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Abstract

This paper proposes an exact, no-assumptions approach to dealing with
incomplete sets of multivariate categorical data. An incomplete data set
is regarded as a finite collection of complete data sets, and a joint distri-
bution is obtained from each of them, at a descriptive level. The tools to
simultaneously treat all the possible joint distributions compatible with an
incomplete set of data are given. In particular, a linear description of the
set of distributions is formulated, and it is shown that the computation of
bounds on the expectation of real-valued functions under such distributions
is both possible and efficient, by means of linear programming. Specific algo-
rithms are also developed whose complexity grows linearly in the number of
observations. An analysis is then carried out to estimate population proba-
bilities from incomplete multinomial samples. The descriptive tool extends
in a straightforward way to the inferential problem by exploiting Walley’s

imprecise Dirichlet model.
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1 Introduction

This paper is largely motivated by the problem of learning discrete probability
distributions from a database with missing data. Incomplete data are a major
topic in statistical research and a pervasive problem of statistical practice. For
example, many studies rely on large and complex surveys which contain missing
values. To draw reliable conclusions from these surveys, the missing data must be
handled properly.

One common approach to treating missing data from a statistical viewpoint is
referred to as imputation. Imputation stands for the replacement of the missing
data by plausible values. Schafer (1997) provides a comprehensive description
of the state-of-the-art methods to deal with imputation in the multivariate case,
while earlier work can be found in Little and Rubin (1987). Once the missing data
are filled in, usual statistical procedures apply.

Imputation relies on the basic assumption that the missing-data mechanism
is 1gnorable. For ignorability to hold, data must be missing at random, i.e. the
probability that a value is missing must not depend on the other missing data. It
is important to emphasize that whereas imputation techniques are quite sophisti-
cated and generally accepted, the assumption that the data are missing at random
is controversial, since it is clearly a strong assumption and it cannot be tested.

Apart from naive approaches that simply discard the observations with missing
values, there do not appear to be alternatives to imputation if we restrict our at-
tention to well-established methods. Some notable work is found in the framework

of interval probabilities, e.g., work by Balke and Pearl (1994, 1997) on partially



related subjects, and in particular the recent work by Horowitz and Manski (1998,
2000) who show that, in many cases, missing data can be treated in a sound way
without assuming ignorability. This approach aims to derive bounds on probabili-
ties, or on quantities that depend on them, without assuming anything about the
pattern of missing data. This is an opposite point of view to imputation: the ap-
proach does not try to reduce the missing data to the complete-data case, rather,
it searches for all the possible consequences of the missing data. On one hand, this
seems to be a basis for achieving consensus among researchers with different views;
on the other hand, further assumptions, like the ‘missing completely at random’
assumption (a stronger assumption than missing-at-random), can be incorporated
into the framework (Horowitz and Manski, 2000). In other words, this approach
allows us to choose the strength of assumptions that are appropriate for a given
problem, or to assume nothing at all. This is useful, for instance, in exploratory
data analysis, where we often have many data and poor prior knowledge; un-
der these conditions, it seems difficult to obtain reliable information about the
missingness mechanism. The no-assumptions approach may also be useful since
initially it is desirable to “let the (incomplete) data speak for themselves”; this
also shortens the time of the analysis, which can be refined later when an estimate
of the results is already available.

This paper proposes a treatment of missing data which is much in the spirit of
Horowitz and Manski, with two main differences. Firstly, Horowitz and Manski
work primarily at the population level. They tackle inference as a secondary mat-
ter, without discussing in depth the problem of computing estimates. In contrast,
this paper focuses attention on the computation of descriptive quantities. Estima-
tion is tackled at a secondary level in this paper too, by providing an inferential
method that partially extends the descriptive development. Secondly, Horowitz
and Manski impose some restrictions on the pattern of missing data. For in-

stance, in Horowitz and Manski (2000), the values of different covariates in an



observation can only be either all unknown or all known. This allows us to obtain
simple expressions for the bounds associated with missing data in special cases,
but the analysis is not general. This paper, in contrast, places no restrictions on
the pattern of missing data, and it obtains general results about computation.

