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Abstract

Credal classification is a generalization
of common classification which allows
a coherent treatment of imprecision to
be realized. This paper defines a credal
classifier by extending the discrete tree-
augmented naive Bayes classifiers to sets
of probability distributions. A solution
algorithm is developed whose computa-
tional complexity is linear in the num-
ber of features. A method to induce the
credal classifier from data is proposed.

Keywords: Classification, Naive Bayes
classifier, Credal sets, Imprecise proba-
bilities, Bayesian networks.

1 Introduction

Classification is a topic of primary importance for
data mining. A classifier is a function that maps
instances of a set of variables, called attributes or
features, to a state of a categorical class variable.
Such a paradigm is very general: problems in very
different fields can be represented as classification
problems. Usually, an algorithm called inducer
builds the classifier from data. The inducer learns
by examining examples of attributes-class pairs.

The naive Bayes classifier is a simple yet surpris-
ingly accurate model for classification [8, 7, 10].
This classifier is represented in Figure 1 by the
graphical language of Bayesian networks [13],
where the leaves of the graph represent the at-
tributes Ai,..., A, and the root is the class C
(each node is also a random variable). The ab-
sence of arcs between attributes is equivalent to
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Figure 1: The naive Bayes classifier

state that Aq,..., A, are mutually independent
conditional on C.

Tree-augmented naive Bayes classifiers (TANS)
are a well-founded and successful extensions of
the naive Bayes classifier, obtained by partially
relaxing the requirement that features be inde-
pendent [11]. The dependences between attributes
(conditional on C') are modeled by a tree-shaped
Bayesian network.

The discrete naive Bayes classifier has also been
extended to deal with imprecision in the model
probabilities [21]. This has been done by allow-
ing the simultaneous treatment of a set of distri-
butions (namely, a credal set [12]) over the vari-
ables of the naive Bayes classifier, according to the
theory of imprecise probabilities [15] (see also [4]).
The new model is called naive credal classifier.
The naive credal classifier can take into account
the imprecision in the knowledge extracted from
data as generated by small sample sizes and miss-
ing data [20], and it does this efficiently and in
a theoretical-sound way. As a result, for a given
pattern of the attributes, the imprecision in the
input may create imprecision in the output. That
is, the naive credal classifier recognizes that the
available knowledge may not suffice to isolate a



single class, and in this case it provides the user
with a set of classes, which are all candidates as
the proper class label. In general, a credal classi-
fier is defined as a function that maps instances of
attributes to a non-empty subset of the states of a
categorical class variable (a standard classifier is
a credal classifier that always outputs singletons).

This paper is concerned with the formal exten-
sion of discrete TANs to credal sets and with the
development of an algorithm for such new classi-
fiers, which are called tree-augmented naive credal
classifiers (TANCs). Formally, TANCs are a sub-
set of credal networks [9], i.e. Bayesian networks
extended to sets of probability distributions. A
credal net corresponds to an infinite set of stan-
dard Bayesian networks. The computation of a
quantity in a credal net involves computing it
for each Bayesian network in the set. Usually,
one is interested in the extreme values of such a
quantity; for this reason, solving global optimiza-
tion problems becomes a main issue, also con-
sidered that they are very often non-linear and
non-convex. Not surprisingly, no polynomial ex-
act algorithm of propagation is known even for
singly-connected credal nets, and the only gen-
eral available algorithm can hardly be used for
applications [3, 2].

The domain of classification helps solving part
of the above complexity, in fact the classifica-
tion of a complete instance of the attributes does
not require propagating credal sets in a TANC,
much like in the case of the naive credal classi-
fier (Section 3). When the instance is partially
unobserved, computing the TANC classification
involves some propagation. We show that TANCs
allow such propagation to be realized effectively,
by providing a linear-time algorithm. We present
such algorithm in Section 3.1, after introducing
the notations and some basic concepts in Section
2, and defining credal TANs in Section 3. Section
3.2 discusses the computational complexity of the
algorithm, showing that it is linear in the number
of nodes of the net. As a result, a complete classi-
fication algorithm for TANCs is available, whose
computational complexity allows the treatment of
real databases. At present, the algorithm learns
from complete data sets (Section 4) and credal-
classifies possibly incomplete instances. Observe

that it is important to allow values to be missing
at least in the instances to classify; in fact, it is
generally useful to start getting answers from the
classifier also before all the attributes are known.

