflvh Glulfkohw prgho zlwk rxu dssurdfk +Vhf0
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wlrq 7, vhhpv d surplvlqj gluhfwlrq lq zklfk wr ghyhors phwkrgv ri vwdwlvwlfdo lq0

ihuhqfh1 Wklv pljkw doorz wkh surshuwlhv ri Zdooh|*v lqihuhqwldo prgho wr eh ixoo|

h{whqghg wr wkh wuhdwphqw ri lqfrpsohwh vdpsohv1

Dfnqrzohgjhphqwv

L dp judwhixo wr Shwhu Zdooh|/ zkr surylghg ph zlwk pdq| ydoxdeoh frpphqwv dqg

zlwk uhohydqw uhihuhqfhv frqfhuqlqj eholhi ixqfwlrqv/ udqgrp vhwv dqg ydjxh gdwd1

Kh dovr khoshg wr fruuhfw p| Hqjolvk1 L dp judwhixo wr Mhdq0Pduf Ehuqdug iru

klv yhu| ghwdlohg dqg khosixo uhylhz/ dqg wr wzr dqrq|prxv uhihuhhv iru lqvljkwixo

frpphqwv1 Wkdqnv wr Oxfd Pduld Jdpedughood dqg Fduor Ohsrul iru wkhlu nlqg

dwwhqwlrq dqg vxssruw1 Wkdqnv wr Hqulfr Idjlxrol/ Lyr Nzhh dqg Idelr Vwhood iru

frpphqwv rq dq hduolhu yhuvlrq ri wkh sdshu1 Wklv zrun zdv vxssruwhg lq sduw e|

VXSVL GLH/ kwws=22zzz1vxsvl1fk/ xqghu FWL judqw & NWL 754:141

Uhihuhqfhv

Edonh/ D1/ Shduo/ M1/ 4<<71 Frxqwhuidfwxdo suredelolwlhv= frpsxwdwlrqdo phwkrgv/

erxqgv dqg dssolfdwlrqv1 Lq= Orsh} gh Pdqwdudv/ U1/ Srroh/ G1 +Hgv1,/ Surfhhg0

lqjv ri wkh Whqwk Dqqxdo Frqihuhqfh rq Xqfhuwdlqw| lq Duwl�fldo Lqwhooljhqfh1

Prujdq Ndxipdqq/ Vdq Iudqflvfr/ FD/ ss1 79�871

Edonh/ D1/ Shduo/ M1/ 4<<:1 Erxqgv rq wuhdwphqw h�hfwv iurp vwxglhv zlwk lpshuihfw

frpsoldqfh1 M1 Dphu1 Vwdwlvw1 Dvvrf1 <5/ 44:4�44:91

Ehuqdug/ M10P1/ 4<<91 Ed|hvldq lqwhusuhwdwlrq ri iuhtxhqwlvw surfhgxuhv iru d

Ehuqrxool surfhvv1 Dphu1 Vwdwlvw1 83/ :�461

Fkduqhv/ D1/ Frrshu/ Z1Z1/ 4<951 Surjudpplqj zlwk olqhdu iudfwlrqdo ixqfwlrq0

dov1 Qdydo Uhv1 Orjlvw1 Txduwhuo| </ 4;4�4;91

Fkdwhdxqhxi/ D1/ Md�ud|/ M10\1/ 4<;<1 Vrph fkdudfwhul}dwlrqv ri orzhu suredelolwlhv
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dqg rwkhu prqrwrqh fdsdflwlhv wkurxjk wkh xvh ri Pùelxv lqyhuvlrq1 Pdwk1