Let us introduce the topic with an example. Suppose that the distribution
of X, defined over Qx = {1,2,3}, is obtained from data. That is, the dis-
tribution is the following vector of empirical probabilities (or probabilities, for
short): [P[X =1],P[X =2],P[X = 3]]. Suppose that the observed data set is
D = (1,1,2,3,3,%,1,1), where % denotes a missing value. If we know nothing
about the missing data, any value in 2x can replace the %, which is then called
a completely missing value. Hence, three complete data sets originate from D,
Dy = (1,1,2,3,3,1,1,1), Dy = (1,1,2,3,3,2,1,1) and D; = (1,1,2,3,3,3,1,1),
and, correspondingly, three distributions for X are obtained, P, = [5/8,1/8,2/8],
P, = [4/8,2/8,2/8] and Py = [4/8,1/8,3/8]. Since there is no reason to prefer
one over another, we must deal with all of them together, as a set of possible
distributions. Consider, for instance, the computation of P [X = 1]. Under the
above conditions, all we can say is P[X =1] < P[X =1] < P[X = 1], where
P[X =1] and P[X = 1] are called lower and upper probabilities, respectively,
and are defined by

PlX =1 = min B[X=1] (1.1)
X=1 = max B[X=1 1.2
X =1] = max RIX=1], (1.2)

from which we have 4/8 < P [X = 1] < 5/8. The procedure is similar for the other
quantities.

This cautious approach is appealing because it does not require any assump-
tion. At first sight, this benefit may seem to be overshadowed by the huge number
of distributions that have to be dealt with, originating from the incomplete data

set. If D contains 2 completely missing values, 3% complete data sets arise. In



general, if there are m completely missing values, the number of possible distribu-
tions is bounded by |Q2x|™. However, as shown in this paper, such an exponential
growth is not characteristic of the problem. The set of possible distributions can
be synthesized by means of an exact linear formulation, whose size grows linearly
with the number of observations for a fixed sample space. The linear description
and the related optimization problems are the core of the paper. The ideas on
which these results are based come from the field of imprecise probabilities.

Imprecise probabilities generalize probability theory by relaxing the assump-
tion of precision. The requirement that probability values be precise, and therefore
that there exists a single probability distribution, is one of the most controversial
aspects of probability theory. In imprecise probability theory, uncertainty is mod-
elled by a set of probability distributions called a credal set (Levi, 1980). Credal
sets have great expressive power as they can represent a number of other mod-
els for uncertainty (e.g., in increasing order of generality: possibility measures,
belief functions, Choquet capacities, coherent lower probabilities, coherent lower
previsions), while providing a unifying view.

In this paper we basically work with credal sets at the level of belief functions
(Shafer, 1976). In fact, an incomplete observation can be seen as a set-valued
observation, i.e. as the set of all complete observations that are consistent with the
incomplete observation (this is discussed in Section 2.1). Walley and Fine (1979,
pp. 346-347) have shown that set-valued observations produce belief functions.
This view is closely related to the multivalued mappings of Dempster (1967), and is
well known in the field of belief functions (Chateauneuf and Jaffray, 1989; Jaffray,
1992, Section IT1.A). Nevertheless, to the author’s knowledge, the emphasis in the
theory of belief functions is more on knowledge representation (Dubois et al., 1996)
than on a frequentist interpretation. The statistical treatment of missing data does
not appear to have benefited yet from belief function models, and the literature

does not seem to provide a clear link with missing data in a statistical sense.



This seems to be true also for the literature on random sets (Molchanov, 1997;
Stoyan, 1998) and on vague or fuzzy data (Kruse and Meyer, 1987), although some
concepts expressed there are quite close to the statistical problem of incomplete
data, e.g., the imprecise observations in Goodman et al. (1997, Section 7.1.1).
This paper aims to use credal sets in treating missing data, by showing that
they allow a very general formulation to be realized but still permit exact and
efficient computation. In the following, we adopt an optimization-based view that
describes the problem in a natural way. (For that reason, we mostly speak in
terms of credal sets rather than in terms of belief functions.) We are interested in

the following optimization problems,

min g (P), (1.3)
max g (P), (1.4)

where the credal set P is now regarded as the domain of the function g (i.e. the
feasible set of the problem), which is also referred to as objective function: g is
either a linear function or a ratio of linear functions (i.e. a fractional linear func-
tion) that describes how the quantity of interest is computed from the distribution
P. This is quite a general view of the possible computations with credal sets. For
instance, unconditional probabilities (and, more generally, expectations of real-
valued functions under P) are linear functions of P; in this case the solutions of
(1.3) and (1.4) are lower and upper probabilities. Fractional linear functions of P
can be used to represent probabilities (and expectations) conditional on a given
event.

The paper tackles problems (1.3) and (1.4) as follows. Section 2.1 considers a
generic multivariate set of data of /N units which may have missing values for some
or all variables in each unit. The incomplete data set is regarded as a collection
of complete data sets. Each of them gives rise to a joint distribution, so that we
obtain a finite set of distributions which we call P. Section 2.2 shows how the

convex hull of 75, denoted by P, can be described effectively by a linear formulation.
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It is well known that the optimal solutions of (1.3) and (1.4) are equal to those
obtained when g is defined over the feasible set P (see Walley, 1991). Thus, the
linear description of P allows the sought optima to be efficiently computed by
linear programming (Section 2.2). Section 3 investigates efficiency in more detail
by developing fast specialized procedures for the above types of function g.
Finally, Section 4 regards the incomplete data set as a sample from a multino-
mial distribution. We show that Walley’s imprecise Dirichlet model (1996) can be
merged with the preceding framework in order to provide posterior lower and up-
per expectations of the unknown population probability of an event, and that our
descriptive analysis can be extended to statistical inference in a straightforward

way.