2 Basic concepts

2.1 Notations

Random variables are represented by capital let-
ters; a random variable and the related node of
the graphical model are denoted by the same
symbol. For any variable X, let Qx (|Q2x| <
o0) be its frame of discernment. The elements
of Qx are denoted by lower-case letters (e.g.,
X = x). When no ambiguities arise, the nota-
tion P[X = z|Y = y] may be written as P [z |y],
for short. The symbol P is used for a set of prob-
ability distributions. When a probability value is
interpreted as a function of the unknown distri-
bution P in a set, P and P denote the minimum
and the maximum of the probability, respectively.
These are also called lower and upper probabilities.

2.2 Credal sets and Bayesian networks

A Bayesian network is a pair (G, P) where G =
(V,A) is a directed acyclic graph, whose nodes
(V) are interpreted as variables and whose arcs
(A) express the direct dependences between them.
Fach variable X holds a conditional distribution
P[X |Pa(X)] for every possible state Pa(X) of
its direct predecessor nodes (or parents). It is pos-
sible to show [13] that the joint distribution over
the variables of the graph is obtained by multi-
plying the conditional distributions of the nodes:
P1X1,..., Xa] = Thiew PX: [Pa (X)),

The term credal set is used for the convex hull
of a non-empty and finite set of probability dis-
tributions [12]. Geometrically, a credal set is a
polytope, i.e. a closed and bounded region which
can be described by linear constraints. A credal
network [9] is a pair (G, P), where G is like above
with the difference that each node X now main-
tains as many credal sets P;a(x) of conditional
distributions as many joint states Pa (X) of the
nodes’ parents exist. P is the set of all the pos-
sible joint distributions P over the variables of
the net, which is obtained by making every pos-



sible combination of the conditional distributions
in the credal sets local to the nodes:

» P[X1,...
= Pal(X;
P[X;|Pa(X;)] € Py

,=1...n
Observe that it is possible to give a more gen-
eral definition of credal network. In fact, here we
are assuming that each local credal set of the net
can be specified separately from the others, i.e.
that the local credal sets are logically independent
[15, 5]. Relaxing such an assumption has strong
negative impact on computational complexity, in
a way that also the simplest models become in-
tractable according to current knowledge [18]. On
the other hand, violating the above assumption
does not produce wrong inferences; in fact it is
equivalent to add some further (algorithmic) im-
precision, thus making the classifier being more
cautious than necessary. Stated differently, this
assumption is a way of trading caution for time
complexity (see also Section 5).

() :»@

Figure 2: A simple TAN

3 Credal TANs

Figure 2 shows a simple example of a TAN.
A TAN is a Bayesian network with nodes
C, Ay,..., Ay, such that there is an arc from C
to any other node, and that the dependencies be-
tween attributes form a tree. If the instance to
classify is completely known, and we want to com-
pute P[C|Ay,...,A,], each attribute is an evi-
dence node. It is well-known that the arcs leaving
evidence nodes can be removed without affecting
the computation [13] (recall that the conditional
distributions of the attributes must be selected
according to the parent’s known state). In this
case, the computation on the TAN is made as in
the case of the naive Bayes classifier. Things are

s Xn] = Tlien P [Xi[Pa(Xy)]: }

different when some attributes are not observed.
For instance, if attributes A1, A3 and A4 in Figure
2 are missing, the tree between the attributes is
unchanged by the presence of some evidence (i.e.
As and As); therefore the classification depends
on a propagation of probability in the tree.