Vrfldo Vfl1 4:/ 596�5;61

Fr}pdq/ I1J1/ 53331 Frpsxwlqj srvwhulru xsshu h{shfwdwlrqv1 Lqwhuqdw1 M1

Dssur{1 Uhdvrq1 57/ 4<4�5381

Ghpsvwhu/ D1S1/ 4<9:1 Xsshu dqg orzhu suredelolwlhv lqgxfhg e| d pxowlsoh0ydoxhg

pdsslqj1 Dqq1 Pdwk1 Vwdw1 6;/ 658�66<1

Gxerlv/ G1/ Sudgh/ K1/ Vphwv/ S1/ 4<<91 Uhsuhvhqwlqj sduwldo ljqrudqfh1 LHHH

Wudqv1 V|vwhpv/ Pdq dqg F|ehuqhwlfv 59/ 694�6::1

Jrrgpdq/ L1U1/ Pdkohu/ S1/ Qjx|hq/ K1W1/ 4<<:1 Pdwkhpdwlfv ri Gdwd Ixvlrq1

Noxzhu/ Gruguhfkw1

Judkdp/ U1O1/ Nqxwk/ G1H1/ Sdwdvkqln/ R1/ 4<;<1 Frqfuhwh Pdwkhpdwlfv= d Irxq0

gdwlrq iru Frpsxwhu Vflhqfh1 Dgglvrq0Zhvoh|/ Uhdglqj/ PD1

Krurzlw}/ M1O1/ Pdqvnl/ F1I1/ 4<<;1 Fhqvrulqj ri rxwfrphv dqg uhjuhvvruv gxh

wr vxuyh| qrquhvsrqvh= lghqwl�fdwlrq dqg hvwlpdwlrq xvlqj zhljkwv dqg lpsxwd0

wlrqv1 M1 Hfrqrphwulfv ;7/ 6:�8;1

Krurzlw}/ M1O1/ Pdqvnl/ F1I1/ 53331 Qrqsdudphwulf dqdo|vlv ri udqgrpl}hg h{shu0

lphqwv zlwk plvvlqj fryduldwh dqg rxwfrph gdwd1 M1 Dphu1 Vwdwlvw1 Dvvrf1/ wr

dsshdu1

Md�ud|/ M10\1/ 4<<51 Ed|hvldq xsgdwlqj dqg eholhi ixqfwlrqv1 LHHH Wudqv1 V|v0

whpv/ Pdq dqg F|ehuqhwlfv 55/ 4477�44851

Nkdfkldq/ O1J1/ 4<:<1 D sro|qrpldo dojrulwkp iru olqhdu surjudpplqj1 Grnodg|

Dndg1 Qdxn1 XVVU 577/ 43<6�43<91 Wudqvodwhg lq Vrylhw Pdwk1 Grnodg| 53/

4<4�4<71

Nuxvh/ U1/ Ph|hu/ N1G1/ 4<;:1 Vwdwlvwlfv zlwk Ydjxh Gdwd1 Uhlgho/ Gruguhfkw1

Ohyl/ L1/ 4<;31 Wkh Hqwhusulvh ri Nqrzohgjh1 PLW Suhvv/ Orqgrq1

Olwwoh/ U1M1D1/ Uxelq/ G1E1/ 4<;:1 Vwdwlvwlfdo Dqdo|vlv zlwk Plvvlqj Gdwd1 Zloh|/

Qhz \run1

Profkdqry/ L1/ 4<<:1 Vwdwlvwlfdo sureohpv iru udqgrp vhwv1 Lq= Jrxwvldv/ M1/
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Pdkohu/ U1S1V1/ Qjx|hq/ K1W1 +Hgv1,/ Udqgrp Vhwv= Wkhru| dqg Dssolfdwlrqv1

Vsulqjhu0Yhuodj/ Qhz \run/ ss1 5:�781

Sdsdglplwulrx/ K1/ Vwhljolw}/ N1/ 4<;51 Frpelqdwruldo Rswlpl}dwlrq= Dojrulwkpv

dqg Frpsoh{lw|1 Suhqwlfh Kdoo/ Qhz \run1

Vfkdihu/ M1O1/ 4<<:1 Dqdo|vlv ri Lqfrpsohwh Pxowlyduldwh Gdwd1 Fkdspdq dqg Kdoo/

Orqgrq1

Vfkdleoh/ V1/ 4<<81 Iudfwlrqdo surjudpplqj1 Lq= Kruvw/ U1/ Sdugdorv/ S1P1 +Hgv1,/

Kdqgerrn ri Joredo Rswlpl}dwlrq1 Noxzhu/ Gruguhfkw/ ss1 7<8�93;1

Vkdihu/ J1/ 4<:91 D Pdwkhpdwlfdo Wkhru| ri Hylghqfh1 Sulqfhwrq Xqlyhuvlw| Suhvv/

Sulqfhwrq1

Vwr|dq/ G1/ 4<<;1 Udqgrp vhwv= prghov dqg vwdwlvwlfv1 Lqwhuqdw1 Vwdwlvw1 Uhylhz

99/ 4�5:1

Zdooh|/ S1/ 4<<41 Vwdwlvwlfdo Uhdvrqlqj zlwk Lpsuhflvh Suredelolwlhv1 Fkdspdq dqg

Kdoo/ Qhz \run1

Zdooh|/ S1/ 4<<91 Lqihuhqfhv iurp pxowlqrpldo gdwd= ohduqlqj derxw d edj ri

pdueohv1 M1 Ur|1 Vwdwlvw1 Vrf1 Vhu1 E 8;/ 6�8:1

Zdooh|/ S1/ Ilqh/ W1O1/ 4<:<1 Ydulhwlhv ri prgdo +fodvvl�fdwru|, dqg frpsdudwlyh

suredelolw|1 V|qwkhvh 74/ 654�6:71
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Wdeoh 4= D vlpsoh h{dpsoh ri dq lqfrpsohwh gdwd vhw1

Revhuydwlrq f� f2

_� � �

_2 � �
_� � �
_e � 2

_D � 2

_S � �
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Wdeoh 5= D frpsohwlrq ri wkh gdwd vhw lq Wdeoh 41

Revhuydwlrq f� f2
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_2 � 2
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_e 2 2

_D � 2

_S � 2
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d1

d2

d3

d5

d6

(1,1)

(1,2)

(1,3)

(2,1)

(2,2)

(2,3)

(3,1)

(3,2)

(3,3)

d4

X
D

1

1

1

1

1

1

Iljxuh 4= Wkh  rz qhwzrun iru wkh h{dpsoh ri Wdeoh 4/ zkhuh wkh plvvlqj gdwd

duh uhjdughg dv frpsohwho| plvvlqj1
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(1,*)

(*,*)

(1,1)

(1,2)

(1,3)

(2,1)

(2,2)

(2,3)

(3,1)

(3,2)

(3,3)

(*,2)

1

1

1

2

1

Iljxuh 5= Wkh uhgxfhg  rz qhwzrun iru wkh h{dpsoh ri Wdeoh 41
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