2 Credal treatment of missing values

2.1 Modelling incomplete sets of data

Let us first consider credal sets. We regard a credal set as the convex hull of a
non-empty and finite family of discrete probability distributions. We recall that
the convex hull is the set of all convex combinations of elements in the original set
(hence a set is always included in its convex hull). In geometrical terms, a credal
set is a polytope.

There are two equivalent ways to represent polytopes. The first way relies on
extreme points. These are elements of the set that cannot be expressed as convex
combinations of other elements. The finitely many extreme points are the vertices
of the polytope. In the case of credal sets we also refer to them as extreme distri-
butions. The set of extreme points is a synthetic representation of the polytope,
which is the convex hull of this set.

The second way characterizes a credal set by means of linear constraints. In

fact a polytope is a closed and bounded linear set, by definition. We can define
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a credal set by linear constraints in different ways. For example, we can regard
the probabilities of the elementary events as non-negative variables, and express
the relationships among them by linear constraints (e.g., by expressing that a
weighted sum of some probabilities is greater than or equal to a constant). These
should include the constraint that the sum of all such variables is 1. More generally,
the probabilities of the elementary events need not be explicitly represented by
variables, but it must still be possible to express each of them as a linear function
of some variables in the linear formulation. This paper is especially concerned
with the linear-constraints view of credal sets and with the latter representation,
as shown in Section 2.2.

Now we show how an incomplete data set gives rise to a set of distributions.
Let D be a data set made up of a sequence of observations, < dy,...,dy >,
N > 0. In a complete database, each unit is an instance of a set of k discrete
variables; that is, the generic observation can be represented by the vector X =
(X1, Xo, ..., X) € Qx =X%_ Qx,, where Q, is a non-empty and finite set for all
iin {1,...,k}. Let the symbol * denote a missing value; a unit from an incomplete
database is an assignment of values to X1, Xs, ..., X}, from X% | (Qy, U {*}).

An incomplete database can be transformed to a complete database by re-
placing each * with a value from the domain of the related variable. We use the
word completion both to refer to this operation and also to refer to a particular
complete database that originates from the incomplete one.

If we know nothing about the missing data, each missing element can take
any value from the domain of the related variable. These are called completely
missing values.  Suppose that there are respectively nq,ns,... ,ng completely
missing values for the variables X, Xs,... , Xy in D. The number of completions
is Hle |2x,|"". This is also an upper bound for the number of different joint
distributions P [X;, Xo, ... , Xi] that can be obtained from the completions of D

(also referred to as distributions compatible with D or originating from D).



In this paper we also allow the data to be partially missing. That is useful in
modeling prior knowledge. We can think of two different types of partially missing
values. A value is partially missing of type 1 when the set of its replacements is a
subset of the values of the related variable; a partially missing value of type 1 is
said to be partially missing of type 2 if its set of replacements is allowed to depend
on the chosen replacements for other missing values in the same observation. In
the first case, the prior knowledge disallows some values to be considered as pos-
sible replacements for the missing datum. The second case allows some types of
dependency to be modeled (e.g., as when two missing values in the same obser-
vation must be replaced by the same value). This paper covers the two types of
partially missing data.

We unify the view of completely and partially missing values as follows. We
assume that there exists a map R : D — 29x such that R (d;) is a non-empty
set of possible replacements for unit d; € D. For example, consider the simple
database given in Table 1, where X = (X1, X5) € {1,2,3} X{1,2,3}. Since unit
d; is complete, R (d;) is the observation {(1,1)} itself; for the second unit, R (d2)
is generally a non-empty subset of {(1,1),(1,2),(1,3)}. In the following, the map
R is assumed to be given to allow possible knowledge about the missing data to
be expressed. If there is no such knowledge, R should be taken as the particular

map obtained by assuming that each * is a completely missing value.
e TABLE 1 ABOUT HERE ***