TANCs are special cases of credal nets that have
the same graphical structure of TANs. Simi-
larly to the TAN case, the credal-classification of
a complete instance (ay,...,a,) is easy to real-
ize and it is analogous to the case of the naive
credal classifier. The naive credal classifier does
the classification by tests of credal dominance
[21] between each pair of states of C. Consider
c1,09 € Qg ¢ is said to credal-dominate co if

min P [c1,aq,...,a,)— P [cg,a1,...,a,) > 0. (1)

PeP
It is easy to show that ¢; credal-dominates co iff
Pley|ag,...,a,] > Plealag,. .. ay,] for each P €
P such that P[ai,...,a,] > 0. The set of classes
corresponding to the credal classification is the set
of credal-undominated states of C.

Problem (1) can be rewritten as

min Plci]Plai,...,an|c1] —

PePc

Pleo)P a1, ... anlc2] > 0.  (2)
Let us examine problem (2). Due to the assump-
tion of separately-specified credal sets, the choice
of a distribution P [C] € P¢ does not affect the
choice of other nodes’ distributions; hence, the
values P [aq,...,a, |c1] and Plaq,...,a,|c] can
be chosen independently on P [C]. Furthermore,
these two conditional probabilities are logically
independent too: in fact, the credal sets in the
dependency tree for the attributes conditional on
C = c; are separated from the credal sets of the
tree for C = cy. Then, the choice of the min-
imum of Paq,...,a,|c;] and the maximum of
Play,...,ay|c2] is a direct consequence, consid-
ered that both Plc;] and P[cy]| are non-negative.

Problem (2) can be further rewritten as follows,

min

Join Pla;|c1, Pa(A;)] —

-

Plei]

1

]_3[(12- ’CQ’PCL(AZ')} > 0, (3)

=

Ples]

.
Il



where Pa(A;) denotes the instance of the at-
tribute directly preceding A; that is consistent
with ay,...,a,. Again, the passage to (3) is pos-
sible for the separation of the credal sets of dif-
ferent nodes. Notice that problem (2) is a linear
program with variables Plc;] and P|cs], and as
such it is solved efficiently.

Let us now consider an instance for which
only the attributes in {An,...,4,} = F
(1 < m < n) are in a known state, say
Qm, - - -, Gy Testing credal dominance requires the
computation of minpep, Plc1]P [am, ..., an|c1] —
Plco]P [apm, - . -, an|ca], following analogous ar-
guments to that leading to (2). But now
Plam,...,anlc1] and P [apy,...,a,|c2] cannot be
written as products of known terms, as in (3),
since the tree contains some features not in FE.
The next section develops a procedure that solves
this problem by removing the unwanted features
from the tree.

3.1 The core algorithm

This section develops a procedure to compute the
extremes of P [apm,...,a,|c] for a given ¢ € Q¢.
Firstly, the arcs from C' to the attributes are re-
moved (in the sequel, we will not consider the
conditioning on the class, for sake of clarity, un-
derstanding that the computation will be done se-
lecting the local credal sets of the attributes from
the original net according to the chosen value of
the classification variable). The graph that is pro-
duced needs not be connected, i.e. it can be a set
of trees, namely a forest. We develop the algo-
rithm by assuming that the graph is connected.
The extension to the case of the forest is described
at the end of Section 3.1.2. Secondly, the leaves
that do not belong to E are recursively removed.
This is actually marginalizing over them, and it is
a well-known operation with Bayesian networks.
Such operation holds also for credal nets since it
holds for all the Bayesian networks that are con-
sistent with the given credal net.

The sections below formally derive a procedure of
node absorptions and removals, which is repeat-
edly applied eventually transforming the tree into
a node that represents the state (@, ...,a,) of
the joint variable (A,,,...,Ay).