Let us now refer to the data in Table 1 where we assume, for simplicity, that
all the missing values are completely missing; the subsequent results also hold for
the more general case of partially missing values, as they do not depend on the
chosen map R. We depict the map R graphically in Figure 1. This represents the
units of the database D as nodes in the leftmost column and the elements of Qx as

nodes in the rightmost column. (Observe that D is simultaneously used to denote



a multivariate sequence of observations, the domain of the map R, and the set of
leftmost nodes in the graph. We use the same symbol since these are just different
representations of the same set of data. A similar remark applies to Q2x.) For each
d; € D, an arc leaves the node d; and enters (zy,xq) € Qx iff (z1,22) € R(d;).
In other words, the arcs between the columns determine the map R. But observe
that there are other arcs in the graph, which are external to the columns. This
is because we want to regard the overall graph as a flow network, a well-known
formalism in linear optimization theory. See Papadimitriou and Steiglitz (1982);
Chateauneuf and Jaffray (1989) use a similar flow network to prove a proposition

about Choquet capacities.
** FIGURE 1 ABOUT HERE ***

More concretely, we regard the arcs as channels; a unitary flow is inserted into
the network from each node in D, which is called a source node. All the flow
inserted into the network reaches the rightmost nodes (called sink nodes) through
the channels, following the arc directions. Notice that there are many different
ways for the overall flow that enters the network to reach the sinks. We use a
vector f to represent a particular way to send the overall flow from sources to
sinks. This is a vector of non-negative real numbers indexed by the arcs of the
graph. Each element f (a,b) of the vector is the amount of flow on a generic arc
a — b, where a and b can be either nodes or the symbol ‘-’ which is used for the
external arcs: we denote by f (-,b) the flow into the source node b and by f (a,-)
the flow leaving the sink node a. The vector f is called the flow in the network. A
flow f is said to be integer if all the elements of the vector are integers, otherwise

it is said to be a fractional flow.
e TABLE 2 ABOUT HERE ***

It is easy to see that there is a one-to-one correspondence between completions

of D and integer flows in the network. A completion of d;, for each d; € D, is
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represented by redirecting its unitary flow as a whole to some element of R (d;).
The converse is trivial to prove, by observing that integer flows are vectors whose
elements are in {0,1}. As an example, consider the completion given in Table
2. The observation dy generates a unitary flow in the arc from node dy to the
right node (1,2), i.e. f(ds,(1,2)) = 1. The third observation is represented by a
unitary flow from node ds to the node (1,3), i.e. f(ds,(1,3)) = 1; similarly for
the others.

Now we show that the joint distribution from a given completion can be easily
recovered from the related flow in the network. For a generic non-empty set of
nodes S, let fs denote the subvector obtained from f by only including the flows
on the arcs leaving the nodes in S (we use the same notation for single nodes,
too). For example, consider the node d;; since there is only one arc leaving it, fg,
is just the flow on such an arc, i.e. f(dy,(1,1)). Consider the set of nodes Qx;
fo, describes the configuration of the flow on the arcs that leave the nodes in Qx,
that is, fo,, = [f ((z1,72) . )] (4, 0)ex

The vector %fgx is just the desired joint distribution. In fact, each element of
the vector is the probability of an elementary event under the chosen completion.
Notice that the formalism of the flow network does not directly represent the
joint distribution, though this can be obtained by restricting the attention to the
subvector fo, and by normalizing it. With reference to Table 2, we have fo, = [1,
1,1,0,1,0,0,2,0], where we consider the nodes in Q0x in the sequence, (1,1),(1,2),
..., (3,3), and therefore ~fo, =[1/6,1/6,1/6,0,1/6,0,0,1/3,0].

2.2 Formal properties of the flow model

The example network in Figure 1 can be generalized in a straightforward way to
allow any size IV of the data set, any number of variables, X, X5, ..., X, as well
as any map R. The present section addresses some formal properties of such a

general type of flow network.
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Let P denote the finite set of joint distributions compatible with the incomplete
data set D, and let 75]« denote the set of joint distributions produced by the integer
flows in the network for D. The next lemma follows directly from the arguments

in the preceding section.
Lemma 2.1 P = 75f.

In order to derive other properties, we firstly note that the collection of feasible
flows in the network is a linear set; that is, if we regard the vector f as a point in
a vector space, the set of all such points is a polytope, say ¥. Such a polytope can
be described by using linear constraints on the unknown vector f (Papadimitriou
and Steiglitz, 1982). Basically, the linear constraints express the conservation of
the flow: for each node of the network, the total incoming flow must be equal
to the total departing flow. For instance, with reference to node (2,2) in Figure
1, we use the constraint f (d4, (2,2)) + f (de, (2,2)) = f((2,2),). As well as the
conservation of the flow, we must ensure the non-negativity of f elementwise. More

formally, the constraints are:

> fldix)=1 vd; € D, (2.1)
XER(d;)
>, flpx)=f(x) Vxe Ox, (2.2)
djED:XER(dj)
f>o0. (2.3)

We do not require the elements of f to be integers. Therefore, the set of feasible
flows may contain fractional flows (for example, the unitary flow that enters d in
Figure 1 is allowed to split into 3 flows of size 1/3 each, after leaving the node).
Nevertheless, due to a property of flows in networks, called total unimodularity in

Papadimitriou and Steiglitz (1982, pp. 316-318), the following lemma holds.

Lemma 2.2 The vertices (extreme points) of the polytope ¥ are integer flows.
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Now we can state the following theorem.

Theorem 2.3 let Py and P respectively denote the convex hulls of 75f and P.
Then P =Py = { Mo, [f €V }.

Proof. Observe that Py = P by Lemma 2.1. Let us focus on the set
{%fgx If eV }; this is the projection of ¥ onto a subspace, by definition of fq, .
For this reason it is a polytope and, by also taking Lemma 2.2 into account, its
extreme points, ext {%fgx If eV }, are related to integer vectors fo, .

Now notice that ﬁf C {+fo, |f €U} by construction. By taking the convex
hull of both sets we have P; C {%fgx |f E\IJ}, since the set on the right side
is already a polytope. Conversely, observe that ext {%fgx I E‘If} - 75f because
the elements of ﬁf are all the distributions that are obtained by means of integer
vectors fo, . By taking the convex hull of both sides, we have {%fgx If eW } C Py.
]

By definition P is a credal set, and it is the fundamental model to represent
the uncertainty produced by the incomplete database (see Section 1). Theorem
2.3 is useful because it provides a description of P in terms of the linear con-
straints (2.1)—(2.3). This gives an alternative representation, in addition to the
one given by the extreme distributions. Of course, the two representations are
formally equivalent, but they impact in quite different ways on the complexity of
representation. In fact, the number of extreme points of a polytope is generally
an exponential function of the size of its linear description in terms of variables
and constraints. See Papadimitriou and Steiglitz (1982).

This observation also implies that algorithms based on the combinatorial ap-
proach of directly dealing with the extreme distributions have generally an ex-
ponential worst-case computational complexity. This is true, for instance, for the
optimization of linear functions over a credal set. On the other hand, it is well

known that the optimization of linear and fractional linear functions over a poly-
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tope, like P, is a polynomial task (Khachian, 1979). The linear representation of
‘P is the means to achieve such a polynomial worst-case complexity.

The preceding results also have an immediate practical implication. In order
to describe P, it suffices to write the flow network in terms of the constraints
(2.1)—(2.3) and to restrict attention to the elements of fo, . These are a subset
of the optimization variables of the problem. By using linear or fractional lin-
ear functions of the elements of fo,, we can solve problems (1.3) and (1.4) in
a straightforward way by linear programming. We recall that fractional linear
problems can be turned into linear problems by a result in Charnes and Cooper
(1962), also reported in Schaible (1995, Section 2.2.2). In Section 3 we provide
fast specialized algorithms that do not require linear programming to optimize

the above functions.

2.3 A reduced flow network

In this section we investigate the possibility of representing P by a reduced network
so that the related linear formulation can be possibly expressed by fewer variables

and constraints.
*** FIGURE 2 ABOUT HERE ***

Figure 2 shows a network equivalent to that in Figure 1. The network is
obtained from that in Figure 1 by means of two simplifications: (i) it is unnecessary
to use one source node for each d; € D, and it suffices to represent the distinct
observations only; two units d;, d; € D are said to be distinct if R (d;) # R (d;). For
example, the units dy and d3 in Figure 1 are not distinct. They can be represented
by a single node labeled (1, %), with an incoming flow of size 2. In general, when
a node in D represents m non-distinct observations, it becomes a source of a flow
equal to m. (ii) It is also unnecessary to represent the nodes related to complete

observations. For example, in Figure 1, d; is unnecessary, because the flow passing
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through it has no choice but to enter node (1,1). The only necessary nodes in D
are the observations d; such that |R (d;)| > 1. Each unnecessary source node can
be removed, and the arc from it to the sink node is turned into an external arc,
which brings a fixed amount of flow to the right node.

The network obtained so far does equivalently represent P, but it often has
many fewer source nodes because there are only as many nodes as there are distinct
incomplete observations in D. Since also the reduced network can be turned into
a linear problem (as in Section 2.2), this problem has consequently a reduced size,
being described by fewer variables and constraints. In the rest of the paper we do
not use the reduced network given in this section, since the following results can

be equivalently derived more simply from the original network.

3 Fast solution algorithms

The aim of the present section is to develop algorithms for special cases, in order
to provide fast procedures to be used as alternatives to the general approach of
linear programming. We express the computational complexity of the procedures
by the notation O (-) as in Graham et al. (1989); given the real-valued functions
[,t : Nt — R, we write [ (z) = O (t(x)) if there exists a constant H such that
|l (z)| < H |t (x)] for all z.