Figure 3: A portion of the tree

3.1.1 Node absorption and removal

We define two operations: absorption and re-
moval. Both apply to a node X whose children,
Yi,..., Y, (k> 1), are all leaves. Figure 3 shows
the portion of tree related to X, its children and
its parent U. By construction, Yi,...,Yy are in
E. The operations work under the following con-
ditions: credal sets in different nodes are logi-
cally independent. Credal sets in the same node
are logically independent when the node is non-
leaf. When it is a leaf, a weaker condition suf-
fices. Recall that we are only interested in the in-
stance of the leaves, say y1,...,yx, which is part
of ay,, ..., a, and hence the probabilistic informa-
tion that we need about Y; (Vi € {1,...,k}) re-
duces to the intervals [P [y; |z], P [y; |z]], z € Qx.
For a given ¢ € {1,...,k}, we require that there
exists a distribution P € P which attains all the
left extremes P [y; |z], © € Qx; similarly for the
right extremes (the two distributions need not
be the same). We call this condition consistency
of extremes. Consistency allows us to simulta-
neously consider either all the left extremes of
Ply; |x], © € Qx, or all the right extremes; but
it does not allow us to simultaneously consider,
for example, P [y; |2'] and P [y; |2"], 2/, 2" € Qx,
x' # 2", as it would be possible if logical indepen-
dence was assumed.

Node absorption is used when X € E (with
value X = x). Our aim is to clus-
ter node X and all its children into a new
node, like in Figure 4, and hence to compute

{B[xayla s ,yk|U],F[$,y1,. .. 7yl€|uH for each u €
Q.

Proposition 1 The  extremes

Of P[mayla



Figure 4: The graph after the absorption of X

<ouklul are  Plaful T, Plyile]  and

Plz|u] [T, Plyi|z], and they are consistent.

Proof. Consider the left extremes (the remain-
ing case is analogous). Let u € Qu; Plz,uy,
- yklu] = Plz|u] TTF., Ply:|] follows with anal-
ogous arguments to that leading to (3). Given
W u" € Qu, W # W, Pleju]TTE Plyila] is
consistent with Plz|u”][IF_, Ply:|x] because in
both cases P[y;|x] is set at the same value (Vi €
{1,...,k}) and because P[z|u'] and P|[z|u"] are
logically independent. l

Now we focus on node removal. This is applied
when X ¢ E. We remove node X, we cluster
all its children into a new node, like in Figure 5,
and we compute [Plys, ., yilu], Plys, .-, yill],
for each u € Q.

Figure 5: The graph after the removal of X

Proposition 2 The extremes of Plyi,...,yx|u]
are minpepy 3, Plr|ul 1%, Plyi|z] and
maxpepy >, Plz(u] 15, Plyi|«], and  they
are consistent.

Proof. Consider Plyi,...,yxu|, for a given
u € Q. By marginalization and for the inde-
pendence of Y7,...,Y) and U, given X, we have

Plyi,-- - yklu] = X, Plyr,-- - yelz] Plz|ul.

This is also Y, P[x|u][]¥, Ply;|z] because
Y1,...,Y) are mutually independent given X. We
take the minimum of the last expression (the
maximum is analogous). Recall that the values
Ply;|x], x € Qx are consistent (Vi € {1,...,k})
and that credal sets of different nodes are logically
independent. Given that all the numbers involved
are non-negative, we have:

k
€Px 7

i—1

(4)
Let us now show that given u/, v’ € Qp,
o # W, Ply,...,yx [v] is consistent with
Plyi,...,yr |u”]. First, observe that the distri-
butions P [X |v'] and P [X |[u”] are logically in-
dependent. Second, P [y; |z] is fixed at the same
value in both cases (Vi € {1,...,k},Vzx € Qx).

Observe that both operation can be applied also
when X is the root of the tree.

3.1.2 Algorithm

The overall procedure is described in the follow-
ing points. This takes as input a non-degenerate
credal tree (i.e. there must be two nodes at least)
whose leaves are all in E.