Both for linear objective functions and for ratios of linear functions representing
probabilities under P € P, conditional on an event in {2x, the worst-case complex-
ity of the exact optimizations is O (N |Q2x]|). The optimum of the general fractional
linear objective function can be approximated in time O (N |Qx| [log, (L/€)]),
where ¢ is the required precision (i.e. the maximum absolute error), L is the
length of an interval initially known to containing the optimum (L > ¢), and [z]

denotes the smallest integer greater than or equal to a real number z.
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3.1 Linear objective functions

We can represent probabilities and, more generally, expectations of real-valued
functions under P € P, by letting the objective function of problems (1.3) and

(1.4) be a linear combination of the flows in fo .

Theorem 3.1 Let g(fox) = >, cq, cxfx, where cx € R are given constants
(x € Qx). The optima in (1.3) and (1.4) are respectively 3, ¢ p Minker(d;) cx and

2_a;ep MAXxe () Cx-

Proof. The constant ¢y is regarded as a number associated with the node x in
the graph. Trivially, due to the structure of the graph, the local choices concerning
where to direct the flow at the nodes d; € D have independent effects on the
objective function. Therefore optimal local choices lead to the overall optima of
the problems. m

We can make the results of the Theorem 3.1 more explicit for the purpose of

computing the lower and upper probabilities of an event.

Corollary 3.2 Let A be a generic event in Qx. Let Dy = {d; € D|R (d;) C A}
and Dy = {d; € D|R(d;) N A#0}. Let n(A) and 1 (A) denote |D 4| and |D4
respectively. Then P[A] =n(A) /N and P[A] =7 (A)/N.

)

Proof. We represent A by letting cx be 1 for each x €A and ¢, be 0 otherwise.
Let n (A) denote the number of occurrences of A for a generic completion of D,
i.e. the number of source nodes in the graph which redirect their unitary flows
to a node x in A. Let n(A) and 7 (A) be the minimum and the maximum of
n (A) obtained by taking into account all the completions of D. By Theorem
3.1 we have n(A) = ZdjeD MiNyep(a;) Cx and 7 (A) = ZdjeD MaXycR(d;) Cx- Lhe
corollary follows by observing that with the given constants, for any d; € D,
MiNyep(a,) cx = 1 iff R (d;) € A and, similarly, maxye g, cx = 1iff R (d;)NA # 0.
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Let us investigate the worst-case complexity of an algorithm that implements
Theorem 3.1. The algorithm takes as input the map R and the constants cy
(x € Qx), and outputs the desired optimum. The algorithm is defined below,

where we use the notation opt€ {min, max}:
1. Let optimum = 0; let 7 = 1.
2. Let local _optimum = optxer(d;)Cx-
3. Increase optimum by local optimum.

4. Increase j by 1; if 7 < N then go to step 2, else stop.

The complexity is determined by step 2 and by the loop in steps 2-4. Let us
consider the computation of optyecr(a,;)cx- The optimum is computed by enumer-
ating the constants cx, x € R (d;). This takes time O (|R (d;)|). We bound such
an expression by O (|Q2x|). Now consider that the loop is repeated N times. The
overall complexity is thus O (N |Qx]).

The term |Qx| of the complexity may look problematic for the efficiency of the
algorithm, since it can be very large. However, the complexity is good because
the term |Qx| originates from the input size. In fact both the worst-case size
(number of arcs) of the network and the number of constants ¢, depend on |Qx].
Thus, the term |Q2x| originates from the generality in the definition of the problem.
But in practice the input size will not be very large, because it is unlikely that
the user of the algorithm is interested in a problem that cannot be defined in a
reasonable time. The user will generally define the input synthetically so that, for
a large set {2x, such a structured input can be exploited both to avoid the explicit
construction of the map R and to compute optxcr(q;)cx without enumeration.

How this should be done depends on the specific computation required by
the user (i.e., on the constants ¢x and on the type of missing data) and on the

related definition of the input, and hence is not addressed in this paper. However,
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providing a hierarchy of subcases seems an important issue for future work. An
important branch of such a hierarchy is the problem of completely missing data. In
this case the input structure can be exploited, to express the complexity in terms
of the number £ of variables, the number of missing values and the cardinality of
the sets Qx, (i=1...k).

3.2 Linear fractional objective functions representing con-

ditional probabilities

This section shows that for the particular functions g representing P [A|B], A, B
being generic events in (2x, it is still possible to obtain an exact O (N |Qx|) opti-
mization algorithm. The argument that we use below is based on belief functions,
because the proof follows more easily in this case as compared to the case of the

flow model. Firstly, we need the following lemma.
Lemma 3.3 The lower probability function produced by P is a belief function.

Proof. Consider the function m : 2% — [0, 1] defined as m (B) = >a;r(a)=p L/N
for each B C Qx. It is easy to see that m (0) = 0 and > 5 m(B) = 1. Let
Bel : 2%% — [0,1] be defined by Bel (A) = Y, ,m (B) for each A C Qx. Bel
is a belief function by definition (Shafer, 1976, p. 38). Observe that Bel (A) =
>onca 2d;n;)=s VN = 24,.ra;)ca 1/N, which is equal to P[A], as defined in
Corollary 3.2. m

Now we prove a theorem, where we use the notations introduced in Section
3.1.

Theorem 3.4 Let A, B be two generic events in Q2x and let A® denote the comple-
ment of A. Let P [B] be positive. Then P[A|B]=n(ANB)/(n(ANB)4+n(A°NB))
and P[A|B] =n(AN B)/(m(AN B) +n(A°N B)).
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Proof. First, observe that we use assumption P [B] > 0 (whose validity can
be checked by means of Theorem 3.1) because otherwise P [A|B] would not be
defined for all the distributions in P. Recall that P is a belief function by Lemma
3.3. In this case, it is well known (Dempster, 1967, Eqgs. 4.8) that P[A|B] =
P[ANB]/(P[ANBJ+P[A°N B])and P[A|B] = P[AN B] /(P[AN B]+P[A°N B)).
The theorem follows by using Corollary 3.2 to compute the preceding upper and
lower probabilities. m

Let us apply Theorem 3.4 to P[X; = 1|X, = 2], with reference to the exam-
ple in Table 1. We have n(X; = 1N Xy, =2) = [0, n(X; = 1N Xy, = 2) =
{da,ds,dy,de}|, n(X1 # 1N Xy = 2) = {ds}] and n(X; # 1NXy = 2) =
[{dy, ds,dg}|. Tt follows that P[X; =1|Xs=2] = 0 and P[X; =1|Xy =2] =
4/5.

3.3 Linear fractional objective functions

This section deals with linear fractional functions, which are more general than
those described in Section 3.2. Such generality is needed, for example, to compute
the interval of expectations of real-valued functions under P € P, conditional on

a given event in (2x.

Theorem 3.5 Letu (fox) =D cq, Cfx andv (fox) = > o, Cxfx, wherecy, ey €
R are given constants (x € Qx). The function g is defined as u/v. The func-
tion v is required to be mon-zero everywhere on the domain. Consider problems
(1.3) and (1.4). Let L be the length of an interval initially known to contain the
optimum (either the minimum or the maximum). Let ¢ € R, ¢ < L. The re-

quired optimum can be computed in an approximate way, with precision £, in time

O (N [Qx| [logy (L/e)1)-

Proof. The proof follows from a well-known result in fractional program-

ming, reported in Schaible (1995, Section 2.2.4). This requires that v is positive
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in the domain; observe that we can always make it positive since v is already
required to have constant sign, by continuity of v and assumption v (fo,) # 0,
and if it was negative we could multiply both v and v by —1. Let us consider
the problem optscy ¢ (fo, ), where opt€ {min, max}. Define the new function
h (y) =opt{u (fo,) — v (fox) : f € ¥}, v € R. Then h is continuous and strictly
decreasing in v, and h (y) = 0 iff v = v*, where v* is the optimum value of g. We
can approximate v* by a simple binary search that halves the interval containing
the root of h at each stage. The number of evaluations of A (v) is thus logarith-
mic in L/e. Each evaluation is a linear problem that takes time O (N |Q2x]|) by
Theorem 3.1; the overall procedure then works in time O (N |Qx| [log, (L/€)]). =

Theorem 3.5 can be applied by the following procedure (see also Cozman,
2000):

1. Set ¢+ = 0. Compute an initial interval [QO’EO} that brackets the opti-
mum value of g, so L = g, — 9y This can be achieved by setting 9, =
min u (fo, ) / maxv (fo,) and g, = maxu (fo, ) / minv (fo, ), where the four

optima are given by Theorem 3.1.

2. Let v = (gi +§¢) /2. If g, — g, < € then the procedure ends and the

approximate value of v* is ~.
3. Compute h () by means of Theorem 3.1.

4. Increase i by 1. If h(y) > 0 then let g. = v and g; = g; ;, otherwise

if h(y) <0, then let g. = g and g; = 7. Whenever h(y) = 0, let

-1
9, =9 =7

5. Go to step 2.

20



4 Estimating chances from incomplete samples

The preceding sections have shown that incomplete data sets have an intrinsic
imprecision that can be properly described by credal sets. They have also provided
tools to compute the intervals produced by such imprecision.