1. Select a non-leaf node, say X, such that all
its children are leaves.

2. If X € E, then absorb it (Proposition 1), else
remove it (Proposition 2).

3. If the tree is a single node stop, else go to 1.

Such a procedure computes the wanted extremes.
First, trivially, if the tree in not degenerate, there
always exists a node like X required by point 1.
Second, both operations in point 2 produce a new
tree for which: the relevant information concern-
ing the nodes in F is preserved; as far as the
credal sets, only a new leaf node is created whose
intervals satisfy the consistency property. There-
fore, the procedure can iteratively be applied to
the new tree. The last operation creates a sin-
gle node that represents E, so providing us with
[P [am, - -, an|c], Plam,-..,an|c]].

The extension of the algorithm to a forest is
straightforward. The above procedure turns a tree



into a single node. By applying the procedure to
each tree, the forest in turned into a set nodes.
The nodes are disjoint; for this reason they are
probabilistically independent. Further, their re-
lated intervals are logically independent by con-
struction. For analogous arguments used to de-
rive (2), Pam,...,an|c] is then the product of
the lower probabilities of the nodes; similarly for
Plam,...,an|c].

3.2 Computational complexity

We formalize the computational complexity of a
TANC classification with regard to the case of
an incomplete instance (the case of completely-
known instances is equal to the complexity of the
naive credal classifier [21]). We derive the com-
plexity by using a bottom-up approach. Let us
start by evaluating the complexity of the opera-
tion of node removal.

Expression (4) is a linear program. In order to de-
fine such a program, we must compute the inner
products. This requires the extremes of P [y; |x]
(Vi € {1,...,k},Vx € Qx). We assume that
they are already available, as obtained in a pre-
processing phase that computes the lower and up-
per probabilities of the elementary events for all
the nodes and all the credal sets. Denote by L the
worst-case complexity of solving a linear program
in the net, where the worst case is taken over all
the polytopes of the net. Let Q be the maxi-
mum number of states of an attribute in the net.
(This is also the maximum number of local credal
sets of a node, since each node in the tree has
at most one parent.) We must compute a linear
program (L) for all the states of the nodes (n{ is
the worst-case sum of the states of the nodes) and
all the credal sets of each node. This phase takes
0O (nLﬁQ) and is required to setup the classifier,
since the pre-processing is done only once for all
the subsequent classifications. For this reason, we
do not report it in the following analysis of the
complexity of a classification.

Given that the above extremes are available, all
the products of the conditional probabilities take
O (od (X) ﬁ), denoting by od (-) the outdegree of
a node (the number of arcs that leave it). Then
we compute expression (4) by means of a linear

program on the probabilities of « given u, thus ob-
taining O <0d (X)Q+ L). Finally, we apply for-
mula (4) for all the states in 2y and hence the
removal of node X takes O (<0d (X)Q+ L) ﬁ)

The latter complexity applies to each node X that
is removed. Although some nodes are absorbed,
we calculate the complexity as if all nodes were
removed, thus obtaining an upper bound on the
complexity, since the time required for node re-
moval is greater than for node absorption. By
summing the last complexity over all the nodes in
a tree, we have O ((ﬁ + L) tﬁ), i.e. the complex-
ity of computing the extremes of the joint proba-
bility of E in a tree. This is obtained by consider-
ing that L and Q are constant terms and because
the removal of X does not change the outdegree
of U. Therefore, the sum of the outdegrees is the
sum of the number of arcs, which is bounded by
the number of nodes, denoted here by t.

Going back to the decomposition of the origi-
nal net into a forest, we must sum the latter
complexity for each tree in the forest. This gives
0O ((ﬁ + L) nﬁ), where n is a bound on the sum

of the nodes of the trees (the sum of the t),
since the forest is made by a subset of the at-
tributes. Such time is required to compute the
extrema of P [ay, ..., ap| | (Section 3) for a spe-
cific class c. Extending it to all the classes, we have
0 ((ﬁ + L) nQ \QCD Finally, we write the over-
all complexity of the classification by taking into
account the O <|QC|2) tests of credal dominance