Now we consider a random sample from a multinomial distribution with pa-
rameters 0, (x € (2x). We can observe the sample only partially, as the incomplete
data set D. For a generic event A C ()x, we denote by 4 the unknown chance of
A under the multinomial distribution, i.e. 84 = > ,0x. We provide posterior
lower and upper estimates of 6,4 by merging the results in Section 3.1 with the
imprecise Dirichlet model (IDM) of Walley (1996).

The IDM models prior ignorance by a set of Dirichlet distributions and makes
posterior inferences by combining this set with the observed likelihood function.
The IDM is a well-founded model, with a number of important inferential proper-
ties (for example, inferences are independent of the definition of the sample space),
and that allows us to naturally extend the preceding development while remaining
in the field of imprecise probabilities. In the following we use the IDM in a way
that is equivalent to considering a sample space of two events, i.e. A and A¢. This
special case of the IDM (and with s = 1; see below) was also proposed by Bernard
(1996).

Let us consider a completion of D. By regarding the completion as a random
sample, we obtain the following posterior lower and upper expectations of 6, by

applying the IDM,

n (A)
N +s (4.1)
and
n(A)+s
“Nts 42)

where we use the notation n (A) introduced in Section 3.1. The hyperparameter s
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reflects the level of caution of the inferences; larger s gives greater caution. Walley
provides arguments to choose s in [1,2].

Extending the IDM inferences to incomplete samples involves taking into ac-
count the imprecision due to the missing data. For this purpose, it suffices to con-
sider the minimum of (4.1) and the maximum of (4.2), taken over all the comple-
tions of D. Notice that we can represent both n(A)/(N+s) and (n (A)+s)/(N+s)
by linear functions g, in a similar way to that described in Corollary 3.2; so that the
exact posterior lower and upper expectations of 64 inferred from the incomplete

sample are respectively

n (A)
N +s (43)
and
n(A)+s
Nets (44)

It is interesting to notice that we could have obtained the same result without
explicitly referring to the IDM. It would be enough to augment the flow network
for D with a new source node, with an incoming flow equal to s, and connected
to all the sink nodes. On this basis, Corollary 3.2 would directly allow the desired
lower and upper probabilities to be computed. It needs to be investigated whether
this fact hold more generally, so that it could be exploited to extend the results

in this section to other inferences.

5 Conclusions

The problem of incomplete data is an important one in statistics, and it cannot be
neglected if one aims at drawing reliable conclusions from real data. The problem
is usually tackled by using imputation techniques, but such an approach requires

strong and untestable assumptions and it is often computationally demanding.
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We believe that these difficulties originate from the conventional viewpoint on
missing data, based on probability theory, which always models uncertainty by a
single distribution. But when nothing is known about the missingness mechanism,
as is often the case, incomplete data naturally give rise to a set of distributions,
as shown in this paper. Instead of trying to reduce the set of distributions to a
single one, recognizing the existence of the whole set is a first step in the direction
of developing a more realistic basis for incomplete data.

The importance of choosing the proper framework to handle incomplete data is
highlighted in this paper by the ease with which the formal results were obtained
and by their generality. Moreover, the low computational complexity of the given
procedures strongly supports the present approach.

The basic ideas of this paper seem general enough to be extended in several
directions. We can identify two important lines of research, with the different pur-
poses of specializing the results and of generalizing them. The first case is already
described in Section 3.1. This aims to develop specializations of the algorithm, for
linear objective functions and particular input structures. The second research
direction aims to extend the methods of this paper to include additional knowl-
edge about the missingness mechanism, whenever it is available. This would re-
duce imprecision because the credal sets involved would generally become smaller.
Horowitz and Manski (2000) present an example of this type by showing how to
treat the missing-completely-at-random assumption in their framework. Alter-
natively, we could try to incorporate knowledge that the missingness mechanism
causes dependencies between different units (e.g., in such a way that the replace-
ment for the missing value of a variable must be the same across different units),
as a generalization of the dependencies modeled by partially missing values of type
2. In this case, more general networks of flow than those presented here might be
necessary.

Furthermore, combining the imprecise Dirichlet model with our approach (Sec-
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tion 4) seems a promising direction in which to develop methods of statistical in-
ference. This might allow the properties of Walley’s inferential model to be fully

extended to the treatment of incomplete samples.
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Table 1: A simple example of an incomplete data set.
Observation X; X,

dy 1 1
do 1 *
ds 1 *
dy * 2
ds 3 2
dg * *
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Table 2: A completion of the data set in Table 1.
Observation X; X,

dq 1 1

1 2
1 3
dy 2 2
3 2
3 2
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Figure 1: The flow network for the example of Table 1, where the missing data

are regarded as completely missing.
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Figure 2: The reduced flow network for the example of Table 1.
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