(which are again linear programs; see Section 3),
obtaining

O (87 1Qc| + nLO Q0| + LIl*) . (5)

It is useful to specialize this expression to the case
of probability intervals, which give rise to an im-
portant subset of probability polytopes. Without
loss of generality, we consider reachable proba-
bility intervals (see [1, 21]). In this case, the
extremes of the probability of each elementary
event are readily available (i.e. no pre-processing
is needed). Moreover, the complexity of solving a
linear program (L) over reachable probability in-
tervals is linear in the number of the optimization
variables [19], and in the case of the tests of credal
dominance, the linear program is solved in con-



stant time ([21], Section 4.1). Thus, formula (5)
becomes O (nﬁz |Qc| + ny’ 1Qc| + ]QC]2>, ie.

0) (nﬁ2 Q0| + \QC\2> . (6)

Observe that in common applications, both 2 and
|Q2¢| are relatively low. In fact, a necessary con-
dition for Bayesian networks classifiers to be ac-
curate is that the model probabilities have low
variance [11, 10]; this would not be met if the

above sets were too large.

4 Inducing TANCs

The present section discusses the induction of
TANC:s from a data set in absence of prior knowl-
edge, as it is often the case of data mining ap-
plications. We assume that the data set does
not contain missing values. In this case, the de-
pendency structure between attributes can be re-
covered from data according to the standard ap-
proach used for TANs [11].

The learning stage is completed with the induc-
tion of the nodes’ local credal sets. To this extent
we propose the method used for the naive credal
classifier. This is based on Walley’s intervals [16],
i.e. lower and upper probabilities for multinomial
sampling computed on the basis of an imprecise
Dirichlet model. For a generic state x of a discrete
variable X, the interval is

|: Ny ,n$+5:|7 (7)
N+4+s N+s

where n, is the number of occurrences of the state
x and N is the number of observations. The hy-
perparameter s reflects the level of caution of the
inferences; larger s gives greater caution. Walley
provides arguments to choose s in [1,2]. Intervals
(7) correspond to assume a set of Dirichlet pri-
ors to represent ignorance. Further, the intervals
are naturally reachable, independent on sample
space definition, and hence they seem natural can-
didates for the induction. Computationally, they
are fast to calculate, credal sets need little stor-
age to be defined, and the learning is incremental.
Finally, since credal sets are defined by reachable
probability intervals, the computational complex-
ity of the classification is given by (6). Such com-
plexity allows the expressive power of credal sets
to be exploited by TANCs for real applications.

5 Conclusions

The treatment of imprecision is an important
step towards the definition of more realistic
and reliable models of classification. The the-
ory of imprecise probabilities provides a robust
and theoretically-sound framework to this extent.
Sets of distributions are greatly expressive, en-
compassing a number of other models (e.g., pos-
sibility measures, belief functions, Choquet ca-
pacities, lower probabilities, coherent lower pre-
visions). As a natural consequence, such general-
ity may make things computationally harder. In
the authors’ experience, this is strongly connected
with the treatment of independence. The straight
extension of probabilistic independence to sets of
distributions requires dealing with (typically dif-
ficult) non-linear constraints. More generally, the
concept of independence (irrelevance) for credal
sets is a very wide and challenging topic [15, 5, 14].
This seems one of the reasons why the joint use of
Bayesian networks and credal sets is a field that
presents many hard problems [17, 6, 9, 2], but
which also seems worth working for.

Among the many possible ways of tackling with
the above problems, one is choosing a trade-off
between caution and complexity, as proposed in
this paper (Section 2.2). Clearly, there must be a
proper balance between these two tendencies. The
assumption of logically-independent credal sets is
much in this direction and it is the only assump-
tion in this paper (the algorithm is exact).

It is important to realize that the degree of cau-
tion of the credal classifier may be evaluated
experimentally [18]. This is done by comparing
the results of the credal classifier and its point-
probability counterpart. Thus, experiments may
provide precious insights about the choice of the
above trade-off.
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